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Abstract. We analyze Hmelevskii’s theorem, which states that the gen-
eral solutions of constant-free equations on three unknowns are express-
ible by a finite collection of formulas of word and numerical parameters.
We prove that the size of the finite representation is bounded by an ex-
ponential function on the size of the equation. We also prove that the
shortest nontrivial solution of the equation, if it exists, is exponential,
and that its existence can be solved in nondeterministic polynomial time.

1 Introduction

This work concerns the theory of word equations, which is a fundamental part
of combinatorics on words. It has connections to many other areas including
representation results of algebra, theory of algorithms and pattern matching.

Some remarkable results of this topic proved during the last few decades are
the decidability of the satisfiability problem for word equations, see [11], and
the compactness result of systems of word equations, see [1] and [6]. The first
result was improved to a PSPACE algorithm in [12]. The satisfiability problem
has been conjectured to be in NP [13].

In the case of constant-free word equations with only three unknowns im-
portant results have also been achieved. Hmelevskii [8] proved in 1970 that the
general solution of any such equation can be expressed as a finite formula on
word and numerical parameters. On the other direction Spehner [15, 16] classi-
fied all sets of relations a given solution can satisfy. Both of these results have
only very complicated proofs. Another example of a challenging nature of word
problems is that the question of finding any upper bound for the maximal size
of independent system of word equations on three unknowns is still open, see [7]
and [3].

The result of Hmelevskii is well known, see e.g. [10], but the original presenta-
tion is very hard to read. A simplified proof using modern tools of combinatorics
on words has been given, together with a double exponential upper bound of the
size of the formula giving the general solution, see [9]. A complete write-up of
the results in [9] is in [14].

In this paper we continue the work of analyzing Hmelevskii’s result. Based on
[9] and [14] we improve the bound of the size of the parametric solution to single

* Supported by the Academy of Finland under grant 8121419



exponential, as well as prove that the length of the shortest nontrivial solution
is also exponential (if such a solution exists). This connects our work to the
satisfiability problem mentioned above, because Plandowski and Rytter proved
in [13] that there is a nondeterministic algorithm solving the problem in time
polynomial in nlog N, where n is the length of the equation and N is the length
of the shortest solution. From this and our result it follows that the problem of
deciding if a constant-free equation on three unknowns has a nontrivial solution
is in NP.

2 Definitions

We begin by giving some definitions needed in this paper. A basic reference of
the subject is [2].

We assume that all word equations are constant-free unless otherwise stated.
Thus we consider word equations U = V', where U,V € =* and = is the alphabet
of unknowns. A morphism h : =* — X* is a solution of this equation, if h(U) =
h(V'). We also consider one-sided equations 2U = yV. A morphism h : =* — X*
is a solution of this equation, if h(zU) = h(yV) and |h(z)| > |h(y)|.

A solution h is periodic, if there exists a ¢ € X* such that every h(z), where
x € =, is a power of ¢t. Otherwise h is nmonperiodic. Periodic solutions are easy
to find and represent, so in many cases it is enough to consider nonperiodic
solutions.

If a word w is a prefix of a word v, that is v = uw for some w, the notation
u < v is used. If also u # v, then u is a proper prefix and the notation u < v is
used.

Let w = ay .. .ay. Its reverse is w™ = a,, ... a1, and its length is |w| = n. The
number of occurrences of a letter a in w is denoted by |w|q.

If X ={ai,...,a,},then U € X* can be denoted U(aq, ..., a,), and its image
under a morphism A can be denoted h(U) = U(h(a1),...,h(a,)). If u € X*, then
the morphism a; +— u means the morphism, which maps a; — v and a; — a;,
when 1 =2,...,n.

Next we define the central notions of this paper: parametric words and para-
metric solutions.

We fix the alphabet of word parameters A and the set of numerical parame-
ters A. Now parametric words are defined inductively as follows:

R

i) if a € AU {1}, then (a) is a parametric word
) p )
(ii) if o and B are parametric words, then so is («f3),
(iii) if o is a parametric word and i € A, then (') is a parametric word.

The set of parametric words is denoted by P(A, A). The sets of parameters are
always denoted by A and A.

When there is no danger of confusion, unnecessary parentheses can be omit-
ted and notations like a’a’/ = o't/ and (a)/ = o' can be used. Then parametric
words form a monoid, if the product of a and 3 is defined to be af.



If fis a function 4 — INg = {0,1,2,...}, we can abuse the notation and
use the same symbol for the function, which maps parametric words by giving
values for the numerical parameters with f: if a € AU {1}, then f((a)) = a;
if a,0 € P(A,A), then f((aB)) = f(a)f(B); if « € P(A,A) and i € A, then
f((@®) = f(a)®. A parametric word is thus mapped by f to a word of A*.
This can be further mapped by a morphism h : A* — X* to a word of X*. The
mapping ho f is a valuation of a parametric word into X*, and f is its valuation
to the set A*.

We define the length of a parametric word: the length of 1 is zero; if a € A,
then the length of a is one; if «, 5 € P(A, A), then the length of af is the sum
of the lengths of o and 3; if a € P(A, A) \ {1} and i € A, then the length of o’
is the length of a plus one.

Next we define the height of a parametric word: if a € AU {1}, then the
height of a is zero; if o, § € P(A, A), then the height of of is the maximum of
the heights of a and 3; if a € P(A, A) ~ {1} and i € A, then the height of o’ is
the height of « plus one. Parametric words of height zero can be considered to
be words of A*.

A linear Diophantine relation R is a disjunction of systems of linear Dio-
phantine equations with lower bounds for the unknowns. For example,

((z+y—2z=0A(x>2)V({(z+y=3)A(z+2z=4))

is a linear Diophantine relation over the unknowns z, y and z. We are only
interested in the nonnegative values of the unknowns. If A = {iy,...,ix}, fis a
function A — Ny, and f(i1),..., f(ix) satisfy R, then the notation f € R can
be used.

Let S be a set of morphisms =* — X*, A = {i1,...,4;}, h; a morphism from
the monoid £ to parametric words and R; a linear Diophantine relation, when
j=1,...,m. The set {(h;,R;):1<j<m} is a parametric representation of
S, if

S={hofoh;:1<j<m,feR;},

where h o f runs over all valuations to X*. The linear Diophantine relations
are not strictly necessary, but they make some proofs easier. A set can be pa-
rameterized, if it has a parametric representation. The length of the parametric
representation is the sum of the lengths of all h;(z), where j = 1,...,m and
T EE.

We conclude these definitions by saying that solutions of an equation can
be parameterized, if the set of its all solutions can be parameterized. A para-
metric representation of this set is a parametric solution of the equation. These
definitions can be generalized in an obvious way for systems of equations.

Ezample 2.1. The equation zz = zy has a parametric solution {(h1, R), (ha, R)},
where A = {p,q}, A = {i}, hi(z) = pq, hi(y) = qp, h1(2) = plap)’, ha(z) =
ha(y) = 1, ha(z) = p and R is the trivial relation satisfied by all functions
f A — No.



3 Remarks About Parametric Solutions

Next we make some remarks about parametric solutions to increase our under-
standing of them. The various claims made in this section are not needed in this
paper. The proofs can be found in [14].

A parametric solution was defined as a set {(h;, R;) : 1 < j <m}. This so-
lution can be written less formally as

$=h1($)7 y:hl(y)a Z:hl(z)v Ry or

T = hm($)7 y = hm(y>7 Z = hm(2)7 Rma

if the unknowns are z, y, z. Actually, only one pair (h, R) is needed. For example,
if we have a parametric solution

x:al,y:ﬁl,z:fyl or x:a2’y:6272:727
we can replace it with
i g __nainl B . =1
T=010, Y= B0y, 2=, i+j=1,

where ¢ and j are new parameters.

On the other hand, the linear Diophantine relations are not necessary either,
if we again allow many morphisms. We can get rid of the relations by replacing
every pair (h, R) with several morphisms h. This follows from article [4].

Ezample 3.1. Consider the periodic solutions of the equation ™ = yz. They are
c=t, y=t, z=t* ni=j+k.

We can replace 7 with nj’ + b and k with nk’ + ¢, where 0 < b,¢ < n. Then
i=j +k + (b+ c)/n. Only those pairs (b,¢) for which b + ¢ is divisible by n
are possible. Thus we get a representation

z =t y=t", 2= ¢ or
o= TRy =il z ="l op
b bl
-/ ’ -/ !
=1 +k -|-17 y = I +2’ 5= tnk +n—2 or

-/ ’ -/ ’
=1 +k +1’ y:tnj +n—1’ Z:tnk —i—l7

where the parameters j’, k' can now have any nonnegative values.

The periodic solutions of an equation on three unknowns can be represented
with just one morphism and without any Diophantine relations. This does not
hold, if instead of periodic solutions we consider all solutions. Indeed, a para-
metric solution for the equation zyzrzyz = zxzyry consists of at least three



morphisms, if linear Diophantine relations are not allowed. The next example
gives the solutions of this equation. We are not aware of any better lower bounds
for the maximal required number of morphisms in these kinds of parametric so-
lutions.

Ezxample 3.2. The solutions of the equation xyzrzyz = zxzyry are

r=p, y=q z=1 or x=p, y=q, 2=pg or z=p, y=p, z=p"

where p,q € XY* and ¢, 5,k > 0.

4 Basic Equations

Hmelevskii proved that every equation on three unknowns has a parametric solu-
tion, and the size of this solution was estimated to be at most double exponential
in [9]. Our first goal is to improve this bound to single exponential, and our sec-
ond goal is to prove that the shortest nontrivial solution is also of exponential
size. We need to refer to the theorems and proofs in [14]. Often these theorems
claim the existence of some object, while we need to know also something about
the size or structure of that object. Typically this information can be obtained
simply by examining the old proof, but this is not trivial. In these cases we state
the more precise form of the theorem, but do not repeat the proof.

In this section the new information is about the coefficients of some linear
Diophantine relations. This is necessary for our second goal.

Let o and (8 be parametric words. The pair (a,3) can be viewed as an
equation, referred to as an exponential equation. The height of this equation is
the height of a3. The solutions of this equation are the functions f : A — INj
that satisfy f(«) = f(0).

The following three theorems were proved in [14, Theorems 5.1, 5.2, 5.3]
except for the upper bounds of the sizes of the coefficients in the relation R.
These bounds, however, are easily obtained by examining the proofs. The latter
two theorems (especially the last one) are technical variations of the first one.

Theorem 4.1. Let E : a = (8 be an exponential equation of height one. There
exists a linear Diophantine relation R such that a function f : A — INg is a
solution of E if and only if f € R. The sizes of the coefficients in R are of the
same order as the length of af.

Theorem 4.2. Let A = {i,j} and let so,...,Sm, t1,--- tm, Ug,...,Up and
V1, ..., U, be parametric words of height at most one, with no occurrences of pa-
rameter j. Assume that i occurs at least in the words ti,...,ty and vy, ..., vy.
Let o = sot{sl...t{nsm and 3 = uov{ul...v%un. Now there exists a linear
Diophantine relation R such that a function f : A — INg is a solution of the
exponential equations E : o = B if and only if f € R. The sizes of the coefficients
in R are of the same order as the length of af3.



Theorem 4.3. Let A= {p,q}, A={i,j,k} anda >2. Let a = (pq®)'p, B =q,
v = (pg*)’p, or

o = qp((pg) ) 2pa(((pg)***p)*~pq)?,
B = (pg)"'p,
v = aqp((pg)" ) 2pa(((pg)*+1p)*pg)i.

Let A, B € {z,y,z}* and let h be the morphism mapping x — o,y — B,z — 7.
Now there exists a linear Diophantine relation R such that a function f : A — INg
is a solution of the exponential equation E : h(A) = h(B) if and only if f € R.
The sizes of the coefficients in R are of the same order as the length of h(A)h(B).

From now on we only consider equations with three unknowns. The alphabet
of unknowns is = = {x,y, z}. The left-hand side of an equation can be assumed
to begin with . We can also assume that x occurs on the right-hand side, but
not as the first letter.

Periodic solutions and solutions, where some unknown has the value 1, are
called trivial. These are easy to parameterize.

An equation is a basic equation, if it is a trivial equation U = U, where
U € =¥, if it has only trivial solutions, or if it is of one of the following forms,
where a,b > 1,c>2 and t € {z,2}:

Bl. z%...=y’z... B6. zyz...=zyx...
B2. 2%...=y%... B7. xy°z...=zyx ...
B3. axyt... = zzy. .. B8. zyt...= 2%y...
B4 zyt... = zyx. .. B9. zyzz... = 22’y ..
B5. 2yz...=zzxy...

The parameterizability of basic equations is quite easy to prove and was
done in [14, Theorem 6.2]. The O(n) bound for the coefficients in the linear
Diophantine relations follows from the bounds in Theorems 4.1, 4.2 and 4.3.

Theorem 4.4. Every basic equation has a parametric solution. The solution is
of length O(1) and the coefficients in the linear Diophantine relations are of size
O(n), where n is the length of the equation.

5 Length of the Parametric Solution

In this section we prove that the size of the parametric solution is exponential.
At the same time we improve some of the theorems in [14] so that they can be
used later to prove the existence of a nontrivial solution of exponential size.
First we define images of equations and some other related concepts. These
definitions are very important in the proof of Hmelevskii’s theorem.
An image of an equation aU(z,y,2) = V(y, 2)zW (z,y, z) under the mor-
phism z +— VF¥Px, where k >0, V = PQ and Q # 1, is

zU(VEPz,y, 2) = QPxW (V*Px,y, 2).



If V' contains only one of y, z or if P =1, the image is degenerated.

Equation E' is reduced to the equations E1, ..., E, by an n-tuple of substitu-
tions, if F is of the form aU(z,y,2) = t1...txaxV(x,y, z), where 1 <n < k and
t1,...,tx € {y, 2}, equation F; is

xU(tl R A TR Z) puly F TSI 7% AT .tiQ?V(tl Ltz y, Z),
when 1 < i < n, and equation F,, is
Uty ..ty y,2) =t .. bty otV (E .. tax, Y, 2).

A sequence of equations Ey, ..., E, is a chain, if E; is an image of F;_; for all
i, 1 <4 < n. Then E, is an image of order n of Ey. If every F; is a degenerated
image, then the chain is degenerated and E,, is a degenerated image of order n.
The following lemma is the same as [14, Lemma 8.1].

Lemma 5.1. Let u,v,w € X*, 0 < |w| < |u| and ¢ > 1. If

wuT . =uT o or  w(uw)u?. .. = (w)u®. ..,

then uv = vu.

The next lemma is a seemingly minor but essential improvement of [14,
Lemma 8.2]: the number & in the lemma can be selected to be logarithmic in-
stead of linear with respect to the number |p — ¢|. This is what ultimately leads
to an exponential bound for the length of the parametric solution.

Lemma 5.2. Let Ey be the equation xy®zyPs... = zyPxylt..., where s,t €
{x,2} and a+p # b+q. Let k be an even number such that 2=9/2 > 1+ |p—q.
Let Ey be the equation zP = 2Q and Ey, ..., E; be a degenerated chain. Now
the solutions of E), satisfying y # 1 are also solutions of the equation ry®zy® =
2ybzye.

Proof. Assume that F;;; is the image of E; under the morphism f; : z —
(zy?)¢x, when i is even, and under the morphism f; : z — (zy®)z, when i is
odd. Because fo(z) and fo(z) and thus fo(s) and fo(t) begin with z, the equation
FE), is of the form

zy®zyPr. .. = 2ylayir .. (1)

where

r=(fro- o fi)(z) = (fuo-o fa)(((wy®)?2y”) 2ay®) (xy)*).
Let Fy, = fmo---o fi. The words xy® and zy® occur as factors of Fy(xy?) at
least once, and if they occur as factors of F,(zy®) at least 2(™~4/2 times, they
occur as factors of Fy,,12(zy®) at least 2(m=2)/2 times. Thus, by induction, they
occur as factors of Fj(zy®) at least 2*=%/2 times. If h is a solution of Ej, then
17 (zy?2y?)| — |h(2y°2y?)|| = la+p—b—q|lh(y)]
<(a+b)hy)|+|p — allh(y)| < (1 +[p — ql)|Azy"zy")]
<22 2y zy")| < [P(Fr(ay™))l.



Thus, by (1),
w((u®v)2u)u® ... = (u®)2u)u® ...,

where u = h(F),(zy?)), v = h(Fx(zy?)) and |w| < |u|. If w = 1, then h(zy®zyP) =
h(zy’xy9), which is not possible by the assumptions h(y) # 1 and a +p # b+ q.
Thus it follows from Lemma 5.1 that uwv = vu. It can be seen that u,v €
{h(zy®), h(zy?)}*, u ends with h(xy?®) and v ends with h(zy®). This means that
h(zy®) and h(zy®) satisfy a nontrivial relation. It follows that they commute,
that is h(xy®zy®) = h(zybxy?). O

The equations E1, ..., E, form a neighborhood of an equation FE, if one of
the following conditions holds:

N1. Ey,..., E, form a complete set of f-images of E (see [14]),

N2. F reduces to Fn, ..., E, with an n-tuple of substitutions,

N3. FE is the equation U =V, U and V begin with different letters, n = 2, and
F4 and Es are equations U =V and V = U,

N4. n =1 and E is the equation U = V and E; is the equation UF = VE,

N5. E is the equation SU =TV, |S|y = |T|; for all t € =, n =1 and E; is the
equation US = VT,

N6. n =1 and F; is E reduced from the left or multiplied from the right,

N7. n =1 and, with the assumptions of Lemma 5.2, F is the equation zP = zQ
and E; the equation zy®zy’zP = zybry®2Q.

The first paragraph of the next theorem, proved in [14, Theorem 8.3], justifies
the definition of a neighborhood. The second paragraph can be deduced by
examining the rules in the definition of a neighborhood and, most importantly,
the definition of a complete set of f-images.

Theorem 5.3. Let E be a word equation of length n and let Ey, ..., E,, be its
neighborhood. If each E; has a parametric solution of length at most c, then E
has a parametric solution of length O(mn?®)c.

Compared to the parametric solutions of the equations E;, the parametric
words in the parametric solution of E contain O(1) new numerical parameters,
the height of the parametric words can increase by O(1), and the coefficients of
the linear Diophantine relations are of the same size.

A directed acyclic graph, whose vertices are equations, is a tree of F, if the
following conditions hold:

(i) only vertex with no incoming edges is F,
(ii) all other vertices have exactly one incoming edge,
(iii) if there are edges from Fjy to exactly Ey, ..., E,, then these equations form
a neighborhood of Ej.

The first paragraph of the next theorem is from [14, Theorem 8.4], and the
second paragraph follows from the second paragraph of Theorem 5.3 and from
Theorem 4.4.



Theorem 5.4. Let E be a word equation of length n. If E has a tree of height
k, then all equations in the tree are of length O(n)27k. If each leaf equation in
this tree has a parametric solution of length at most ¢, then E has a parametric
solution of length O(n)52‘27kc.

If the leaf equations are basic equations, the parametric words in the para-
metric solution of E contain O(k) numerical parameters, their height is O(k),
and the coefficients of the linear Diophantine relations are of size O(n)wk.

A tree in which all leaves are basic equations is a basic tree.

The old version of Lemma 5.2 was used in [14, Lemmas 9.3, 10.2]. By using
the improved version and making the corresponding small changes in the proof
of [14, Theorem 10.5] gives the following theorem.

Theorem 5.5. FEvery equation of length n with three unknowns has a basic tree
of height O(logn).

Now we can prove one of our main results. We note that it seems unlikely
that Hmelevskii’s methods would give a sub-exponential bound.

Theorem 5.6. Every equation of length n with three unknowns has a parametric
solution of length exp(n®™M).

Proof. By Theorem 5.5, every equation has a basic tree of height O(logn). By
Theorem 4.4, the leaf equations have parametric solutions of bounded length.
Now from Theorem 5.4 it follows that F has a parametric solution of length
O(n)522™ where k = O(logn), that is of length exp(n®™). 0

6 Shortest Nontrivial Solution

Based on Theorem 5.6 we can prove that the shortest nontrivial solution is
of exponential length. However, this is not trivial. For example, if we have a
parametric word (p’q)’, then by giving the value 1 for the numerical parameters
we get a short word, but the problem is that ¢ = 7 = 1 does not necessarily
satisfy the linear Diophantine relation. Thus we need to estimate the size of the
minimal solution of the relation. We also need to make sure that the solution of
the word equation is indeed nontrivial.

Theorem 6.1. If an equation of length n with three unknowns has a nontrivial
solution, it has a nontrivial solution of length exp(no(l)).

Proof. Consider an equation F : x...=y... and its parametric solution
{(hj, R;) : 1 <j <m}

of length exp(n®™M). If F has a nontrivial solution, it has a solution where x and
y begin with the same letter but z begins with a different letter. Let ho f o h;
be such a solution, where ho f is a valuation. Now also f o h; is such a solution,



and so is g o hy, if g € R; maps exactly the same numerical parameters to zero
as f. Thus g o h; is a nontrivial solution. We must select g so that this solution
is sufficiently short.

The lengths of the parametric words h;(t), where t € {x,y, z}, are exp(n®().
By Theorems 5.4 and 5.5, every occurrence of a word parameter in h;(t) appears
at most g(41) ... g(ix) times in g(h;(t)), where i1, . . ., iy, are numerical parameters
and k = O(logn). Thus the length of g(h;(t)) is g(i1) . .. g(ix) exp(n©M).

The conditions for g are that it must be in R; and it must map exactly the
same numerical parameters to zero as f. The latter condition can be handled by
adding either the equation ¢ = 0 (if f(z) = 0) or the inequality ¢ > 0 (if f(¢) > 0)
to R; for every i € A. Inequalities ¢ > ¢ can be replaced with i = ¢+ 1+ 7/,
where i’ is a new variable. In this way we get a linear Diophantine relation R,
which is a disjunction of linear systems of equations. Because f € R;», at least
one of these systems has a nonnegative integer solution.

According to [5], if a system of linear equations has a nonnegative integer
solution, then it has one of size O(IM), where [ is the number of unknowns, M
is an upper bound for the r x r subdeterminants of the augmented matrix of
the system, and 7 is the rank of the system. Now r is at most [ = O(logn). The
coefficients in the system are of exponential size by Theorems 5.4 and 5.5, so M =
exp(n®M). Thus there is a nonnegative integer solution of size exp(n®®)). This
solution gives us a function g such that g(i1)...g(ir) exp(n®M) = exp(n®M).
This proves the theorem. a

Now we consider the satisfiability problem. Constant-free equations have al-
ways the solution, where every unknown gets the value 1, and usually they have
also other periodic solutions. The natural question is thus whether a constant-
free equation has a nontrivial solution. This can be easily reduced to the satis-
fiability problem of equations with constants. In this way we get the result that
the above-mentioned question is in NP for equations on three unknowns.

Theorem 6.2. The existence of a nontrivial solution of a constant-free equation
on three unknowns can be decided in nondeterministic polynomial time.

Proof. The equation zU = yV, where U,V € =%, has a nontrivial solution if
and only if it has a solution z = ax’,y = ay’, 2 = bz’, where a and b are different
letters and z’,%/, 2’ € X*. So we are interested in the existence of a solution for
the equation obtained from xzU = yV by replacing x with az’, y with ay’ and z
with bz’, where z/,9, 2/ are now new unknowns. The length of this equation is
twice the length of the original equation.

There is a nondeterministic algorithm (see [13]) that solves the existence of
a solution for the last equation in time polynomial in nlog N, where n is the
length of the equation and N is the length of the shortest solution. The claim
now follows from Theorem 6.1. O
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