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Abstract. We analyze and reprove the famous theorem of Hmelevskii,
which states that the general solutions of constant-free equations on three
unknowns are finitely parameterizable, that is expressible by a finite
collection of formulas of word and numerical parameters. The proof is
written, and simplified, by using modern tools of combinatorics on words.
As a new aspect the size of the finite representation is estimated; it is
bounded by a double exponential function on the size of the equation.

1 Introduction

Theory of word equations is a fundamental part of combinatorics on words. It
plays an essential role in a number of areas of mathematical research, such as
in representation results of algebra, theory of algorithms and pattern matching.
During the few last decades it has provided several challenging problems as well
as fundamental, or even breakthrough, results in discrete mathematics.

Remarkable achievements of the topic are the decidability of the satisfiability
problem for word equations, and the compactness result of systems of word
equations, see [9] for the first and [1] and [4] for the second. The first result was
reproved and sharpened to a PSPACE algorithm in [10]. For the latter one the
question of bounding the size of an equivalent finite subset is still a challenge.

In the case of word equations with only three unknowns fundamental re-
sults have also been achieved. In one direction Hmelevskii [6] proved already
in 1970 that any such constant-free equation is finitely parameterizable, that is
the general solution can be expressed as a finite formula on word and numerical
parameters. On other direction Spehner [11,12] classified all sets of relations a
given solution, that is a triple of words, can satisfy. A remarkable thing is that
both of these results have only very complicated proofs. This, if any, is a splen-
did example of a challenging nature of word problems. Indeed, even the basic
question of finding any upper bound for the maximal size of independent system
of word equations on three unknowns is still open, see [5] and [3].

The goal of this paper is to analyze the proof of Hmelevskii’s theorem. The
result itself is, of course, very well known, see e.g. [8]. However, a compact and
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readable presentation of it seems to be lacking. We hope to fill this gap. In
other words, we search for a self-contained proof using achievements and tools
of combinatorics on words obtained over the last 30 years. The hope will be
completed only in the full paper, but we do believe that already this presentation
will give the reader justified impression of the proof. In addition, we conclude,
for the first time, an upper bound for the size of the formula giving the general
solution of a constant-free equation on three unknowns. Our bound is double
exponential in terms of the length of the equation — and thus not likely to be
even close to the optimal one.

In this extended abstract the proof is outlined in modern terms and tools of
combinatorics on words, but many details are left to the final version of the full

paper [7].

2 Definitions and Basic Results

In this section we fix the terminology and state the basic auxiliary results needed,
for more see [2].

We consider word equations U = V', where U,V € =Z* and Z' is the alphabet
of unknowns. A morphism h : 5* — X* is a solution of this equation, if Ah(U) =
h(V'). We also consider one-sided equations xU = yV. A morphism h : =* — X*
is a solution of this equation, if h(zU) = h(yV) and |h(z)| > |h(y)|-.

A solution h is periodic, if there exists such t € X* that every h(x), where
x € =, is a power of ¢t. Otherwise h is nonperiodic. Periodic solutions are easy to
find and represent, so in many cases it is enough to consider nonperiodic ones.

If a word w is a prefix of a word v, that is v = uw for some w, the notation
u < v is used. If also u # v, then u is a proper prefiz; this is denoted by u < v.

Let w = aj ...ay. Its reverse is w = a,, ... a1, and its length is |w] = n. The
number of occurrences of a letter a in w is denoted by |w/q.

If X ={ai,...,a,},then U € X* can be denoted U(aq, ..., a,), and its image
under a morphism A can be denoted h(U) = U(h(a1),...,h(a,)). If u € X*, then
the morphism a; +— u means the morphism, which maps a; — v and a; — a;,
when ¢ =2,...,n.

The following theorems and lemmas are easy to prove by using standard
methods for solving equation. They give solutions to some simple equations.
These solutions will be the basis of parametric solutions of all equations with
three unknowns. We start with the well known lemmata, see [2].

Theorem 2.1. Let U,V € {x,y}* and U # V. Assume that |U|, = a, |U|, = b,
V| = ¢ and |V|, = d. The solutions of the equation U =V are xz =t', y =17,
wheret € X*, ai +bj =ci+dj andv,j > 0.

Theorem 2.2. The solutions of the equation xz = zy are x = pq, y = qp,

z=plgp)t orx =y =1, 2 =p, where p,q € X* and i > 0.

Lemma 2.3. The nonperiodic solutions of the equation xyz = zyx are x =

(pq)'p, y = q(pq)?, = = (pq)*p, where p,q € X*, i,j,k >0, pg # qp and pq can
be assumed to be primitive.



Lemma 2.4. The nonperiodic solutions of the equation xyz = zxy are v =
(Pa)'p, y = a(pg)’, 2 = (pq)*, where p,q € X*, i,j,k > 0 and pq # qp.

Lemma 2.5. Let a > 2. The nonperiodic solutions of the equation rzx = y®
are x = (pg)'p, y = (pa)"*'p, 2 = ap((pa)"*'p)*~pq, where p,q € T*, i >0 and
pq 7 qp-

Lemma 2.6. Let a > 2. The nonperiodic solutions of the equation zy®z = zy®x
are x = (pq")'p, y = q, 2 = (pq*)’p or

= qp((p@)**'p)"2pa(((pg)* ' p)*~'pq)*,

)k+1 )a—l

= qp((pg)*"'p)*~2pq(((pq)*p)**pq)’,

where p,q € X*, 1,5,k > 0 and pq # qp.

Lemma 2.7. The nonperiodic solutions of the equation xyxz = 222y are v =
(a)'p, y = ap((pa)"*'p)’pa, = = pq, where p,q € X*, 4,j >0 and pq # qp.

Lemma 2.8. Let a,b > 1 and U,V € =Z*. If h is a solution of the equation
xoyU = y®zV, then h(zx) and h(y) commute.

The following corollary of the graph lemma is also useful. A proof can be
found in [2]. This result simplifies the original proof of Hmelevskii in several
places.

Theorem 2.9. Let A,B,C,D € {z,y,z}*. If h is a solution of the pair of
equations A = yB, xC = zD, then h is periodic or one of h(x),h(y),h(z)
equals 1.

3 Parametric Words

In this section, we define the central notions of this presentation, namely para-
metric words, parameterizability and parametric solutions.

Fix the alphabet of word parameters A and the set of numerical parameters
A. Now parametric words are defined inductively as follows:

(i) if a € AU {1}, then (a) is a parametric word,
(ii) if @ and (8 are parametric words, then so is (af),
(iii) if o is a parametric word and i € A, then (') is a parametric word,

The set of parametric words is denoted by P(A, A). The sets of parameters are
always denoted by A and A.

When there is no danger of confusion, unnecessary parenthesis can be omitted
and notations like a’a? = o'*7 and (o)’ = o can be used. Then parametric
words form a monoid, if the product of a and g is defined to be af.

If f is a function A — INp, we can abuse the notation and use the same
symbol for the function, which maps parametric words by giving values for the



numerical parameters with f: if a € AU{1}, then f((a)) = a; if o, 8 € P(A, A),
then f((a3)) = f(a)f(B); if « € P(A,A) and i € A, then f((a?)) = f(a)/®.
A parametric word is thus mapped by f to a word of A*. This can be further
mapped by a morphism h : A* — X* to a word of X*. The mapping ho f is a
valuation of a parametric word into X*, and f is its valuation to the set A*.

We define the length of a parametric word: the length of 1 is zero; if a € A,
then the length of a is one; if «, 5 € P(A, A), then the length of af is the sum
of lengths of o and 3; if @ € P(A, A) \ {1} and i € A, then the length of o' is
the length of a plus one.

Next we define the height of a parametric word: if a € AU {1}, then the
height of a is zero; if o, B € P(A, A), then the height of o8 is the maximum of
heights of « and ; if & € P(A, A) \ {1} and i € A, then the height of o' is the
height of o plus one. Parametric words of height zero can be considered to be
words of A*.

A linear Diophantine relation R is a disjunction of systems of linear Dio-
phantine equations with lower bounds for the unknowns. For example,

((z+y—2z=0A(x>2)V((z+y=3)A(x+2=4))

is a linear Diophantine relation over the unknowns z, y, z. We are only interested
in the nonnegative values of the unknowns. If A = {i1,...,4ix}, f is a function
A — Ny and f(i1),..., f(ir) satisfy R, then the notation f € R can be used.

Let S be a set of morphisms =* — X*, A = {i1,..., i}, h; a morphism from
Z* to parametric words and I?; a linear Diophantine relation, when j = 1,...,m.
The set {(h;j, R;) : 1 < j <m} is a parametric representation of S, if

where h o f runs over all valuations to X*. The linear Diophantine relations
are not strictly necessary, but they make some proofs easier. A set can be pa-
rameterized, if it has a parametric representation. The length of the parametric
representation is the sum of the lengths of all hj(x), where j = 1,...,m and
T EE.

It follows immediately that if two sets can be parameterized, then also their
union can be parameterized.

Let S, S1,...,S, be sets of morphisms =* — X*. The set S can be parame-
terized in terms of the sets S1, ..., Sy, if there exists such morphisms hq,..., A,
from =* to P(Z, A) that

S={gofoh;:1<j<mn,ges;},

where f runs over functions A — INy.

Again it is a direct consequence of the definitions that the parameterizabil-
ity is preserved in compositions. Namely, if S can be parameterized in terms
of the sets S1,...,S5, and every S; can be parameterized in terms of the sets
Si1,- .., Sin,;, then S can be parameterized in terms of the sets S;;.



We conclude these definitions by saying that solutions of an equation can be
parameterized, if the set of its all solutions can be parameterized. A parametric
representation of this set is a parametric solution of the equation.

These definitions can be generalized in an obvious way for systems of equa-
tions. Theorems 2.1 and 2.2 and Lemmas 2.3 — 2.7 give parametric solutions
for some equations. The following theorem states that the basic tool in solving
equations, namely the cancellation of the first variable, preserves the parame-
terizability of solutions.

Theorem 3.1. Let U,V € =%, x,y € Z and x # y. Let h : =% — =* be the
morphism x — yx. If the equation zh(U) = h(V) has a parametric solution,
then so does the equation U = yV .

Let o and (8 be parametric words. The pair (a,3) can be viewed as an
equation, referred to as an exponential equation. The height of this equation is
the height of a3. The solutions of this equation are the functions f : A — IN
that satisfy f(a) = f(8).

If we know some parametric words, which give all solutions of an equation,
but which also give some extra solutions, then often the right solutions can
be picked by adding some constraints for the numerical parameters. These con-
straints can be found by exponential equations, and the following theorems prove
that they are in our cases equivalent with linear Diophantine relations.

Theorem 3.2. Let E be an exponential equation of height one. There exists a
linear Diophantine relation R such that a function f : A — INg is a solution of
E if and only if f € R.

In some cases Theorem 3.2 can be generalized for exponential equations of
height two.

Theorem 3.3. Let A = {i,j} and let so,...,S8m, t1,---,tm, Ug,...,uy and
V1, ..., U, be parametric words of height at most one, with no occurrences of pa-
rameter j. Assume that i occurs at least in the words ti,...,ty and vy,...,vp.
Let o = sot}s1...t,sm and B = uoviuy ... vlu,. Now there exists a linear
Diophantine relation R such that a function f : A — INg is a solution of the
exponential equation E : a = § if and only if f € R.

The parametric words in the next theorem come from Lemma 2.6.

Theorem 3.4. Let A= {p,q}, A={i,j,k} anda > 2. Let a = (pq®)'p, B =q,
v = (pg")’p, or

o =qp((pg)* ) 2pa(((pg)**'p)* ' pq)’,
B = (pg)**p,

v =qp((pg)F* h

p)**pa(((pg)"p)*'pq)’.

Let A,B € {z,y,2}* and let h be the morphism mapping x — o,y — B,z — 7.
Now there exists a linear Diophantine relation R such that a function f : A — INg
is a solution of the exponential equation E : h(A) = h(B) if and only if f € R.



4 Basic Equations

From now on we only consider equations with three unknowns. The alphabet of
unknowuns is = = {z,y, z}. The left-hand side of an equation can be assumed to
begin with . We can also assume that x occurs on the right-hand side, but not
as the first letter.

Periodic solutions and solutions, where some unknown has the value 1, are
called trivial. These are easy to parameterize by Theorem 2.1.

An equation is a basic equation, if it is a trivial equation U = U, where
U € =%, if it has only trivial solutions, or if it is of one of the following forms,
where a,b > 1, ¢ > 2 and t € {z,z}:

Bl. z%...=ybx...
B2. 22... = y%%...
B3. zyt... =z zzy. ..
B4 zyt... 2 zyx...

B5. zyz...=zzy...
B6. zyz...=zyx...
B7. xzy‘z...=zy‘x...

BS. zyt... =2 2%y. ..
B9. xyzz... = zz?y...

The parameterizability of basic equations is easy to prove with the help of
previous lemmas and theorems.

Theorem 4.1. FEvery basic equation has a parametric solution of bounded length.

Proof. For equations U = U and for equations with only trivial solutions the
claim is clear. We prove it for equations B1 — B9. First we reduce equations to
other equations by Theorem 3.1. The equation B2 is reduced by the substitution

x — yx to the equation zyzx ... = y*x ..., which is of the form B1. The equations
B3 and B4 are reduced by the substitution z — zz to the equations xyz... =
zzy ... and xyz... = yzx..., which are of the form B5. The equation B8 is

reduced by the substitution x +— zx to the equation xyzA = z%yB for some
A, B € =Z*. By Lemma 2.8, this is equivalent with the equation zyzaxyzA =
zxyz®xyB, which is of the form B5.

Consider the equations B1, B5, B6, B7 and B9. Their solutions are also
solutions of xy = yz, xyz = zzy, vyz = 2yz, vY°2 = 2y°c and xyrz = 222y, re-
spectively. For B1 this follows from Lemma 2.8, otherwise by a length argument.
By Lemmas 2.1, 2.4, 2.3, 2.6 and 2.7, these latter equations have parametric
solutions over word parameters p, g and numerical parameters i, j, k. By substi-
tuting the parametric words from these solutions to the original basic equations,
we get exponential equations, which are equivalent with linear Diophantine re-
lations by Theorems 3.2, 3.3 and 3.4. The parametric solutions with these linear
Diophantine relations, together with parametric representations for the periodic
solutions, determine parametric solutions for these equations. a



5 Images and f-Images

In this section we define images and #-images of equations and prove some results
about them. If h is a solution of the equation zU = yV, then h(y) < h(x). This
fact was already behind Theorem 3.1. This will be generalized.

Let t1,...,t, € {y,z} and V =#;...¢,. Let t,41 = t1. If a morphism & is a
solution of the equation F : xU = VW, then

h(z) = h(VFt .. t)u (1)

for some numbers k,¢ and word u satisfying k > 0, 0 < i < n and h(t;+1) f Uu.

On the other hand, a morphism h satisfying (1) is a solution of E iff uh(U) =
h(tit1...tat1...t;)uh(W). We can write h = g o f, where f is the morphism
x +— VFt; .. .t;z and g is the morphism for which g(z) = u, g(y) = h(y) and
g(2z) = h(2). Now h is a solution of E iff g is a solution of

An image of an equation zU(z,y,2) = V(y, z)zW (z,y, z) under the mor-
phism z — VF*Pz, where k >0, V = PQ and Q # 1, is

wU(VFPx,y,z) = QPzW (VF Pz, y, 2).

If V' contains only one of y, z or if P = 1, the image is degenerated.

Images are needed in the most important reduction steps used in the proof
of parameterizability of equations with three unknowns. The solutions of an
equation are easily acquired from the solutions of its images, so it is enough to
consider them. There are infinitely many images, but a finite number is enough,
if one of them is turned from a one-sided equation to an ordinary equation.

Equation E' is reduced to the equations Eq, ..., E, by an n-tuple of substitu-
tions, if F is of the form aU(z,y,2) = t1...tkaxV(x,y, z), where 1 <n < k and
t1,...,tx € {y, 2}, equation F; is

xU(ty .. 6z, y, 2) &= tigr .. bty . taV(t .. iz, y, 2),
when 1 < i < n, and equation F,, is
Ut .. tn, Yy, 2) = tpg1 .. tity . b2V (t1 .. th, Yy, 2).
By the above, Theorem 3.1 can be generalized.

Theorem 5.1. Let E be an equation of length n. If E is reduced to the equations
FEy, ..., Ey by an m-tuple of substitutions, and if E, ..., E,, have parametric
solutions of length at most c, then E has a parametric solution of length O(mn)c.

Reductions with n-tuples of substitutions are not sufficient. Other ways to
restrict the considerations to a finite number of images are needed.
Equation
2U(z,y,2) = V(y, 2)cW(z,y, z)



is of type I, if both unknowns vy, z occur in V. Equation
2y’Ul(z,y, z) = 22V (2, 2)yW (2,9, 2),
where b,c > 1, is of type II,if b > 1 or V # 1.

Theorem 5.2. The solutions of an equation of type I of length n can be param-
eterized in terms of the solutions of O(n?) of its images of length O(n?).

Theorem 5.2 can be generalized by defining #-images.

A sequence of equations Ey, ..., E, is a chain, if E; is an image of F;_ for all
1, 1 <1 < n. Then E, is an image of order n of Ey. If every F; is a degenerated
image, then the chain is degenerated and E,, is a degenerated image of order n.

We define 0-images of equations of type I and II. For equations of type I all
images are f-images. For equations of type II the degenerated images of order 2
and nondegenerated images of order 3 are #-images.

The proofs of the following three lemmas, and also the proof of Theorem 5.2,
consist of examining images and their solutions and using exponential equations.
Especially the proof of Lemma 5.4 is somewhat complicated. We consider an
equation of type II

2y’ A(z,y, 2) = 2°2B(x, 2)yC(z,y, 2), (2)
where b,c > 1 and b > 1 or B # 1. Its images are degenerated and of the form
oy’ A(Z'x,y, 2) = 2“aB(Z'x, 2)yC(2'a, y, 2).

Lemma 5.3. The solutions h of (2) satisfying |h(y)| < |h(z)| can be parame-
terized in terms of the solutions of O(n'") of its 0-images of length O(n'®).

Lemma 5.4. If x occurs in B, then the nonperiodic solutions of (2), and some
periodic solutions, can be parameterized in terms of the solutions of O(n'") of
its O-images of length O(n'®).

Lemma 5.5. If B = 2%, where d > 1, then the solutions of (2) can be parame-
terized in terms of the solutions of O(n?%) of its 0-images of length O(n?7).

We define a complete set of 0-images of an equation of type I or II. For
equations of type I it is the set of Theorem 5.2. For equations of the form (2) it
is the set of Lemma 5.3, if B = 1, the set of Lemma 5.4, if x occurs in B, and
the set of Lemma 5.5, if B = 2%, d > 1. The next theorem follows immediately
from this definition.

Theorem 5.6. Every equation of type I or II of length n has a complete set of
O-images consisting of O(n?%) equations of length O(n?").
We assume that every complete set of #-images satisfies the conditions of

Theorem 5.6. The next theorem requires only little extra work.

Theorem 5.7. Let E be a word equation of length n. If {E1, ..., En,} is a com-
plete set of 0-images of E and every E; has a parametric solution of length at
most ¢, then E has a parametric solution of length O(mn?%)c.



6 Trees of Equations

The proof of the parameterizability of equations with three unknowns consists
mainly of reducing equations to other equations. This forms a tree-like structure.
The intention is to make all leaf equations in this tree to be basic equations. The
possible reduction steps are given in the definition of a neighborhood.

Lemma 6.1. Let Ey be the equation xy®zyPs... = zybaxydt..., where s,t €
{z,z} and a+p # b+q. Let k > 8+ |p—q| be even, Ej, be the equation P = zQ)
and Ey, ..., Ey be a degenerated chain. Now the solutions of Ey, satisfying y # 1
are also solutions of the equation xy®zy® = zybay®.

The equations FE1, ..., E, form a neighborhood of an equation E, if one of
the following conditions holds:

N1. Fy,..., E, form a complete set of #-images of F,

N2. E reduces to Fy,..., E, with an n-tuple of substitutions,

N3. E is the equation U =V, U and V begin with different letters, n = 2, and
F1 and E5 are equations U =V and V = U,

N4. n =1 and E is the equation U = V and E; is the equation UF = VE,

N5. E is the equation SU =TV, |S|; = |T|; for all t € =, n =1 and E; is the
equation US = VT,

N6. n =1 and F; is E reduced from the left or multiplied from the right,

N7. n =1 and, with the assumptions of lemma 6.1, E' is the equation P = 2Q)
and F; the equation zy®zy’zP = zyPzy®2Q.

Theorem 6.2. Let E be a word equation of length n and let Eq, ..., E,, be its
neighborhood. If each E; has a parametric solution of length at most ¢, then E
has a parametric solution of length O(mn?®)c.

Proof. For N1 this follows from Theorem 5.7, for N2 from Theorem 5.1 and for
N7 from Lemma 6.1. The other cases are clear. O

Directed acyclic graph, whose vertices are equations, is a tree of E, if the
following conditions hold:

(i) only vertex with no incoming edges is F,
(ii) all other vertices have exactly one incoming edge,

(iii) if there are edges from Ej to exactly Ey, ..., E,, then these equations form
a neighborhood of E.

Theorem 6.3. Let E be a word equation of length n. If E has a tree of height

k, then all equations in the tree are of length O(n)27k. If each leaf equation in
this tree has a parametric solution of length at most c, then E has a parametric
solution of length O(n)527" c.



Proof. In the case N1 the first claim follows directly from Theorem 5.6, and for
the other cases the bound O(n)27k is more than enough. Now, by Theorem 6.2,
there exists a constant a such that F has a parametric solution of length

a(an)SQ . a((an)27)52 .a(<an)272)52 ..... a((an)27k’1)52 .c

<ak(an)52'27kc = O(n)52'27kc. O

A tree in which all leaves are basic equations is a basic tree.

If every A-image of an equation of type I or II has a basic tree, then the
equation has a basic tree, because it has a complete set of -images. The rule N1
is used this way instead of explicitly selecting some complete set of f-images.

The main theorem is proved by a sequence of lemmas. The lemmas are proved
by using the rules of the definition of a neighborhood in various ways.

Lemma 6.4. The equation xyz*A(z,y, 2) = y2?xB(z,y, z) has a basic tree.
Lemma 6.5. The equation x2yz ... = zyxy ... has a basic tree.
Lemma 6.6. Let s # x and t # y. The following equations have basic trees:

(a) vyz... = z2%y. ..,
(b) zyzs... = z2%y. ..,
(c) xy’z... = zayt. ..,
(d) xyzt... = zy%x. ..,
(e) wyz... = zy’x. ...

Let 1 < a,b < 2,d>1andt # y. The equations %% ... = zyx...,
zoybt... = zay ... and 2%bt... = z(yz)d:v ... are supporting equations.

Lemma 6.7. Every supporting equation has a basic tree.

Lemma 6.8. The equation xy®zyPs ... = zy’xyit. .., where a > 0, a+p = b+q
and s,t # y, has a basic tree.

The next proof contains maybe the most critical part of the construction,
because very long chains of images are considered. Similar construction was
needed also in the proof of Lemma 6.6.

Lemma 6.9. The equation xy®z ... = zybx ..., where a > 0, has a basic tree.

Proof. The equation can be written in the form Ey : zy®zyPu... = zybaylv. . .,
where u,v # y. If a4+ p = b+ ¢, then the claim follows from Lemma 6.8. Assume
that a+p # b+q. Let [ > 8+ |p—q| be even. Form a complete set of §-images of
FEy, a complete set of #-images of these, and so on [ times. These #-images form
chains Ey, ..., E;. We show that each chain has an equation with a basic tree;
this proves the claim.

First, consider chains of degenerated #-images. There is a corresponding chain
of ordinary images and we can use the rule N7. The equation Fj is replaced by
the equation zy®zy’xP = zy’xy®2Q, which has a basic tree by Lemma 6.8.



Second, consider nondegenerated chains. Assume that the part Ey, ..., E;_1
of the chain is degenerated and that F; is a nondegenerated 6-image of E;_;.
If b = 0, the equation Ey is of the form xy®z... = 2x..., and E;_; is of the
same form. The equation E; can be seen to be a supporting equation and thus
it has a basic tree. If b > 0, then Ej is of the form xy%z ... = zyz . ... Equation

E;_; is of the same form. Now FE; is of the form yezylx... = xy®z. .., where
c+d=uaand c>1 If ¢ > 1, then E; is basic of the form B2. If ¢ = 1, then all
f-images of F/; can be seen to have basic trees by Lemmas 6.6 and 6.7. a

Lemma 6.10. The equation xy®t... = 2°xB(x,2)y..., where a,c > 1 and
t #£ vy, has a basic tree.

Lemma 6.11. The equation z"y™t... = 2yA(y,2)x ..., where n,m > 1 and
t # vy, has a basic tree.

The proof of the next theorem finally gathers the previous results together
and gives the idea of how the height of the tree can be estimated.

Theorem 6.12. FEvery equation of length n with three unknowns has a basic
tree of height O(n).

Proof. The trivial equation U = U is a basic equation. All other equations can
be reduced from the left and split into one-sided equations. By multiplication
from the right, every one-sided equation can be turned into one of the equations

2 =3y

xy... Yz ..
xz ... =2 yzB(z,y)z. ..

3
4
3
6
7
8

z%y’s... = y°2B(y, 2)x
2% ... = y2B(y, 2)x ...

)
)
)
)
)
2% ... = y2B(y, 2)x ..., )

P

where a,b,c > 1,d > 1, t # z and s # y. We prove that these have basic trees.

Equation (3) is basic of the form B2. Equation (4) is reduced by the sub-
stitution x — yx to the equation zy... = y“x..., which is basic of the form
B1. Equation (5) is the equation of Lemma 6.10. Equation (7) is the equation of
Lemma 6.11.

The equation (6) is of type I and its images are of the form zy ... &= Dz ..,
where D is a conjugate of y°zB. If y> < D, then this is of the form (3), if yz < D,
then of the form (5), and if z < D, then of the form (7). So every image of (6)
and thus the equation itself has a basic tree.

The equation (8) is of type I and its images are of the form x(y...)* 1zby... =
Dz ..., where D is a conjugate of y?zB. Again it is of the form (3), (5) or (7).
So every image of (6) and thus the equation itself has a basic tree.

The constructions of trees in the lemmas produce trees of bounded height
with two exceptions: Lemmas 6.6 and 6.9, where a tree with height of order



p — q| is constructed for the equation
i tructed for th ti
oy®zyP .. = zyPayd (9)

We prove that the powers of y here cannot be more than n, which proves this
theorem. In the definition of neighborhood, the rules N1, N2, N5 and N6 can
produce higher powers than those in the initial equation. There is no need to use
N6 to generate high powers and Nb is only used in 6.4, 6.6 and 6.8, where it does
not generate high powers. Consider N1 and N2. Here an equation zU(z,y,2) =
y*2zV (x,y, z) can be turned into 2U (y'x,y, z) & y*aV (y'xz,y, z) for high values
of 4. But in order for y to be in the position of (9), the rules N1 or N2 must be
used again. Then y is replaced by zuy for some u € {x, z}* and the powers of y
disappear. The claim is proved. a

In the next theorem exp? denotes the double exponential function exp o exp.

Theorem 6.13. Every equation of length n with three unknowns has a para-
metric solution of length exp?(O(n)).

Proof. By Theorem 6.12 every equation has a basic tree of height O(n). By
Theorem 4.1 the leaf equations have parametric solutions of bounded length.
Now from Theorem 6.3 it follows that F has a parametric solution of length
O(n)52'27k, where k = O(n), that is of length exp?(O(n)). O
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