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Tunneling of bosonic qubits under local dephasing through a microscopic approach
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We present a microscopic derivation of a master equation for two-component bosons (bosonic qubits) which
tunnel between spatially separated modes under local dephasing noise. Starting from the full system-bath
Hamiltonian with Lorentzian coupling distributions, we analytically obtain a time-local master equation whose
structure reveals intrinsic non-Markovian features and recovers the standard phenomenological dephasing model
in the short-time limit. Comparison with exact pseudomode simulations confirms its validity beyond weak-
coupling and Markovian regimes. We identify a resonance condition between tunneling and bath frequencies
for which dephasing drives the system toward correlated steady states, stabilizing coherence and entanglement
instead of suppressing them. These results establish a rigorous microscopic foundation for dephasing models in
bosonic tunneling systems and reveal a noise-induced mechanism for steady-state entanglement.
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I. INTRODUCTION

Indistinguishability of identical particles lies at the heart
of quantum interference phenomena, enabling effects such
as bosonic bunching and fermionic antibunching [1-3]. Such
interference relies on coherent tunneling between spatially
separated mode, a process that can be described as a spatial
deformation operation, generating the wave-function overlap
required for indistinguishability-driven correlations. These
correlations are harnessed through spatial deformation fol-
lowed by postselection via spatially localized measurements
and classical communication, forming a protocol for the gen-
eration of entangled states [4—7]. Such entanglement has been
demonstrated as a genuine quantum resource in experimental
settings [8—11], including quantum teleportation in photonic
platforms [8] and quantum metrology [12]. The same ap-
proach has been shown to protect or even distill entanglement
from noisy initial states [5,13—16]. Previous studies assumed
perfect, noiseless spatial deformation but, like any quantum
process, it is inevitably subject to decoherence [17-19]. Thus,
understanding how noise affects the system during spatial
deformation is essential to assess the robustness of quantum
information processing based on coherent tunneling.

To describe the interplay between coherent tunneling and
simultaneous local noise, the dynamics can be studied within
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an open-quantum-system framework, where decoherence
and dissipation continuously affect the coherent evolution
[17-19]. A fundamental tool for achieving such an effective
description is provided by master equations [20,21]. In this
context, phenomenological master equations are widely used.
However, a microscopic derivation of the master equation is
essential to rigorously connect system-environment interac-
tions with the resulting effective dynamics and to assess the
validity of commonly adopted approximations.

In this work we derive a microscopic time-local master
equation for any generic initial state of bosonic qubits tunnel-
ing between spatially separated modes while interacting with
local bosonic dephasing baths characterized by Lorentzian
spectral densities. This framework enables us to investi-
gate how decoherence, which occurs during the tunneling
process, affects paradigmatic indistinguishability-driven phe-
nomena, including Hong-Ou-Mandel (HOM) interference and
indistinguishability-based entanglement distillation. The sys-
tem we study is equivalent to a pseudospin-% Bose-Hubbard
model with negligible on-site interaction [22-26]. In this
widely studied scenario, effects of noise have been investi-
gated and white-noise local dephasing is expected to suppress
coherence, driving the system toward classical mixtures in
the long-time limit. This prediction, usually based on phe-
nomenological master equations, suggests that no steady-state
quantum correlations can survive [27-30]. Our microscopic
approach reveals a dynamical regime exhibiting steady-state
entanglement when the bath’s natural frequency is resonant
with the tunneling amplitude, while recovering the expected
loss of coherence outside of this resonance. Overall, these
results provide a rigorous microscopic foundation for de-
phasing models in bosonic tunneling systems, uncovering
intrinsic non-Markovian dynamics beyond the weak-coupling
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regime and identifying noise-induced steady entangled
states.

The paper is organized as follows. In Sec. II we present
the system, defining the formal framework and the physi-
cal processes we are going to study. In Sec. III we outline
the derivation of the master equation, describing some of its
emerging features as well as the numerical methods adopted
to validate it. After this, we show results for three specific
settings. In Sec. IV we study HOM interference. Section V
illustrates the resonance mechanism through specific single-
particle states. In Sec. VI we investigate the entanglement
generation protocol. We summarize our work and discuss
conclusions in Sec. VIIL.

II. MODEL

We focus on a system made of two distinct spatial regions
populated by particles following bosonic statistics. Each par-
ticle is characterized by a spatial degree of freedom and an
internal pseudospin degree of freedom, admitting two distinct
values. The mathematical framework under which the follow-
ing results are obtained is worked out in second quantization
formalism. Moreover, we adopt the no-label approach [31,32].
According to this, a state vector describing a single particle
with pseudospin o localized in X can be expressed as |¢) =
|Xo), where X = {L, R} labels two distinct spatial regions
(left L and right R) and o = {1, |} represents two pseudospin
values. We define creation and annihilation operators X, and
X,, respectively, acting on a generic state by creating or
annihilating particles with a given pseudospin in a specific
spatial region, e.g., IZ“O) = |L?), where |0) is a vacuum
state. Since we are considering bosons, these operators obey
canonical commutation rules [X,, )A(U‘] = p.0' X,,%,]1=0,
and [X, X',] = 0. This means that bosonic ladder operators
with different pseudospins commute, and the same applies for
operators acting on different spatial regions.

With 7 = 1, the free Hamiltonian of our system is 1-75 =
Ws D _x—(L.R).o=(1.}) ixo» Where w; is the qubit transition fre-
quency, which is the same for both particles, and 7ix, = X; X,
is the local number operator for a given pseudospin.

The bosonic qubits in the two spatial regions interact
through a tunneling process

> (iR, +RIL,), (1)

so the tunneling can be controlled by both tunneling rate J
and evolution time ¢. This allows the particle to hop from one
side to the other, leading to spatial deformation and overlap
of their spatial wave functions while leaving their pseudospin
untouched.

The qubits interact locally with two independent
zero-temperature bosonic baths, respectively, as depicted
in Fig. 1. To model local pure-dephasing noise, we consider
two distinct bosonic baths, whose overall free Hamiltonian is
Hy = Sx—wn o wbly(w)bx(w)dw, where b} (w) and
5X(w) are the bosonic creation and annihilation operators,
respectively, for mode frequency w in the bath localized at

L (i) R
@ Tunneling @

Local
Dephasing

Local
Dephasing

FIG. 1. Illustration of the system. Two spatial regions L and R
can exchange bosons via tunneling of amplitude J. Each region hosts
a bosonic qubit (gray circle) with a given pseudospin (double-headed
arrow) and is subject to local dephasing from its own bosonic bath.

site X. The system-bath interaction Hamiltonian is defined as

o0

A= > <6z,x ® / gx<w>[bx<w)+b;(w)]dw),
X=(L.R) 0

2
where we have introduced a local dephasing operator 6, x =
fixt — i, = XXy — X[X,. This interaction linearly couples
the number of excitations in one local region with its re-
spective environment. The system-bath coupling gx(w) is

described by a spectral Lorentzian distribution

& _ *
7 (0 — wp)? + A2’

lgx (@) = 3)
where A is the spectral width and wy is the central frequency
of the bosonic bath mode. The parameter g, sets the overall
coupling strength. This Hamiltonian contribution commutes
with the free system Hamiltonian 1-75, but not with the defor-
mation one Hp, enabling nontrivial interplay between noise
and tunneling dynamics. The total Hamiltonian can be written
as Hio = (Hs + Hp) ® g + s ® Hg + Hsp.

III. DYNAMICAL MAP

In previous works, dephasing in bosonic systems, with or
without tunneling, was typically modeled via the phenomeno-
logical master equation [27,29]

bs(t) = —ilHs + Hp, 0s()] + Y TxDl[6.xl0s. (4)
X={L,R}

where Qs(t) is the reduced density matrix of the system,
[y € R™ are constant dephasing rates, and D[A]@ = AA@AAT —
1{ATA, ¢} is the Lindblad dissipator. In the absence of
an internal (pseudospin) degree of freedom, the dissipative
dynamics is described by a simple Markovian Lindblad dis-
sipator determined by the local number operator for each
spatial region. However, such phenomenological master equa-
tions lack a microscopic foundation and might not fully
capture the underlying dynamics. To address this gap, we
derive the master equation explicitly from a microscopic de-
scription of the system-environment interaction.

The derivation begins by moving to the interaction
picture using the standard unitary transformation V) =
e Aope= ' with Hy = Hg + Hp + Hg. This yields the
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interaction-picture Hamiltonian
V(t) = [Fo + F cos(Jt) + B> sin(J1)] @ E.(1)
+ [Fo — Fi cos(Ut) — B sin(J1)] ® Er(t),  (5)

where  fo =360 +6:0). Fi=360-6p0). F=
%[ﬂIZT - I:iI?T — I@IIZ¢ +I:II?¢], and the product J¢ can
be viewed as a deformation angle. The time-dependent bath
operator is Ex (1) = [;° gx (@)[bx (w)e ™ + bl et (w)]dw.
Following the standard procedure [17], we approximate the
time derivative at second order in the coupling constant
8o, apply the Born approximation, and trace out the
environmental degrees of freedom. Additionally, we assume
that the initial state of the two local baths is the vacuum
state |00¢ny) = |0) ® |0). Globally, the master equation for
the reduced density matrix %(¢), in the interaction picture, is

o%(t) = —i[Hean(t), 85(1)]

2
+ > Tu®[Fes)F — {o5@). FF;}].  (6)
J,k=0

where H.(¢) and T jk(t) denote the system Hamiltonian in
canonical form and the damping matrix elements, respec-
tively. We remark that this master equation is now expressed
in a canonical form [20], which guarantees trace preservation
and Hermiticity of the evolved density matrix [33]. Addition-
ally, by studying the eigenvalues of the matrix I'(#) having
elements I j;(¢), one can investigate the physicality of the map
[34] and characterize its non-Markovianity [35]. A detailed
step-by-step derivation of the master equation is provided in
Appendix A, along with the analytical expressions of Hea, (1)
and the matrix elements I';;(z). The master equation (6) can
be numerically diagonalized, leading us to

6 = —ilHan(), 01+ ) yi<r>[@,-<t)@@§(r>

i€{0,—,+}
1 . ~
- 5{03 )Oi(1), @}}. (7)

The master equation derived above is time local, with three
time-dependent coefficients that can assume negative values.
This indicates that the dynamics is generally non-Markovian,
according to most commonly used non-Markovianity mea-
sures [35-37]. Specifically, one of the three eigenvalues of
['(t), denoted by y_(t), as shown in Fig. 2, is always nega-
tive for the parameter range we studied, which is associated
with a phenomenon known as eternal non-Markovianity [38].
The three jump operators can be obtained as O = Dok U,ﬁﬁk,
where U, are the elements of the diagonalization matrix U,
with the index i € {0, —, +} corresponding to one of the three
eigenvalues y;(¢) and the index j € {0, 1, 2} related to the old
jump operators £. We get Ou(t) = Fy, @+(t) = Ufr(t)ﬁl +
Uy (t)F;, and O_(t) = U (1), + U; (t)F;. While the total
number operator Fp, associated with the eigenvalue (1),
decouples from the other two jump operators, we observe a
competition between @, and O_, since they have the same
operatorial structure, while their respective eigenvalues y.
and y_ have opposite sign. Due to this, the master equation ex-
hibits small periodic violation of another, nonequivalent

(a)
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FIG. 2. (a) Time evolution of the eigenvalues of the 3 x 3 Kos-
sakowski diffusion matrix I" at resonance (wy = J). (b) Minimum
eigenvalue analysis of I" over time, for varying values of the average
value of the Lorentzian coupling distribution w,. The other parame-
ters are A = 0.5, go = 0.1, and J = 2.5.

indicator of non-Markovianity, namely, P-divisibility, which
expresses information backflow to the open system [39-41].
The degree of non-Markovianity of the map can be controlled
through the parameters of the spectral distribution, namely,
the coupling strength gy and the spectral width A, as well
as the central frequency wp. More details can be found in
Appendix B, where we show some explicit scenarios where
P-divisibility is violated and we discuss in more detail the
behavior of the diagonalization matrix U.

In the following, we analyze one- and two-particle states
to compare the phenomenological and microscopic master
equations, showing different dynamical regimes. The result-
ing dynamics are compared with numerical simulations of
the full system-environment evolution. However, simulating
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FIG. 3. Off-resonance dynamics of coincidence probability for
equal-pseudospin bosons, as a function of the deformation angle Jz,
from numerical simulations using the full master equation (blue solid
line), the phenomenological master equation (green dotted line), and
the pseudomode evolution (red dashed line). The inset displays a
close-up of the plot around the first minimum of the coincidence
probability, also showing the noiseless evolution (orange dash-
dotted line). The parameters are J = 2.5, go = 0.5, 1 = 1.8, wy = 0,
ws=1,and i = 1.

a bipartite system coupled to a continuum of environmental
frequencies is challenging, as it formally requires an infinite
number of bosonic modes. To provide a reliable benchmark
for the exact solution, we adopt the pseudomode method
[42—49], where the original bath is replaced by a finite (pos-
sibly small) set of damped modes. A detailed description of
its implementation is provided in Appendix C. We remark
that the master equation, as well as the pseudomode descrip-
tion of the system-environment ensemble, has been derived
without any specific constraints on the initial state. Thus they
all admit, in principle, any number of particles over the two
spatial regions, with initial states that can be either in any pure
quantum superposition or mixed. An extra example of the pos-
sible dynamics which explores multiple particle sectors of the
Hilbert space is reported in Appendix D. We consider bosonic
states with equal pseudospin and opposite pseudospin. Due
to the specific system-environment correlation functions, two
regimes emerge based on the coupling spectrum central fre-
quency wy: on-resonance for wy & J and off-resonance when
|wop — J| > A. Following known dephasing models [50], we
showcase the off-resonance case by setting wg =~ 0 so that
the coupling distribution has negligible overlap with J. In
the presence of steady states (on-resonance case), we quan-
tify the agreement between the state o obtained via master
equation and the reduced state o stemming from the pseu-
domode method by means of the trace distance 7(9,6) =
%Tr[ (© —6)T(© — 6)] [51], as reported in the captions of
Figs. 4 and 7.

IV. EQUAL-PSEUDOSPIN BOSONS

We start by examining the HOM effect. In absence of
noise, the pure separable initial state |Lo, Ro) evolves uni-
tarily as |W(t)) = e"r'|Lo, R, 0) = \/Lz sin(Jt)(|Lo, Lo) +
|Ro, Ro)) + cos(Jt)|Lo, Ro). The noiseless dynamics gener-
ates a periodic oscillation between the initial separable state
and a coherent NOON-like state. Since the dynamics leaves
the pseudospin degree of freedom unaffected, this input state
follows the same behavior as that of two generic spinless

NN
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FIG. 4. On-resonance evolution of (a) the first-order correla-
tion function and (b) entanglement negativity for equal-pseudospin
bosons from numerical simulations using the full master equa-
tion (blue solid line) and the pseudomode evolution (red dashed line).
At the steady state, the trace distance is 7 = 0.010981. The other
parameters are go = 0.1, A =0.5,J = wy = 2.5, 0, = 1,and i = 1.

bosons under a continuous spatial deformation process. To
investigate the main features of the HOM effect, we track
the coincidence probability, corresponding to the probabil-
ity of detecting one boson per region, defined as P;(t) =
Tr(@SﬁLR), where fILR = |Lo,R,0)(Lo, R, o] is the projec-
tive measurement operator that selects one boson in each
region. When the value of this specific observable vanishes
at Jt = m /2, the bosons live in a two-particle spatial superpo-
sition over the two regions. This is usually known as bosonic
bunching [1].

The time evolution of Py;(¢) in the presence of noise, in
the off-resonance case, is shown in Fig. 3, where we compare
results obtained from the phenomenological and microscopic
master equations, with the pseudomode method used as a
benchmark. Qualitatively, dephasing produces two distinct
effects, (i) a suppression of bosonic bunching and (ii) a time
delay of the HOM dip, meaning that, in the presence of noise,
a larger deformation angle J¢ is required to reach maximum
bunching. Finally, at long times the density matrix converges
to a steady state that is a classical mixture of the states
|Lo, Lo), |Lo,Ro), and |Ro, Ro), which is the subset of
the total Hilbert space in which two bosons with the same
pseudospin occupy the two spatial modes.

The dynamics exhibits a different behavior at the steady-
state level in the on-resonance regime, when J = wy.
Specifically, tunneling between the two spatial regions is
progressively inhibited, until the two-particle ensemble crys-
tallizes into a correlated steady state. We quantify this
trait through the first- and second-order correlation function
G,(t) = |(I:g]§:§" + H.c.)|(z) [52], plotted in Fig. 4(a) and the
inset. Furthermore, we detect mode entanglement [53] be-
tween the two spatial degrees of freedom of the bosonic
field, indicating that the occupations of the two modes are
quantum correlated. This is quantified by the entanglement
negativity N'(9) = H@TL%, where 9 is the partial transpose
of the reduced density matrix with respect to either one of the
two spatial modes [54]. As shown in Fig. 4(b), a significant
amount of mode entanglement is generated and persists in
the steady state. This behavior, emerging from the sole effect
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of the reduced dynamical evolution, lies beyond the reach of
phenomenological master equations. In contrast, our micro-
scopically derived master equation agrees closely with the
pseudomode results.

The appearance of stationary entanglement under reso-
nance condition can be interpreted within the pseudomode
representation of the Lorentzian environment. In this picture,
each structured reservoir is equivalent to a single damped
harmonic mode of frequency wg and linewidth A, which medi-
ates coherent exchanges between the system and the residual
Markovian bath. When the tunneling frequency matches the
pseudomode frequency, the system and pseudomode become
resonantly hybridized, giving rise to back and forth coherent
phase oscillations. This resonance enables the environment to
return phase information to the system on the same timescale
as the intrinsic tunneling process, thereby suppressing the
irreversible phase diffusion typical of dephasing noise. The
finite pseudomode damping rate A ensures both a finite envi-
ronmental memory time and a noise channel that stabilizes the
coupled dynamics into a stationary regime. Hence, dephasing
at resonance ceases to act as a purely decoherence process and
induces a coherent feedback mechanism that drives the system
toward a noise-assisted entangled steady state.

V. RESONANCE MECHANISM
FOR SINGLE-PARTICLE DYNAMICS

To shine light on the resonance behavior, we analyze
the evolution of a single particle initially in a nonlocal
superposition

L
V2

where we have dropped the spin label o, since the dynamics
of a single-particle is not affected by the additional degree of
freedom. The peculiarity of these two initial states emerges
directly from their invariance under the action of the sys-
tem Hamiltonian Hs. More specifically, |E*) are the only
eigenstates of the system Hamiltonian in the single-particle
sector of the bosonic Hilbert space, with eigenenergies equal
to Ex = wo* % The energy gap between these two states
is exactly J. When the system is closed, i.e., in the ab-
sence of noise, both states undergo no dynamical evolution.
When turning on pure dephasing noise, due to the symmetry
between the two spatial regions and due to the particle-
number-conserving dynamics, the diagonal elements of the
density matrix associated with this state cannot change. Thus,
the only dynamical evolution, at the level of the density ma-
trix, can occur in its off-diagonal terms, allowing us to focus
the analysis exclusively on quantum coherence.

As pointed out earlier, the pseudomode description of the
system offers an insightful point of view of the resonance
mechanism, which we can achieve by looking at how the
behavior changes with different values of 1. At resonance con-
ditions, the tunneling frequency is such that J &~ w(, meaning
that the energy levels of the pseudomode oscillators repre-
senting the environment(s) are approximately identical to the
energy gap between the two single-particle eigenstates | E¥)
of the system Hamiltonian Hs. Additionally, we are assuming
that the full environment starts in the vacuum state |00epy),

—t
|E™) =

(IL) £ |R)), (®)

1.0"‘ . —— 1=0.001 (Coherent oscillations)
2=0.5 (Steady state)

0.51 . —-= 2=20 (Markovian dephasing)
(S — .
@ = —. ]
+ 0.01
o
3

-0.51

-1.0

T Ir

0' "oz ' 20z ' 30z ' 407 ' 50z ' 60z ' 70z
Time (J7)

FIG. 5. Time evolution of the average value of (LR + RL)(t)
for the initial state |E*) = %(lL} =+ |R)), on-resonance, for three
different values of the coupling distribution width A: A = 0.001
(blue solid line), A = 0.5 (orange dashed line), and X =20 (red
dash-dotted line). The other parameters are gy = 0.1, J = wy = 2.5,
ws; = 1, and /i = 1. All three curves have been computed through the

pseudomode evolution of the reduced system.

which is its own ground state. This means that no energy can
leak from the environment to the system at the initial time.

In the limit of very small dissipation of the pseudo-
mode, i.e., extremely narrow coupling distribution width
A — 0, the joint system-environment ensemble is free
to periodically oscillate between the states |E™, 00q,) <>

E7, 0leny), |E7, 10cny), whereas, for strict energy conserva-
tion, the initial state |E~, 00,y ) represents the only ground
state, acting like a dark state [55] of the full dynamics. As
A increases (A = go), the two pseudomodes can significantly
lose energy to their dissipative environments, making them
incapable of returning the exchanged excitation to the system.
Thus, an effective attractor dynamics for the reduced system
emerges, where the role of the fixed point is covered by |[E ™).
Finally, in the limit of very large A, the pseudomode is strongly
dissipated and the system-environment coupling distribution
becomes increasingly flat, thus retrieving the non-Markovian
dynamics characterized by pure phase diffusion. The steady
state, under such detrimental conditions, becomes an equal
mixed combination of [10)(10| and |01)(01|, representing
complete decoherence. No sharp transitions between the dif-
ferent regimes are observed. This mechanism is illustrated in
Fig. 5, where the dynamics of the coherence, starting from the
higher-energy state |ET), is evaluated in these three regimes.
As a final remark, we underline that further (not reported here)
analysis shows that the master equation is able to reproduce
both the steady-state attractor dynamics and the Markovian
limit, but fails to capture the periodic oscillations. This is
expected, as they represent a strong-coupling scenario where
the approximations under which the master equation has been
derived are no longer valid.

VI. OPPOSITE-PSEUDOSPIN BOSONS

We consider two identical bosonic qubits initially prepared
in opposite pseudospin states and localized in separate spatial
regions L and R. The initial pure separable state is

|W(0)) = ILT.R). 9
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FIG. 6. Off-resonance dynamics of entanglement, quantified
by concurrence, for opposite-pseudospin bosons from numerical
simulations using the full master equation (blue solid line), the
phenomenological master equation (green dotted line), and the pseu-
domode evolution (red dashed line). The inset displays the evolution
of the off-diagonal element (L1, R| |0s(t)|R1, L{), where the noise-
less case is also shown (orange dashed line). The parameters are
80 =05A1=18J=250)=0,0,=1,and h = 1.

We start by outlining the entanglement generation protocol
in noiseless conditions. The first step is to apply a spatial
deformation to the initial state via a unitary transformation,
generated by the Hamiltonian Hp presented in Eq. (1). The
deformation J¢ is controlled by the tunneling rate J and by
the evolution time t. When Jt = n% with n € N, the spatial
wave functions become symmetrically distributed among the
two spatial reglons After this process, a postselective mea-
surement I LR is performed on the final state 9g(¢) via

ne = Z |Lo, Rt)(Lo, Rt|. (10)
o.r=11

This projector selects only those detection events in which
exactly one particle is found in region L and one in region
R, discarding cases where both particles are detected in the
same region. The final normalized state becomes
2)A 2
. _ HRosm)fy
R = P (11)
[ LROS ([ )]
For bosons at & = /2, the tunneling dynamics produces the
pure state

WD) = ALY, L) + IR, RL))

+5(L1, R}) — ILY, RT)). (12)

After postselection, this protocol generates the maximally
entangled singlet state

w_) = f(ILT Rl) =L, R1)), 13)
with success probability P g = % The entanglement is
quantified via the concurrence [56], which can be com-
puted as C(0rr) = max{0, 2A,x — Tr(M)}, where M =
VOLrOLR/OLr- The greatest eigenvalue of M is denoted
by Amax, While 9.z = (0, ® 0,)0] (0, ® o). This entangle-
ment measure reaches unity [C(0.z) = 1] in the ideal case
of noiseless spatial deformation [4,5,13], demonstrating the
effectiveness of the protocol. Now we study the consequence
of dephasing noise on the final result of this entanglement
generation scheme. In the off-resonance regime, Fig. 6 shows
that spin entanglement (quantified by the concurrence) is gen-
erated in the vicinity of Jt = nw with n € N, whereas without

(a)
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Time (/1)

FIG. 7. On-resonance dynamics of entanglement, quantified by
concurrence, of (a) the distilled state and (b) the fidelity to the
Bell state |\W..) for opposite-pseudospin bosons from numerical sim-
ulations using the full master equation (blue solid line) and the
pseudomode evolution (red dashed line). At the steady state, the
trace distance is 7 = 0.013 790. The other parameters are go = 0.1,
A=05J=wy=25 w;,=1,and i = 1.

noise the two particles would remain in a spatially separated,
nonentangled state at those times, retrieving the initial state.
Examining the off-diagonal elements of the output density
matrix, we observe small and asymmetric oscillations that
appear before decaying to zero. This indicates that the com-
bined effect of particle hopping and local dephasing gives
rise to quantum correlations, even during the expected de-
cay process. However, these correlations are transient and
do not persist in the long-time limit, where the system set-
tles into a classical mixture of the states |L1, L), |[L1, R]),
L], R?1), and |R?, R ), before the action of the postselective
measurement.

On-resonance (wy ~ J), we find that the steady state is
entangled, as seen in Fig. 7(a). Although in the noiseless case
the distillation protocol produces a singlet Bell state |W_) [5],
the steady state emerging here from the joint action of particle
tunneling and local dephasing, after postselection, shows a
high fidelity with the Bell triplet state |W ) = %2(|LT, Rl)+
L), R?%)), given by F = (W, |o.r(¢)|V,), as displayed in
Fig. 7(b). This signals how dephasing and coherent tunneling
are resonantly generating a different entangled state. The rea-
son why the joint system-environment evolution brings about
a phase inversion can be understood in light of a similar
yet more complicated process like the one described for the
single-particle case in Sec. V. To build the intuition behind
this phenomenon, we start by describing some properties of
the physical processes under study.

(i) When we consider the noiseless dynamics (go = 0), the
singlet and triplet states evolve in a drastically different way
under the bare Hamiltonian Hg. While the singlet |W_) is a
dark state for the tunneling Hamiltonian, i.e., I-AIDl\IL) =0,
and thus it does not change over time, the triplet state has
a nontrivial evolution, continuously oscillating between |V )
and a bunched state characterized by a coherent superposition
IB) ==IL 1t L])+I|RT.R).

(i) Conversely, when we study the sole action of the
system-environment interaction with the bath central fre-
quency (which can be interpreted as the A — 0 limit) without
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tunneling dynamics (J = 0), two relevant details emerge.
First, the bunched state |B) mentioned above is a dark state
for the system-environment interaction, since the net number
of spins, measured by 74 — 71}, is identically zero in both
spatial regions. Second, under such interaction, the internal
coherence of the singlet and the triplet oscillates between
its original value and zero. This is because 1‘7515, as shown
in Eq. (2), induces a conditional displacement on the two
local environments, displacing their initial vacuum state into
opposite coherent states [17] | & o), according to the spin of
the particle in that specific spatial region. As a result, the
internal coherence of the two Bell states is modulated over
time via the overlap between the environment states («| — «),
which results in a real, positive number. In other words,
both Bell states oscillate between a maximally mixed state
in the {|L1, R]), |L{, R1)} basis and a maximally entangled
one.

Knowing this, the reduced system evolution for the ini-
tial state |W(0)), with a finite value of the spectral width A,
can be described as follows. Initially, the bare Hamiltonian
Hs tends to evolve the pure, spatially separated state into
a superposition of |W_) and |B). Both of these components
fuel the emergence of the triplet state, as a consequence of
two distinct but simultaneous processes. The singlet state,
unacted upon by the system Hamiltonian, loses its internal
coherence because of the resonant dephasing, evolving into
a mixture of |V, )(W, |+ |V_)(W_|. At the same time, the
bunched superposition |B), which is not affected by the reso-
nant environments, generates a triplet state |, ) and cancels
out the residual singlet component. Due to the finite size
of the coupling distribution, the oscillatory nature of this
process is progressively damped until the reduced system
reaches a steady state, characterized by a combination of
the triplet state |W,) and a coherent bunched superposition
|B). Finally, the action of postselection activates a specific
form of operationally useful entanglement, extracting the
Bell state component with a finite probability of success,
as shown in Fig. 7. Due to the nontrivial evolution of the
reduced system, we underline that postselection is not re-
quired for the emergence of entanglement in the long-time
regime. It is however an additional ingredient whose rele-
vance is twofold. On one hand, it directly relates a nontrivial
open quantum system dynamics with an experimentally tested
framework. On the other hand, it offers extra insight into the
structure of the entanglement itself, by projecting the steady
state onto the Hilbert space with one particle per spatial re-
gion [16], allowing for a direct comparison with entangled
states through the fidelity. We stress that the present master
equation is derived through a second-order perturbative ex-
pansion together with the Born approximation. Consequently,
its quantitative validity is expected in weak- to intermediate-
coupling regimes, while deviations emerge when coherent
system-environment hybridization becomes dominant. The
comparison with exact pseudomode simulations throughout
the paper is specifically employed to benchmark the regime
of applicability of the reduced description. Overall, the mas-
ter equation is precise in capturing the long-time steady
state of the dynamics even when the coupling is relatively
strong A/go < 0.5, a regime associated with non-Markovian
dynamics [17,57,58].

VII. CONCLUSION

We have analytically derived the master equation from
the microscopic model of a tunneling system of two
bosonic qubits, coupled to local dephasing baths with generic
Lorentzian coupling distributions. The analytical results ob-
tained here can be easily extended to a larger one-dimensional
chain with arbitrary population. Remarkably, we have found
that when the main frequencies of the bath are close to the
tunneling frequency, the competition between internal coher-
ent dynamics and decoherence gives rise to entangled steady
states. As a prospect, our analysis can be extended to bosonic
baths with nonzero temperatures. Also, the case of a common
dephasing environment together with specific studies of mem-
ory effects is left for future work.

The tunneling-dephasing interplay analyzed here may be
tested in current photonic [59,60] and ultracold-atom [25,61]
platforms. In integrated photonic circuits, two-mode bosonic
qubits can be encoded in polarization or path degrees of
freedom, with local dephasing controllably induced through
phase noise or engineered loss channels. Alternatively, ultra-
cold atoms in double-well optical lattices provide a natural
realization of the bosonic tunneling Hamiltonian, where local
dephasing can be realized via site-dependent light scattering
or controlled coupling to tailored reservoirs. In both cases, the
resonant regime could be achieved by tuning either the bath
spectrum or the tunneling rate.

We highlight that our model is equivalent to a Bose-
Hubbard model with negligible on-site interaction. Thus,
further studies of the full Bose-Hubbard model and its
fermionic counterpart with specifically engineered dephas-
ing might provide useful insight into the nontrivial interplay
between repulsion, tunneling, and noise, specifically in the
superfluid phase [62].

Our results provide a microscopic foundation for revisit-
ing dephasing models in bosonic tunneling systems and pave
the way to general strategies for engineering environment-
induced quantum correlations in open many-body platforms.
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DATA AVAILABILITY

The data and codes used for the simulations are available
from the authors upon reasonable request.

APPENDIX A: DERIVATION OF THE MASTER EQUATION

In this appendix we show how to derive the master equa-
tion for our model.

1. Deriving the exact interaction Hamiltonian

We start by defining the Hamiltonian of the system and the
environment as

Hio = (Hs + Hp) ® I + Is ® g + Hye:. (A1)

Here the system Hamiltonian for our bosons is given by
two terms, one representing the free evolution and the other
introducing a deformation process between the two spatial
regions,

A 1 PN
A=z 3 Y Ak,
X=(L.R}o=(1.4}
A J pp oA A
— il il
Hp=35 3 (EjR, +RiLo) (A2)

We stress that [Hs, Hp] = 0. This indicates how the total parti-
cle number is conserved by the tunneling process. We consider
an environment made up of two distinct bosonic baths, which
interact with our system through a dephasing process. This
can be expressed as

o0
Hp = Z / a)l;;(a))ﬁx(a))da),
x={L,R} 0

Hse = )~ (az,x® / gx(w>[13x(w)+l3;(w)]dw).
X=(L,R} 0
(A3)

In this interaction Hamiltonian we have introduced a local
dephasing operator &, x = fix4 — fix, . This operator by itself
does not commute with the deformation Hamiltonian H)p,
but it does commute with 1-73 since, as before, this process
conserves the total number of particles.

To derive the master equation, we start by going into the
interaction picture, thus moving to the frame rotating accord-
ing to the three contributions Hg + A + Hg, representing
the system evolution and the free environment evolution. To
do this, we apply a unitary transformation to the interaction
Hamiltonian

V(t) = Astio+hen g o=is+Hp+Hp)t (Ad)
The evolution due to the three different Hamiltonian con-
tributions can be factorized, as each of the three terms
commute with the other two. This implies that we can com-
pute the three transformations one by one. Since [Hs, 6,x]1=
0, it follows that ¢5'6, ye=Hs' = 6, . The environment
Hamiltonian brings forth a phase to the creation and

annihilation operators of the bath
el’[‘?EtHSEefiHET

= Z G2 x ®/gx(w)[l3x(w)e_i‘“’ + b} (w)et |dw
X={L.R)

= Z 6.x ® Ex(t),

X={L.R}

(AS5)

leaving the system part of the operator unaffected. Having
this, we can compute the evolution due to the deforma-
tion Hamiltonian. To explicitly compute this contribution, we
make use of the Baker-Campbell-Hausdorff (BCH) formula
[55], leading us to

™' Hype ™' = Hgp + it[Hp, Hsg]

(it)?

TN [Hp. [Hp, Hse]1 + - - - .

+ (A6)
It is clear that é’L and éR will factor out as Hp only acts on the
system. We compute the commutators one by one,

[Hp, 6..] = E(RXLT —LIRy = R|L, + L]R)) := Say.

A A
[Hp, [Hp, 6,111 = <5> 2(6,1 — 6.R),

A 7\’
[Hp, [Hp, [Hp, 6,111 = <§> 4a,,

A, J\*
[Hp, [Hp, [Hp, [Hp, 61111 = <§> 8(6,L —6.r). (A7)

Equivalent results are obtained for 6, g, by switching indices
L and R, noting that &; = —&g. We are thus left with the
following system-environment Hamiltonian in the interaction
picture:

V)

_ O+ OLR 0zL — OzR cos(Jr) + L sin(Jt) | ® éL
2 2 2

n (O’Z,L ;O’:,R n OzR — OzL cos(Jt) + % sin(Jt)> ® k.

(A8)

Interestingly, we see that one single local dephasing envi-
ronment will affect both spatial regions considered. We can
cross-check this result by applying the BCH formula to each
of the operators in the interaction Hamiltonian, since we can
rewrite any unitary transformation as

UDO0UT (1) = USOU (OUDOUT (). (A9)

Specifically, in our case we use the well-known expansion of
the creation and destruction operators upon deformation and
free evolution

Li(r) = s ton i p=iths+Hpy

g Jt At Jt\
= (L(’, cos — + iR} sin E)e"“". (A10)

012415-8



TUNNELING OF BOSONIC QUBITS UNDER LOCAL ...

PHYSICAL REVIEW A 114, 012415 (2026)

From this we can plug the pieces together and determine how
the number operator for a given spatial region and a given spin
transforms in the interaction picture

- Pit, +R R, Lif, —RIR,
L (t)Ls(t) = + cos(Jt)
2 2
. AZ—LA/U - ﬁj;]éa .
+ i sin(Jt) (A11)

This alternative approach, in addition to providing a cross-
check, also offers a more intuitive picture of the dynamics
and clearly shows how the phase ¢/, induced by the free
evolution of our bosons, cancels out in the final expression
due to the particles being energetically identical.

2. Derivation of the phenomenological master equation
in the short-time regime

Here we will explicitly show that we can recover the widely
adopted Lindblad master equation (3), in the limit for small
Jt and for a flat, constant coupling distribution. Under this
assumption, the interaction Hamiltonian can be expressed as

Jt small

V(i) =~ 6,00E +6.r® &k (A12)

In this approximation, the environment operators are uniquely
coupled with their respective local dephasing operators. Addi-
tionally, it is interesting to note that this exact result would be
obtained by neglecting that the deformation Hamiltonian and
the local dephasing operator do not commute, i.e., by forc-
ing the condition [Hp, 6..1] = [Hp, 6..z] = 0 in the derivation
of the interaction Hamiltonian. Given this expression for V(1)
we can derive the time evolution of the density matrix in
the interaction picture. First, we formally integrate the von
Neumann equation and then we plug the result back into the
equation itself. This leads us to

oL (1) = 0 (0) — i / V(). ol ]ds (A3
0

and subsequently

d . R .
— 01t (1) = —i[V(t), @mt(O)] — fo [V(t), [V(s), @tot(s)]]ds.

dt

(A14)
While this is still exact, we should integrate over the whole
history of the density matrix to actually solve the integral.
To avoid this, we plug the formal result of this equation into
the original time evolution one more time and we truncate at
second order in the interaction Hamiltonian, thus obtaining

d . R .
0l (1) = =i[V (1), 81, (0)] —/0 [V@), [V(5), 01 (®)]]ds.

dt

(A15)
From this we can apply the standard procedure [17,33,55] to
obtain a Lindblad form. We first apply the Born approxima-
tion, under which the system and the environment are weakly
coupled, so that the total density matrix can be factorized as
Oot(t) = 05(t) ® 0p. Additionally, we assume that the bath is
initially in its vacuum state, i.e., o = (|0)]0) - - - )(- - - (0[(0]).
This implies that the first term in the time evolution vanishes,
since (£.(1)) = (Er(1)) = 0. Since the two baths are indepen-
dent, we can also assume that ((‘:'L(t)éR(s)) = 0 at all times.

After we trace out the environment degrees of freedom, we
get

<, @)
dtQS

= [26,.005t)6.1 — {621, 05(D)}] /O (EL®EL(s))ds

4 [26, 40560k — {620 25(D]] / (Er(OEr(s))ds,
0
(A16)

where (EAL(t)é'L(s)) = (éR(t)fR(s)) = goe'®" ™% Now we per-
form the Markov approximation. This approximation assumes
that the bath correlation time is much smaller than the typical
timescale of the system, allowing us to replace s with t — s
and to extend the upper limit of the integral to infinity. We can
then solve the bath-integral correlation integrals as

! 9]
f(ék(z)ék(s»ds’% / 206 ds
0 0

w

It is relevant to note that here we have taken a constant
coupling distribution gx(w) = go, X = {L, R}, but in this
specific case we would have obtained a similar result with
a Lorentzian distribution, leading to a constant coefficient
that would depend on the specific features of the distribution,
namely, its center and its width. To clarify this, we return
to the Schrodinger picture. In order to do this, we apply
once again the approximation for small deformations, thus ob-
taining the following time evolution for the system’s density
matrix:

63(t) = —i[H. 03] + g0 Y DI6.x105().
X={L,R}

(A17)

(A18)

Here we have defined D[O]p = O1pO — %{(’A)H(’A) 0}. This
approximation actually brings us to the Markovian and mem-
oryless master equation shown in Eq. (3), introducing two
local quantum dissipators. However, the phenomena that we
are studying, like the HOM effect, do require deformation
values for which this approximation might not be reliable
(Jt ~ 7), especially in a strong-tunneling regime. Addition-
ally, in a variety of contexts like many-body physics [27],
long-time dynamics can provide relevant insight into the un-
derlying physics, which might not be caught by a short-time
approximation. For these reasons, we derive the full master
equation for arbitrary times, which is the subject of the next
section. It is worth mentioning two other fairly recent works
on dephasing modeling [63,64]. In the first one, the dephasing
mechanism is described through a cross-Kerr interaction, but
no spin is considered. In the second one, the authors consider
the same class of system-environment interaction as in the
present paper, but the results are limited to the pure dephas-
ing of a single qubit. Neither of the two works studies any
other dynamical process besides dephasing and free evolution,
meaning that there is no spatial dynamics, which is one of
the two main physical processes investigated in the present
work.
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3. Derivation of the master equation for arbitrary times

In this section we show, step by step, how we derived the
full master equation for our system. For simplicity, at this
stage we couple only a single spatial region of the system to
an ensemble of Bosonic baths. In the following sections, we
show how to extend this to both spatial regions. We start from
the previously derived interaction Hamiltonian

A

V) = <"Z'L ;"Z’R + T cosUn) + i sin(Jt)>

Q&L = [Fy + Fi cos(Jt) + B sin(J1)] @ .. (A19)

Notice that we included i inside the operator Fz, so that each
of the three system operators is Hermitian. Also, [Fy, ] =
[FO, £ =0, while [F], B] = }QHD. The environment part of
the interaction Hamiltonian is expressed as

&)= / oOg(w)[l?(w)e—iw’ + b (w)et™dw.  (A20)
0

We begin by making the two assumptions

05 = (10)10) - - -)(- - - (O{0]),

1 A

lg(@)|* = go—

B —— A21
7T (w— wp)? + A2 (AZ1)

that is, the initial state of the bath is the vacuum state, and
the distribution of the coupling strengths between the system
and the local bath g(w) is such that its modulus squared is
Lorentzian. This allows us to easily compute the bath cor-
relations. Following the same procedure as in the preceding
section, to second order, the evolution of the full density
matrix is given by

d ro o
o) =~ /0 V), V(). 05(5) @ dllds.  (A22)

Notice that, once again, we have applied the Born approx-
imation. Taking the trace over the environment degrees of
freedom and expanding the double commutator, we get

d A
d—és(f) = —TYE</ V&)V (s)os(t) ® dpds
! 0

J

- / V(1)os(t) ® dpV (s)ds
0

- / V($)6s(t) ® 05V (1)ds
0

t
X/ @s(t)®@3‘7(S)‘7(t)dS>. (A23)

0
It is important to point out that here we have applied
neither the Markov approximation nor the rotating-wave
approximation. Such a procedure is expected to leave us
with a time-local, potentially non-Markovian master equa-
tion. This equation has sometimes been referred to as the
Redfield equation [33,65], although in the literature one
can find both Markovian (time-independent) and potentially
non-Markovian (time-dependent) Redfield equations [66]. To
avoid confusion, we redundantly remark that the present
derivation exclusively makes use of a second-order pertur-
bative expansion and the Born approximation, keeping a
time-local dependence of its correlation coefficients. Having
clarified this, we can split the environment and the system
part of the interaction Hamiltonian as V(t) = Vs (1) ® fL(t)
so that, exploiting the cyclicity of the trace, we have

d ! A
E@S(t) = —(/0 Viys (1) Veys ()05 (t)(EL()EL(s))ds

- fo Vo (105 (1 Vays () (E1. ()0 (1)) s
- / Vigs ()05 (1 WVags () (EL(EL(5)) s
0

x /0 @s(ovsys(s)vsys(r)<éL<s>€L(t>>ds>. (A24)

To evaluate the bath correlation functions in Eq. (A24),
we exploit the fact that [b(w;), b’ ()] = 8(w; — w2). Ad-
ditionally, the environment initial state is the vacuum for
each frequency; therefore, the only nonzero contribution in
the average value is given by the combination term (bb') =
1. More specifically, in a vacuum state, we can see that
(b'h) = (bb) = (b'b") = 0, so that

(ELnELs)) = TfE(/ dw, / dwrg(w1)g(w)[b(wy)e™ " + bl (w1)e™ " 1[b(wy)e ™™ + bT(wz)e"“’”])
0 0

- / do / deorg(0n)g(@2) (b(@1)e ™" b (@2)e")3() — w3)
0 0

o0
— / dw|g(61))|2€71w(t7$) — ef(lw()+)\)|tfs|‘
0

It is worth noting that, with this specific choice of the fre-
quency distributions, the correlation is a complex function of
time.

Now, during the derivation of the master equation, we need
a few ingredients in the form of various integrals over time
of the correlations. We show the building blocks needed for
subsequent calculations. To do this, we integrate over the

(A25)

(

frequencies before we integrate over time:

t fwot+At __ 1
/ ds e—(iwo+k)|t—s\ — a(t)e—ia)ol‘—)xt
0 ia)o + A

t
f ds cos(Js)e otMli=sl — g(1)
0
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i(wo+I )AL
_ leiwotkt<e 1

ei(wofl)twLM -1
i(wo+J)+ A )

+
i(wg—J)+ A
t
/ ds sin(Js)e”WotMI=sl — 1 (r)
0

i(wo+D)t+Ar i(wo—I)t+Ar
_ le—iwot—kt(e 1 e
i

) . (A206)

2i i(wo+J)+r  iwo—J)+ A
For the specific case of wy = 0 we get real coefficients
1—e™
t)y= ——,
olr) 7
1
B(t) = m[x cosJt + J sin(Jr) — e ],
K(t) = m[x sinJt — Jcos(Jt) +Je ™). (A27)

Now we can compute the contributions to the master equa-
tion one by one. We have three operators in the interaction
Hamiltonian, and when we expand the double commutators
in the master equation, we will get terms that are quadratic in
the interaction Hamiltonian, namely, V(O ()0, 0V (s)V (1),
V(1)oV (s), and V(s)dV (1). As a consequence, we will have
six possible combinations of the system operators, FoFy, Fi Fi,
)23 2% FOFI s Foﬁz, and £, b5, each of them multiplied by a time-
dependent coefficient. Since the double commutator brings
four different terms, we will have a large number of con-
tributions. We can collect all the contributions to the master
equation

d
—@.ﬁ(t)

—goZ(GuF F; + G;F0F; — Gy FiFio — G0 FiF)).

(A28)
with the complex coefficient matrix
a(t) a(t)cos(Jt) aft)sin(Jt)
G =|B() PB@)cos(Jt) P(t)sin(Jt) (A29)
k() «k(t)cos(Jt) «(t)sin(Jt)

If we split the real and imaginary parts of the coefficients, we
can write the master equation as

\Hj)
j[@))
51>
’“rb
"1>
!0)

—ol(t) = Re(G;;)(EoF; + OFF;
20((1) = g0 ) _Re(Gij)(FioF; + — 0F:F))

ij
+igoy Im(Gi))(F0F; — F;0F; — FiF:0 + 0FiF)).
iJ

(A30)
This result is general and is valid for any initial state with an
arbitrary number of bosons over the two spatial regions, even
in superposition states. In the next section we show how to
rewrite the master equation in canonical form, which is useful

to analyze the properties of the dynamical map.

4. Canonical form

Given a generic master equation for the time evolution of
the reduced system, it is not always easy to determine whether

such evolution describes an actual physical process. To gain
some insight into the physicality and have access to widely
adopted non-Markovianity measures, it is useful to rewrite the
map in canonical form [20,21,35], which is given by

b = —ilHen(®). 01+ Y v:()DIOi(1)]0. (A31)

More specifically, we know the following.

(1) If and only if the master equation can be written in
canonical form as in Eq. (A31), the resulting dynamical map
preserves the trace and the Hermiticity of the density matrix.

(i1) If the coefficients do not depend on time, the map is
completely positive if and only if they are positive; in the
case of time-dependent coefficients y;(¢) their positivity is
sufficient but no longer necessary for complete positivity.

More details can be found in the aforementioned works.

Here we show the mathematical steps to rewrite the mas-
ter equation into a canonical form and we show that the
coefficients can be obtained as the eigenvalues of a spe-
cific time-dependent, complex coefficient matrix. We start by
rewriting Eq. (A30) as

First, we focus on terms with the same index i = J,

~ 8o Z(GuFQF + GiEoF, — GuFiFip — GLoFiF)

= g0 Y _[2Re(Gi)FioF; — Re(Gi)oFiF; — Re(Gii)FiF;0]

— illm(Gy)FiFi0 — Im(Giy)QFiF]

=) (2TuDIFo — igolm(Gi)[£7, 2])- (A33)

Here we have used the definition of the dissipator D[I:"i]@ and
we have defined I';; = 2goRe(G;;). This shows that the diago-
nal terms in the coefficients matrix G can be easily rearranged
into a term proportional to DI[F}] and a Hermitian Hamiltonian
part ~g0G,-,-F“iz. Now we focus on the off-diagonal terms, i.e.,
i # j. Specifically, we first group the terms with ~FF;,
namely,

i#j
= g0 > _{[Re(Gy)) + Re(G;)(FroF; + F;0F))
i<j
+igo Y_{[Im(Gyj) — Im(G,;)1F0F}}
i<j
—igo Y _{[Im(Gij) — Im(G;)1F;0F}}
i<j

=) TyFoF, (A34)
ij
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where we have defined TI';; = go[Re(Gij) + Re(Gji)] +
igo[Im(G;;) — Im(G/;)]. Note that for i = j this definition is
consistent with the one we gave before. Now we focus on the
remaining terms, which are of the form NI@E@ and NQF,F i
that is,

i#]
Gijrann, Gijana
=8 (#FJ‘FiQ + TJFJFZQ)
i#]
G .. G .
_gOZ(TJQE' j+7’9FzF,)
i
Giiana. Gijan. Gij a .,
=—g) (#F,EQ + 5 hife — IE F,~19>
i#]
G .. G, .. G . .
_gOZ<TJQ i j'i‘?jg J 1+71 [Es /])
i#]

. Lo
+igo Zlm(G;j)<§{EFj, 0} -

iJj |

= [Fy + F cos(Jr) + B sin(J1)] ® & + [Fy — Fy cos(Jt) — B sin(J1)] @ &g,

we see that we have some interesting symmetries. Specifically,
each of the three system operators is coupled to both environ-
ments, but the operators coupled to the second environment
have a minus sign in front of F, and F>. As an additional
assumption, we consider that the two distinct baths are uncor-
related at the initial time and are left uncorrelated by their free
dynamics. This translates into (éL(t)fR(s)) =0Vs,tandisin
line with the setting of two local independent baths. Therefore,
when expanding the double commutator, the only surviving
terms are those connecting the same local environment. If
we assume that the two distinct environments have the same
coupling distribution and they are both initially in a vacuum
state, we can see that local dephasing in either spatial region
results in density matrix evolution similar to that in Eq. (A39).
Mathematically, this means that we can extend Eq. (A39) sim-
ply by multiplying both H.,,(¢) and each element I'; ; by 2 and
canceling out the minus signs in front of £ and £. Since the
operator F has the same sign in front of both environments,
the cross terms ~Fy F; and ~F, F> are canceled. Therefore,
we reach the final master equation for two local identical
dephasing baths that we used for the results in the main text,

Re(Gij)  n Ao A
—goz¥[m,ma]

ij

Im(Gij)  ~ A A
g . e £y 00,
i,j

5 (A35)

We can use the previous definition of I';; and follow the
same steps as in Eq. (A34) to rewrite the first two lines as
— Zi’j Fij%{lj“jl:}, 0}. The last two lines can be collected into
a Hamiltonian part, since they are of the form —i[H’, 8]. By
rearranging all terms, we get the nondiagonal canonical form
for the master equation

A .1 ¥ ~ oA 1
b = —ilHean(®). 01+ > _ Ty (FiQFJ- -
i.j

{0, F,-F,-}>, (A36)

where we have defined
Lij(t) = glGi;(t) + Gji(1)"],

Hen(®) = ) 31G,(6) = GHOIE . (A37)
i.J

5. Full master equation for two local identical dephasing baths

Now that we have solved the case for dephasing noise in a
single spatial region, we move on to extend this to two spatial
regions. By looking at the full interaction Hamiltonian

— JzR cos(Jt) + i% sin(Jt)) Q&

— Ol cos(Jt) + i(%R sin(]t)) ® é‘R

(A38)

(
given by

{0.F; 2-}), (A39)

; S A P 1
0= —i[Hean (1), ol+ Z Fij (F;QFJ - 5

ij
with
I'ij = 280(Gij + G},
A 80 SN A
Hen(®) =23, 22(Gij = GE
ij
a(t) 0 0

G = 0 B(t)cos(Jt) PB(t)sin(Jt)
0 k(t)cos(Jt) «k(t)sin(Jt)

(A40)

In principle, we can further simplify the master equation by
diagonalizing the I matrix so that we can rewrite the master
equation in terms of three new jump operators, which are
linear combinations of the F;. More specifically, we can find a
unitary matrix U such that ' = U AU, where A is a diagonal
matrix containing the eigenvalues of I'. Then, by defining
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the new jump operators as O; = > ;U j’Fj, we can rewrite
the master equation in a fully diagonal canonical form. The
equation for the eigenvalues can be formally expressed as a
third-order complex coefficient polynomial

det(l' —yI)=0=
+ 3 — 2T + g[Tr(Fz) — Tr(I")*] — det(I") = 0

= y3 — yz[oz(t) + B(t)cos(Jt) + k() sin(Jt)]
+ y[B(t)k(t)cos(Jt)sin(Jt) — a(t)B(t) cos(Jt)
—a(t)k(t)sin(Jt)

+|B(t) sin(Jr) + k(1) cos(J1)|*]

— a(1)|B(t) sin(J1) + k(1) cos(J1)|?

— a()B@)k(t) cos(Jt)sin(Jt) = 0. (A41)

Finding an explicit analytical solution is not a trivial task
since the expressions could be quite cumbersome. Regardless,
we are interested in the properties of the I' matrix, which
is Hermitian by construction. Therefore, we can numerically
compute its eigenvalues at all times and check whether they
are positive or not. We show the results in the following
appendix.

APPENDIX B: PHYSICALITY AND NON-MARKOVIANITY
OF THE MASTER EQUATION

In the preceding appendix we have seen how we can
rewrite the full master equation in a nondiagonal form, with

b = —ilHen, 01+ Y _ Tij(Fi0F; — J{EiF, 0)).
ij

(BI)

Here the matrix I" is known as the Kossakowski matrix or
diffusion matrix [20]. It is known that a map written in this
form, with a Hermitian I', is trace preserving and Hermiticity
preserving. This can be easily confirmed by (i) computing the
time derivative of the trace of the density matrix, with the re-
sult equal to zero, and (ii) computing the Hermitian conjugate
of the whole time derivative. Following [67], we know that, if
the Kossakowski matrix is positive definite, the map defined
by Eq. (A31) is completely positive and trace preserving.
However, in the case of time-dependent coefficients, this is
no longer a necessary condition. Instead, negative eigenvalues
of I' can be a signature of non-Markovianity, according to
commonly adopted definitions [35,37]. Additionally, in spe-
cific cases in which the eigenvalues of I" are time dependent
and one of them is always negative, this can be interpreted
as a trademark of a particular phenomenon known as eternal
non-Markovianity [38].

In Fig. 2(a) we show the time evolution of the three eigen-
values of I" for a specific set of parameters, corresponding
to the on-resonance scenario. We can see that one of them is
always negative after the initial time. In Fig. 2(b) we show
the minimum eigenvalue of I" over time for varying values
of the average value of the Lorentzian coupling distribution
wp. We can see that, regardless of the value of wg, one of
the eigenvalues is always negative (or at most equal to zero).
This suggests that the map is always non-Markovian over

@ Largesty (b) Middle y (0 Smallest y
1.0 10— 1.0 —— £, Direction
H =
£ 05 0.5 0.5 —— F, Direction
©
e AN IN IR |N \
3 0.0 l/u SAVNRVARVA 0011 0.01 PR
€ _05 -0.5 o5
~-1.0 -1.0
(d) (e) (f)
0.00
t MO NN AMMMM
t oo SANNER
ta) —
8 0.0 0-05 0.0
£ (1]
f? —— Fo Direct
g-05 -0.10 -0.5 F1 Direction
= (VNN IS | —Fomaey L
(9) (h) (i)
1.00 1.00{y—————— 1.00
| IS NRNAN
.go.75 ‘/ 00000000 (RS 0.75 OO0
£ 0.501 || 0.50 0.50{ —  birecton
g “ —— F; Direction
=0.25 H 0.251 | 0.25
0.00 0.00 0.00
0 1m 2 3nm 4m 5m 0 1m 2m 3m 4nm 5n 0 1m 2m 3m 4m 5n
Time (/t) Time (jt) Time (Jt)

FIG. 8. Time evolution of the direction of each eigenvector of
the Kossakowski matrix I" in the three-dimensional space spanned
by the operators Fy, F;, and £,. The parameters are the same as in
Fig. 2, corresponding to the on-resonance case with wy = J.

the evolution times considered, which could be associated
with the emergence of steady-state entanglement [68]. We
remark that a similar behavior is observed for varying values
of the other parameters, i.e., go, A, and J. Qualitatively, this
phenomenon is stronger for low values of A and high values
of go, i.e., when the environment has a long memory time
and the system-environment coupling is strong. This is in
line with the common intuition that non-Markovian effects are
more relevant in these regimes. To gain more insight into the
non-Markovian nature of the map, we can rewrite the master
equation in diagonal form

A

(0], @}>.

(B2)
As mentioned before, the new jump operators O; are linear
combinations of the original ones O; = Y, U] Fy, and the new
coefficients y; are the eigenvalues of the Kossakowski matrix
I'. Here U is the unitary matrix which diagonalizes I". Also,
we remark that such a form is unique [35]. By explicitly com-
puting the eigenvectors which correspond to each eigenvalue,
i.e., the columns of the matrix U, denoted by U i one can
infer more details about the physical meaning of each jump
operator. In Fig. 8 we show the time evolution of the direction
of each eigenvector in the three-dimensional space spanned
by the operators Fy, F, and F5.

Interestingly, we find that one of the eigenvalues has a unit
eigenvector which is entirely aligned in the direction of K,
except for an initial short time window. We will denote this
by yy. Additionally, the other two eigenvectors do not have
any relevant component in the aforementioned direction. This
shows how, as a consequence, the operator £, is effectively
decoupled from the other two; the result is a global dephas-
ing effect. This is an interesting detail, as it shows clearly
how the identical local dephasing we are considering can

. oA . 1
@ = —i[Hcan, Q] + Z 5

i€{0,—,+}

m<@@@§—
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be decomposed in an effective global dephasing effect, plus
two other contributions, which we are now going to consider.
Specifically, as commented before and illustrated in Fig. 2,
the Kossakowski matrix has two extra nonzero eigenvalues.
One of them, denoted by y,, is always positive, while the
other one is always negative (y_). Due to the direction of the
eigenvectors, we can write the jump operators of the diagonal
master equation as

Oo(t) = K,
O,() =U R + Uy (0F,
O_() =U; F + Uy (0B, (B3)

where Uli (t) and Uzi (t) are time-dependent coefficients de-
termined by the corresponding columns of the unitary matrix
U (specifically, of its 2 x 2 block corresponding to F; and
F>). Plugging in the expressions for the operators Fy, we get
a clearer picture of the physical processes described by these
new operators O;,

Oot)~ Y LIL, +RIR,,

Or(t)=> UL Ly — RIR,) + Uy 0)i(Ri Ly — LR, ).

O_(t)=> Uy )EiL, — RiR,) + Uy (1)i(R} L, — LIR).
(B4)

Here we can see that the first operator O measures the
total number of particles in both spatial regions, while the
other two operators are linear combinations of (i) the differ-
ence in the number of particles between the two regions and
(ii) the particle tunneling between the two spatial regions.
Therefore, we can interpret the jump operators associated
with y,(¢) and y_(¢) as a combination of spatial dephasing
noise and noise affecting the particle hopping between the
two regions. This interpretation holds true also in the case
of opposite-pseudospin bosons, where each term is summed
over both spin components. Note that both O_ (¢) and @+ )
have the same operatorial structure as the system Hamiltonian
Hs + Hp, with a % phase shift between the two spatial re-
gions and with oscillating coefficients. Additionally, the time
dependence of such coefficients U li (t) and U2i (t), which we
computed numerically, suggests how the relative weight of
each contribution oscillates in opposite phases, resulting in an
alternation between Markovian and non-Markovian dynam-
ics. The antiphase oscillations are particularly evident in the
magnitude of the coefficients, as suggested by Figs. 8(g)-8(1).
As an additional signature of information backflow, we can
investigate violation of P-divisibility of our dynamical map.
Having obtained a diagonal form of the master equation, we
can adopt known results to check the P-divisibility [41,69].
Specifically, a master equation in diagonal form is P-divisible
if and only if, given the matrix

W) = > v®I0i) = L llp)dl[O«t) — L],
i€{0,—,+)
(BS)

its eigenvalues are positive for all time 7. Here ;¢ =
(¢|@i|¢). Since this is a necessary and sufficient condition, if
we find a single state |¢) for which WJW’) (1) exhibits a negative
eigenvalue, we can pinpoint the time interval in which the
dynamical map is not P-divisible. In order to exemplify this,
we pick three specific states

[Wi) = S5 (L1, RL) £ |LL, RY)),
|®) = 5(10)2 — 1)) ® (10)& + [1)r), (B6)

and we numerically compute the eigenvalues of W)¢)(t) at all
times. Here we denote by |n)x the state vector representing n
equal-spin particles in the X spatial region. The first two states
are maximally entangled states over the two spatial regions,
while the second one is a product state of local superposition
states. This choice allows us to investigate the influence of
different kinds of quantum correlations in the P-divisibility
analysis.

We start with the maximally entangled states |V ), because
in this case the matrix WJ"”) (t) can be analytically computed.
The action of the new noise channels on the state itself is
given by

Ol W) = W),
Os|Wy) = iU ((RT RY) — IL1, LY)),
O4|w_) =0. (B7)

From this expression we can see that the contribution of the
overall dephasing channel @, on both regions vanishes, while
the contributions of the other two channels depend only on
the coefficients Uzi(t), which weight the tunneling operator
in each jump operator. This suggests that for this specific set
of states the violation of P-divisibility of the map is mostly
linked to noise affecting the particle hopping between the two
spatial regions [since the terms proportional to Uli (t) vanish].
Additionally, here the relative phase in the noise operator is
crucial to have a nonzero contribution for the triplet state,
since it switches the relative phase in the entangled state.
This by itself is a result of the nontrivial time evolution of
the system-environment interaction operators in the interac-
tion picture. The resulting matrix can be explicitly computed,
leading us to

W (0) = 11Uy ()P yet) — IUz(f)|2|V—(f)”(—11 _11)
(B8)

where the matrix is written in the restricted space of [L1, L)
and |R?, R|). There is only one nonzero real eigenvalue A,
which is proportional to the expression written above,

A =2y OIU O = ly-ONU; )11, (B9)

Notice that for this result no numerical computation was in-
volved, so we are not concerned with a specific choice of the
size of the Hilbert space. We show the results in Fig. 9 for
the triplet state |\, ), where we can see that one eigenvalue
becomes negative for specific time windows which depend on
the parameters chosen, and in Fig. 10.

We now investigate the case for |®). The calculations
are more cumbersome, and the full expression of the matrix
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FIG. 9. Time evolution of the eigenvalue of WJ‘ ¥+) for the specific
choice of the entangled Bell states |V, ), computed from the noise
operators in the diagonal form of the master equation (B4), in the
case of opposite-pseudospin bosons. The parameters are the same as
in Fig. 3, corresponding to the off-resonance case with wy = 0. This
shows how P-divisibility breaks can emerge even out of resonance.

W)? (t) of Eq. (B5) is
W,‘q’)(t) = yo(t)(100)(00] + [1T){11| + [10){10] + |01)(01])

> yeOUUE@) + iU @) 2(101)(10] + [10)(01]
+

+101)(01] 4 |10)(10])

— [U5=(0)[*(102)(02] + [20) (20|

— [02)(20] — [20)(02])

+ U @) + iU O —iU5™(£)1(]01)(02] — 01)(20]
+ [10)(02] — |10)(20])

+ U (0) — U5 O11iU5" (1)](102)(01] — [20)(01]

+ 102)(10] — |20)(10])}. (B10)
2
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FIG. 10. Time evolution of the eigenvalue of WJ‘<I>> for the specific
choice of orthogonal states |{) = %(lO)L — 1)) & (I0)g + |1)r),
computed from the noise operators in the diagonal form of the master
equation (B4), in the case of opposite-pseudospin bosons. The pa-
rameters are the same as in Fig. 5, corresponding to the on-resonance
case with wy = J.
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FIG. 11. Time evolution of the minimum eigenvalue of the den-
sity matrix, computed numerically from the master equation (B1),
corresponding to the initial states with distinct spin. The parameters
are the same as in Fig. 2, corresponding to the on-resonance case
with wy = J. Since both the time interval in which the eigenvalue
is negative and its absolute value are small, we can assume that
the derived master equation is physical for the parameter choice of
the main text.

This matrix can be diagonalized numerically, and we can re-
trieve its eigenvalues to check for violations of P-divisibility.
We build a Hilbert space of size d = 9 = 32, where each
spatial regions has size 3. Moving forward, when deriving an
approximated evolution map for a reduced system, it is crucial
to determine whether the density matrix remains physical at
all times. We already know that the map is trace preserving
and Hermiticity preserving. However, we still need to check
whether the density matrix remains positive definite also in
the non-Markovian regions where P-divisibility is violated.
To do this, we can numerically compute the eigenvalues of the
density matrix at all times, for the parameters choice adopted
in the main text, and check whether they are positive or not.
In Fig. 11 we show the time evolution of the smallest eigen-
value of the density matrix for a specific set of parameters,
corresponding to the off-resonance scenario. We can see that
the minimum eigenvalue is slightly negative only for a very
short time window at the beginning of the evolution, while it
remains positive for the rest of the dynamics in numerical sim-
ulations. This confirms that the approximated map we derived
is mostly physical for the initial states that we considered,
despite the non-Markovian nature of the dynamics.

APPENDIX C: NUMERICAL COMPARISON
OF THE MASTER EQUATION WITH THE UNITARY
CLOSED-SYSTEM EVOLUTION

In this appendix we want to check how well the master
equation we have shown in Eq. (A31) compares with the exact
reduced dynamics that is obtained via the partial trace applied
to the unitary evolution of the total system. However, since
an analytical derivation is not feasible, another option is to
numerically compute the evolution of the total density matrix.
This might prove extremely hard, since we have assumed that
the system is coupled to a continuum of frequencies. One
alternative to this is the pseudomode method. The key idea
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is that a reservoir with a Lorentzian spectral density can be
mapped onto a single effective harmonic mode (the pseu-
domode), which itself decays into a memoryless Markovian
bath. The system then interacts only with these pseudomodes,
and the full non-Markovian dynamics of the system is re-
covered by tracing them out. For more details, we refer the
interested reader to the wide and detailed literature on this
subject [42—49,70]. In our case, our system is coupled to two
local environments with Lorentzian spectral density; thus we
require two effective bosonic pseudomodes. We label their
respective creation and annihilation operators as é;’pm and
Cx pm> With X = {L, R}. More specifically, the coupling occurs
through the local dephasing operator o, x. We can write the
system-pseudomode Hamiltonian as

ﬂpm = I:jS + ﬁD + Z [a)pmé;(éx + gpmaz,X(é; + ¢x)1.
X={L,R}

(ChH
The two pseudomodes are damped with rate ¥, into two flat
background reservoirs so that the total master equation in the
Schrodinger picture becomes
_i[Hpms @;rpm] + Z meD[Uz,X]- (CZ)
X={L,R}

AT _
QSerm -

The three parameters per pseudomode, ypm, @pm, and gpm, are
fixed by matching the pseudomodes’ Green’s function with
the original bath correlation function: If the two coincide, the
reduced dynamics obtained from Qs pm Will coincide with
the exact reduced state of the original unitary configuration.

The pseudomodes’ Green’s function is
Com (1) = e Vi), (C3)

while the original correlation function is the one we derived
in Appendix B,

(ELEL(s)) = goe I 1 >5),  (C4)
so that we have
Wpm = W,
Yom = A, (C5)

8pm = 4/ 80-

In our framework, this construction has several advantages:
(1) It provides an exact embedding for Lorentzian environ-
ments (and, more generally, for sums of Lorentzians by
introducing multiple pseudomodes), (ii) it yields a time-local
Lindblad equation in the enlarged space, which is numerically
efficient to simulate, and (iii) it offers a transparent physical
picture of non-Markovianity as arising from coherent back-
action mediated by a small number of effective modes. As a
result, we have a reliable numerical benchmark for our newly
derived master equation. To ensure that the two approaches
are comparable, we need to trace out the pseudomodes of the
total density matrix @5T+pm at each time step so that we can
compare it with the reduced density matrix Og(t) obtained
through the master equation. Additionally, we need to make
sure that the numerical dimension of the Hilbert space for the
pseudomodes is high enough to avoid any spurious effects.
In Fig. 12 we show the populations of the pseudomodes over
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FIG. 12. Example of time evolution of the populations of the two
pseudomodes, for a cutoff value equal to 7: (a) population in environ-
mental pseudomodes and (b) seven highest Fock-state populations in
pseudomodes. The other parameters are A = 0.5, go = 0.1, J = 2.5,
and wy = 2.5. The steady-state population of the highest level |6) is
P\6) ~ 9 x 10712.

time, and we see that the highest allowed levels are not signif-
icantly populated, which justifies the truncation of the energy
level at N = 8 that we used in our investigation.

APPENDIX D: DYNAMICAL EVOLUTION
OF SUPERPOSITION STATES

In Sec. IIl we studied the dynamical evolution of two
specific two-particle initial states with the aim of investigating
the consequences of dephasing noise in the Hong-Ou-Mandel
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FIG. 13. (a) On-resonance and (b) off-resonance evolution of
first-order correlation function for equal-pseudospin bosons from
numerical simulations using the full master equation (blue solid
line) and the unitary pseudomode evolution (red dashed line). The
parameters correspond to those used in the main text, as in Figs. 3
and 4. The intial state is | x (0)) = %(|1)L +12)1) @ (I1)r + 12)r).
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effect and in the entanglement generation protocol. Here we
report two extra examples of dynamical evolution. First, we
consider the initial state

1X(0) = 311z +12)0) ® (11)r + 12)&)

= (DL + 10220k + 120211k + 12)212)8),
(D)

where, as we did in Appendix C for equal spin bosons, we
denote by |n)x the state vector representing n equal-spin par-
ticles in the X spatial region. This corresponds to a tensor
product of two pure states, initially in a local superposition
of bosonic Fock states with one and two particles with iden-
tical spin. This will support validating the derived master
equation when the initial state, during its evolution, explores

sectors of the Hilbert space with different total numbers of
particles.

We look at the evolution of the first-order correlation
Gi(t) = |(I:(,Iéf, + H.c.)|(z). This observable commutes with
the tunneling dynamics, which implies that under noiseless
dynamics its average value is constant (equal to one, for this
specific initial state).

The qualitative dynamical difference between the two dis-
tinct regimes can be clearly seen in Fig. 13. Off-resonance,
and in line with expectations of white-noise phase diffusion,
the coherence between the two spatial regions exponentially
decays to zero. On-resonance, the coherent oscillatory dy-
namics, stabilized by resonant dephasing, results in a revival
of quantum coherence, followed by a stabilization into a
correlated steady state.
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