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Abstract

We discuss the interference patterns of gravitational and whispering gallery quantum states that
can be observed with neutrons, atoms, antiatoms, muonium (Mu), positronium (Ps), and other
light neutral particles. A gravitational shift of interference patterns of neutron gravitational and
whispering-gallery states can be easily observed with cold, very cold, or ultracold neutrons. The
developed methods can be used for observing/searching for other shifts in fundamental neu-
tron physics experiments, for instance, for measuring the gravitational constant or constrain-
ing the neutron electric charge. A series of such measurements will be made with neutrons at the
PF1B, PF2, D17 facilities at the ILL. A peculiar feature of analogous atomic (anti-atomic) experi-
ments is the much smaller effective critical energies of the materials of mirrors for (anti)atoms. We
evaluated parameters that make a measurement of the hydrogen and antihydrogen whispering-
gallery states and their gravitational shifts feasible. A series of such measurements will be made
with hydrogen and deuterium atoms by the GRASIAN collaboration in Vienna and Turku. A
similar measurement with antihydrogen atoms may be of interest for the GBAR experiment, the
ASACUSA experiment, which is producing a beam of slow antihydrogen atoms, and other exper-
iments at CERN that study the gravitational properties of antimatter. Quantum reflection (QR)
of Mu and Ps from material surfaces opens the possibility of observing whispering-gallery states,
although such measurements remain experimentally challenging. Because of the small masses of
Mu and Ps, their effective critical energies of the mirror materials are much higher for them than
the effective critical energies for hydrogen and other atoms. The observation of gravitational shifts
of such states is particularly demanding because of the extremely short lifetimes of these systems.
Measurements of whispering gallery states with all these atoms and particles yield precise and
detailed information on the QR properties of materials, providing valuable input for both funda-
mental physics and surface physics studies.

1. Introduction

The whispering gallery is a well-known phenomenon observed in a variety of realizations, including
sound waves in the air [1-4] and electromagnetic waves of a broad wavelength range [5-18]. It consists
of wave localization in the vicinity of concave mirrors and is expected for waves of various nature.

The whispering gallery states (WGS) of massive particles depend on their masses. A massive parti-
cle can become trapped in a potential well, created by the particle’s reflection from a curved mirror and
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Silicon mirror
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Figure 1. An angularly collimated white neutron beam arrives to the entrance of a concave cylindrical mirror at a small grazing
angle to the surface. Some neutrons are trapped in WGS and continue following the surface towards the exit of the mirror. Due
to WGS, an interference pattern is observed when measuring simultaneously longitudinal and tangential components of neutron
velocities. The longitudinal component of velocity (neutron wavelength) is measured using the time-of-flight technique. The
tangential component of velocity (the angle of escape from the mirror edge) is measured in a position-sensitive detector installed
at a distance from the exit of the mirror (the figure is copied from [28]). Reproduced from [28], with permission from Springer
Nature.

its pressing against the mirror’s surface because of effective centrifugal force. The interference of quan-
tum states in such a system can lead to the emergence of an interference pattern. If these quantum states
are long-lived, exploiting such interference patterns can enable very sensitive and precise measurements.
Previously, WGS were considered for atoms [19, 20] and antiatoms [21] as well as observed for neutrons
[22-26] and electrons [27].

The WGS method used with neutrons is illustrated in figure 1 (copy from [28]).

Within a certain simplification, neutrons with an energy of their tangential motion smaller than the
critical energy of the mirror material (the neutron-nuclei optical potential [29] introduced by Enrico
Fermi in 1936) are reflected’. Neutrons with sufficiently low energy can be reflected at any incidence
angle to the surface and are called ultra cold neutrons (UCN). Neutrons with an energy of their tangen-
tial motion larger than the critical energy are not totally reflected, and subsequently lost. After several
quasi-classical bounces, the mirror acts as an energy filter that conserves subbarrier neutrons and effi-
ciently eliminates the above barrier neutrons.

Due to the approximate equality of the masses of the neutron (n), hydrogen (H) and antihydrogen
(H) atoms, the same approach can be applied to the analysis of the feasibility of observing the WGS
of n, H or H. In case of H and H, a reflecting wall is provided by quantum reflection (QR) on the van
der Waals—Casimir—Polder potential close to the surface [30]. Note that this potential is attractive, but
sharp. QR has been observed and considered for many types of atoms and antiatoms [31-43]. Although
QR of H has not been observed, there is no doubt that it exists because it is based on the same quan-
tum mechanical mechanism as QR of H, and there is no reason to suppose that the electromagnetic
interaction is different for H and H [44, 45]. A major difference between neutrons and H/H is the rela-
tively small value of the characteristic critical energies of the mirrors for H and H compared to those for
neutrons. Strictly speaking, the concept of critical energy does not apply to the process of QR of atoms
and antiatoms. We will define it in the following and use it at the initial stage to explain the choice of

9 Reflection of neutrons is best explained with UCN: the UCN wavelength is much larger than the interatomic distances in the mirror
material, so the interaction is averaged over a huge number of atoms. Due to the electrical neutrality of the neutron, the interaction
with electrons is small. Due to the low energy, UCN scattering by a nucleus leads to an isotropic s-scattering. Thus, the medium could
be thought of as an effective optical potential of ~1077 eV, or a nuclear potential of ~10 MeV diluted over the volume occupied by the
material. The potential can be positive or negative depending on the phase shift of the scattered neutron wave. The shift sign and the
potential strength depend on the details of the neutron interaction with each particular isotope.
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parameters for this problem. However, for the actual calculations of the interference patterns, we will use
precise calculations of the QR probability for each case studied.

By analogy to the WGS of usual (anti)atoms, two more exotic atoms might also be of interest in
this context: muonium (Mu, Te™) and positronium (Ps, e*e™). In the present article, we show that
the WGS of Mu and Ps should exist and can also be observed. Due to the smaller masses of Mu and Ps
compared to those of H and H, and the correspondingly larger de Broglie wavelengths of these atoms
compared to those of H and H, a huge increase in the effective critical energy of the mirrors is expected.

Interference experiments can provide high sensitivity and precision in the cases where this method
can be applied. For example, neutrons in gravitational quantum states (GQS) between the gravitational
field of the Earth pressing them towards a flat mirror and the reflecting potential of the mirror are use-
ful for searching for exotic interactions and other phenomena beyond the standard Model [46—69]. GQS
of H are of interest in investigating the gravitational interaction of antimatter; the methods could be
based on references [61, 70-75]. The characterization of WGS of n and simple atomic systems (SAS) of
H, H, Mu and Ps can also be turned to explore these and other phenomena, in particular for searches
for new short-range interactions [76—80] or violations of the weak equivalence principle, Lorentz invari-
ance, and CPT symmetry [81]. WGS or GQS can also be used to measure the gravitational constant G
or to search for the electric charge of the neutron ¢,. Finally, the characterization of QR of atoms and
antiatoms is a subject of considerable interest in itself. In certain cases discussed in this article, the GQS
method cannot be used or is not optimal, and the WGS method is a good alternative.

Small shifts in the WGS interference patterns can be caused by various interactions. For example, a
magnetic field gradient will result in a magnetic shift if the particle has a magnetic moment. An electric
field will result in an electric shift if the particle has an electric charge. A gravitational field will result in
a gravitational shift due to the particle’s mass. The weak parity-violating interaction will result in a weak
shift. Any interaction of unknown nature can also result in a corresponding shift in the interference pat-
tern, thus allowing one to find or constrain it.

A magnetic shift of the WGS of neutrons has been observed and the sensitivity of such an experi-
ment to a small additional force (of magnetic nature) has been experimentally evaluated [82]. For the
mirror prototype used and the short measurement time, the ratio of magnetic and centrifugal forces was
as small as ~107°. The sensitivity of the method might be further increased by many orders of magni-
tude by properly adjusting the experimental parameters, as explained below.

The gravitational shifts of the neutron and H are relatively easy to measure. A measurement of the
gravitational shift of H might be feasible under certain conditions. Due to the very short lifetime of
Mu (TM¥ ~2.2.107¢ s), limited by the lifetime of the muon itself, a gravitational shift of the WGS of
Mu is harder to observe. The lifetime of ortho-Ps (the triplet state) in the ground state is even shorter
(77~ 1.42-1077 s). However, the lifetimes of highly excited Ps states (Rydberg states) can be much
longer. They are about twice the corresponding radiative lifetimes of states of atomic hydrogen, owing
to the reduced mass of Ps being half that of the electron—proton system. An important exception is
the metastable 2S state, whose decay is still dominated by the 3 annihilation channel that doesn’t
exist in atomic hydrogen, with a lifetime scaling as #n°. For this state, the total lifetime amounts to
T3S ~ 1.136 s, whereas the purely radiative lifetime would reach about ~2.44-107! s, i.e. twice the
value for H.

In section 2, we present a general method to optimize the WGS parameters of n, H, H, Mu, and Ps.

In section 3, we propose some applications of the method of precision measurements of neutron
WGS shifts, in particular measurements of the gravitational constant G and placing constraints on a
neutron electric charge g,. An observation of a gravitational shift of the WGS of neutrons would pro-
vide another example in the ‘200’ of quantum phenomena in the gravitational field, in addition to the
Colella—Overhauser—Werner [83] experiments and GQS [70].

In section 4, we describe a possible scheme for measuring the WGS of H. Note that good conditions
are met for the observation of H WGS in the experiments of the GRASIAN Collaboration [84, 85]. Due
to the low effective critical energies of any mirror for H, observing the gravitational shift seems feasible.
In addition, such experiments with H provide almost one-to-one prototyping of possible future experi-
ments with H.

In section 5, we describe a possible scheme for measuring the WGS of H. Here, the peculiarity of
the choice of experimental parameters is to cope with the large velocity of H, because cooling the H is
a rather difficult task. Such a scheme might be of interest for GBAR or other H experiments at CERN
in view of the major efforts to directly measure the gravitational interaction of antimatter [86-91]. The
ASACUSA collaboration has recently succeeded in producing an H beam of velocity similar to the exist-
ing H beams, although with lower phase space density [92]. If the latter can be improved, WGS mea-
surements with H will become possible in a way similar to H.
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In section 7, we describe the WGS of Mu. In this case, we optimize the experiment for the parame-
ters of the existing Mu source [93].

In section 8, we describe the WGS of Ps. Particular attention is paid to the possibility of observing a
gravitational shift of the WGS of Ps.

2. A method to evaluate parameters of neutron, hydrogen, antihydrogen, Mu, Ps and
other WGS

The use of GQS spectrometric and interferometric methods requires sufficiently long observation times
of the particles in GQS, which is not always easy to realize in practice because of the high particle veloci-
ties or short particle lifetimes.

2.1. Characteristic parameters of the GQS of neutron, hydrogen, and antihydrogen
For the particle mass of ~1 atomic unit (n, H and H), the characteristic parameters of GQS (the acceler-

ation agqs, the energy of GQS in the ground state Eénés ’ﬁ), the size (height) lggg’ﬁ) and the time needed

to resolve GQS Tég?’ﬁ) are the following:
acQs =g~ 9.8 ms 2, (1a)
B = \3/h2 . m(ntﬁ) e 60107 ev, (1b)

(n,H,H)
[T m(“GvSIi?ﬁ)g ~5.9-107° m, (1c)
T (nzﬁ) ~1.1-107%s. (1d)
EGas’

We use the standard definition of these characteristic values ([94-96], etc). Other definitions could
be found in the literature that are different from ours by small factors. g is the gravitational acceleration
and % is the reduced Planck constant.

Let the observation time t(Grgg’H) (the flight time of the particle through the setup, in the flow-
(n,H,H) (n,H

through measurement mode) be S5ds™ * ~ 10 times larger than Tcgs
population in the GQS well stabilized:

H) (equation (1d)), to have the

HH JHH JHH _
ténQS )= ﬁC(}I(IQS ) 'TC(,IZ)S )~ 1.1-107 % s. (2)
The difficulty of making and polishing mirrors increases sharply as the size of the mirror increases.

(n,H,H)

For a standard mirror length Lgds” in neutron GQS experiments [97] of:

Lo ~ 0.3 m, (3)
the maximum particle velocity, which meets the condition (2), is then
(n,H,H)
v _ Leas
6 (nHH)
tGas

~2.7-10' m s~ (4)

Increasing the length of the mirror ngf by a factor of 2-3 does not change our conclusion:
Ultracold particle sources are needed to implement the GQS method.

2.2. A motivation to use WGS
Thus, experiments with the GQS are possible with UCN [98] and with a soft fraction of the spectrum
of very cold neutrons (VCN). However, this is an insignificant part of the spectrum of thermal neutron
(TN) or cold neutron (CN) sources. The same estimate is valid for the H and H atoms. That is, one
needs to implement sources of ultra-cold (anti)atoms to increase the fluxes of such particles.

On the other hand, the WGS method allows for the use of faster particles because the centrifugal
acceleration awgs could be greater than g, the energy of WGS, E(W"’GP;’H) , could be greater than Eg}’)?’m,
thus the characteristic time of formation of WGS, T‘E\?é?’H), might be shorter than T((;HQ? ’H). Therefore,
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precision spectroscopic and interferometric methods using WGS can be used in a wider velocity range
than if using GQS.

In the following sections, we develop and apply a simple method to optimize WGS and GQS experi-
ments with n and other SAS considered in this work. Both the characteristic parameters of such experi-
ments and the criteria for their optimization differ greatly, so the analysis itself will be performed sepa-
rately for each case. When discussing the method, we will omit the superscripts corresponding to differ-
ent particles/atoms but will restore them in the corresponding sections.

2.3. An optimization method for designing WGS experiments
For WGS, the effective centrifugal acceleration awgs is

VZWGS (5)

awGs = ’
Rwas

where vwgs is the longitudinal velocity of the particles and Rwgs is the mirror radius. By ‘tuning’ the
values vwgs and Rwgs, we can tune the value of awgs.

Note that by choosing the parameters vwgs and Rwgs, we can make the centrifugal acceleration
greater, equal, or smaller than g. However, the magnitude of the acceleration is limited from above by
the requirement that the characteristic energy Ewgs is well below the effective critical energy of the mir-
ror material, and it is limited from below by the time required to form the corresponding quantum
state. The following analysis will be performed separately for different particles.

The characteristic energy Ewgs of the WGS is related to the characteristic time Twgs of its formation
by the uncertainty relation:

h
Ewgs ~ P (6)
W

where # is the reduced Planck constant, and (equations (1b), (6))

1
2-h 3
TWGS ™~ (2> ) (7)
m:- aygs

where m is the mass of the particle. Here we have taken advantage of the fact that the energy differences
of low-lying quantum states are similar.
The characteristic size (height) Lygs of WGS is

h2 3
l ~Y —_— . 8
was (Z'aWGS'm2> (8)

In order to observe an interference pattern, one has to populate at least two quantum states. The
exact calculation of the spectrum shaping efficiency is a complex task, which depends on the method of
shaping the spectrum and the parameters of the problem. In the case of shaping a neutron spectrum in
WGS, this problem is analyzed in detail in [99]. For an approximate assessment, the following rule can
be used here and in all similar cases below. Assume

Ywas - Ewas ~ Blim. 9)

The ground quantum state has a sufficiently long lifetime if ywgs ~ 3. Adding excited states adds ~1
to ywas for each excited state (for simplicity, we neglect the decrease in the energy difference between
neighbor states with increasing state number).

Note that in the case of GQS, the spectrum shaping efficiency is analyzed in detail in references [94—
96, 100-103] (this analysis can easily be generalized to GQS of (anti)atoms since it is not based on the
specifics of the interaction of particles with the surface, but only on the geometry of the absorber/scat-
terer). It can also be easily generalized to the WGS of all particles discussed in this paper. In the follow-
ing, we will use the same formula (equation (9)) and the simple rule for all GQS and WGS.

The QR probability of (anti)atoms does not show a sharp threshold behavior. Therefore, the defini-
tion of Ejy is specific to the problem to be described, in particular the type of (anti-) atoms, the num-
ber of quasi-classical bounces and the mirror material. Here, we define it as follows.

Since in some experiments we measure the anti(atoms) surviving to the mirror edge, and in other
experiments we measure the anti(atoms) lost, our criterion will be the condition that the fraction of sur-
viving (anti) atoms is 50%:

(Por (Eiim)) ™% ~ 0.5. (10)

5
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By analogy to GQS, the number of quasiclassical bounces is:

Bwas = twas/Twas- (11)

All that remains to optimize a specific experiment with a specific particle is to select the number of
quasi-classical bounces, calculate the effective critical energy for a specific material, and select the energy
range. All of these choices can be justified by the goals of particular experiments. All other parameters
are related by simple formulas. After such optimization of the experiment, we perform an accurate cal-
culation of the interference pattern and check whether the spatial, temporal, and energy resolutions are
really sufficient to perform the experiment.

2.4. A general method to estimate the statistical sensitivity

In this paper, we will consider many examples of phenomena and their realizations. The particle fluxes
available for them vary by many orders of magnitude. The characteristic parameters of these phenom-
ena also vary by many orders of magnitude. Finally, specific experimental realizations may also vary
greatly. Analyzing the statistical accuracy of all these realizations is a labor-intensive task and should be
performed in detail elsewhere, case by case. For now, we propose a universal method for assessing the
statistical sensitivity of experiments and encourage the reader to perform such an analysis for their own
cases. We have conducted such a preliminary analysis and find that all the cases we describe are feasible
or might be feasible under certain conditions.

To estimate the number of events that can contribute to the interference pattern, we calculate the
corresponding volume of the particle beam’s phase space element. The spatial size of the beam is equal
to the width of the beam AY (in the direction parallel to the mirror axis) multiplied by the height of
the beam (in the direction perpendicular to the mirror axis). The beam height, in turn, depends on
the characteristic size of a quantum state hygs and the number of quantum states as ((ywgs + 2) - lwgs)
(equations (8) and (9). The size of the velocity phase space element is usually unlimited in the direc-
tion parallel to the beam axis (if the longitudinal velocity is significantly greater than the transverse
velocity). In the direction perpendicular to the mirror axis, it is equal to twice the characteristic veloc-
ity corresponding to the quantum state energy Ewgs multiplied by the square root of the number of
quantum states ,/Jwgs. The total number of particles in the WGS will be on the order of the fraction of
the initial beam flux limited by the phase space element 2 - AY - (ywgs +2) - hwas - /2 - Ewas - Ywas /M
estimated above, over the total observation time. In order to produce an interference pattern, we
need to angularly collimate the incoming beam to be at least a few times, § ~ 5, smaller than 2 -

v/ Ewas - Ywcs/ M/ Vwas. The total number of counted events must be decreased by the collimation fac-

tor 2 - /Ewgs - Ywas/m/Vwas/ 0.

2.5. Modeling of GQS and WGS interference patterns

To calculate the interference patterns in the following sections, we follow the formalism developed for
the calculation of the UCN and H wave functions in the GQS and WGS potentials [21, 22, 44, 94, 95,
99, 104], the essentials of which we will review in this section.

The spectrum of WGS and GQS states can be formed in different ways: ‘too high’ energies can be
removed by an absorber/scatterer (as is done, for example, in the experiment [70]) or by the loss of
above-barrier quantum states (as is done, for example, in the experiment [24]); ‘too low’ energies can be
removed by a combination of angular collimation of the particle beam and tilting the incident beam rel-
ative to the mirror plane (as is done, for example, in the experiment [24]). For the generality of the the-
oretical description, we will consider all these cases. Coherence in the incident beam is usually achieved
by a sufficiently narrow angular collimation and a sufficiently wide spatial collimation of the beam.

In each experiment, a coherent beam of particles enters a mirror-absorber/scatterer system where
the interference pattern is developed. For both GQS and WGS experiments, this consists of a mirror
of length L for particles to bounce on, a uniform force field generated by the gravitational or centrifu-
gal acceleration experienced by the particle, and a rough absorber/scatterer of length L4 and height AH
above the mirror surface. In the proposed experiments, Ly < L and the entrance edge of the absorber
is placed to coincide with the entrance edge of the mirror. The wave function of a particle propagat-
ing along the mirror surface can be expressed as a superposition of quasi-bound states, which interfere
with each other. For long-lived particles that reflect well from the mirror surface, the interference pattern
can be observed by measuring the flux of particles flowing out of the mirror system with a position-
sensitive detector downstream of the mirror. To observe the interference pattern for short-lived particles
that decay or annihilate with the mirror surface, it is more feasible to observe the flux of particles inter-
acting with the mirror surface as they bounce.

6
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To calculate the flux of particles reaching or interacting with the mirror surface, we must calculate
the evolution of the wave function ¢ of a particle flowing through the setup. To do this, we define the
potential for each section of the experiment and solve the Schrodinger equation. The initial wave func-
tion at the entrance of the mirror/absorber system will be determined by the shape of the incident par-
ticle’s wave packet, which is determined by the collimation system that prepares the beam. To remove
uncertainties associated with knowing the exact shape of this wave packet, it is advantageous to colli-
mate the beam such that its width is significantly larger than the characteristic length scale of the GQS
or WGS at the entrance of the mirror. If this condition is satisfied, it is reasonable to approximate the
profile of the packet near the surface of the mirror as a plane wave. In the transverse direction, perpen-
dicular to the mirror surface, the initial wave function is described as

o o ek ¥, (12)

Here, x is the altitude of the particle above the mirror and k, is its wave vector perpendicular to the
surface. For simplicity, all calculations are performed assuming a zero incidence angle upon the mirror,
so ki = 0. The longitudinal direction of the wave function is treated classically, so the propagation time
experienced by a particle is determined as t = z/v where z is its longitudinal position and v is its velocity.
The region of the system with a mirror and absorber/scatterer can be described with the potential

V(x) = mgx + Vmirror (X) + Vabsorber (X) . (13)

For WGS, the gravitational acceleration g should be substituted with the centrifugal acceleration expe-
rienced by the particle awgs from equation (5), with Rygs being the radius of curvature of the mir-
ror. The exact form of Viyiror and Vypsorber depends on the particle that flows through the system and
Vabsorber O the properties of its (rough) surface. For neutrons with small velocities perpendicular to the
surface of a mirror/absorber, their interaction with the material is analogous to that of classical optics,
i.e. they experience an index of refraction. In the language of potentials, the neutron interacts with the
surface via a potential step. We will set the location of the mirror surface, for both neutrons and atoms,
to be x = 0. If the energy of a neutron’s perpendicular motion is significantly smaller than the height of
this potential, it will see the surface as an infinite potential step at x = 0.

For atoms, their interaction with a mirror/absorber is described by the van der Waals—Casimir/Polder
potential. This potential arises from quantum vacuum fluctuations of the electromagnetic field that
reflect back and forth between an atom and a surface. This potential has the important behavior of
rapidly decreasing close to the surface. Atoms with low energies, that is, with a wavelength significantly
larger than this steep potential’s characteristic length, can be efficiently reflected. This phenomenon is
known as QR [30, 44, 105]. For atoms of an even lower energy, the behavior of the atoms with the van
der Waals—Casimir/Polder potential can be described fully within the scattering length approximation.
That is, the potential formally acts as an infinite potential step at a position slightly above the mirror
surface called the surface scattering length b. The surface scattering length is the scattering length aris-
ing from a low energy particle interacting with the potential energy of a surface, the potential step in the
case of neutrons, and the van der Waals—Casimir/Polder potential in the case of atoms. This is a different
quantity from what is typically referred to as the scattering length in the neutron scattering community,
which is the scattering length associated with the interactions of a low energy neutron and an individ-
ual nucleus [106]. As we discussed, low energy neutrons interact with a surface in the same way as low
energy atoms, but with b = 0 since the step is at the surface itself. The wave function v then crosses zero
at b and behaves approximately as

Y(z)xz—b (14)

when z is near b. This approximation greatly reduces the complexity of calculating the wave function’s
behavior in the presence of a van der Waals—Casimir/Polder potential. The WGS and GQS formed above
the mirror surface will have sufficiently low energies to ensure the validity of this simplified approach.
The calculation of the surface scattering length, as well as the van der Waals—Casimir/Polder potential
in general is a complicated story, however, for our purposes it will be sufficient to use an approximate
model, as described in appendix C. It is important to note that the surface scattering length can have an
imaginary part, which physically corresponds to transmission through the van der Waals—Casimir/Polder
potential. This plays a key role in the observation of WGS of exotic atoms.

Without the absorber/scatterer, the potential experienced by the particles in each region is a tri-
angular potential well with an infinite potential step at x = 0. We can simply model the presence of
the absorber/scatterer as another infinite potential step placed at x = AH. The rough surface of the
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absorber/scatterer introduces a new loss mechanism for states propagating through the system which is
not accounted for by the step model. We choose to model this effect generically, as was done in [94, 95]
to effectively describe the observation of GQS of neutrons. When populating states in the presence of the
absorber/scatterer, states that have a classical height x,, = E,/mg > AH are assumed to be unpopulated
by the end of the absorber/scatterer region, and states with x, < AH are assumed to pick up imaginary
parts I';, to their energy levels

Iy
En - 17, (15)
which determines the lifetime 7,, = /i/T",, of the state’s population. This lifetime can be estimated by
Ly
) = wyPy, (16)

where w, is the classical bouncing frequency and P, is the probability of tunneling into the classically
forbidden region where the absorber/scatterer resides. For particles that decay, a decaying exponential
term multiplies the entire wave function to account for the lifetime of the particle.

In each region of the mirror, the wave function can be expressed as

W)= i (xr)e T, (17)

i

where v); are normalized eigenstates (see appendix D for the functional form of these states) of the
described potentials and

Ci :/w(x,t:O)wi(x)dx (18)

are the amplitudes for each state. Note that 1); are generically part of a bi-orthogonal set since 1); are
eigenstates of non-Hermitian Hamiltonians [95, 107], so 1); in equation (18) is not conjugated. This
kind of expression is calculated first for the absorber/scatterer region and then for the absorber/scatterer
free region, and the sudden approximation is used to connect the two. To calculate the flux of particles
flowing out of the mirror system and into a detector far from the system, the probability currentfof the
wave packet entering the free space should be evaluated at the position of the detector. Assuming that
the outgoing beam travels in the Z direction, which corresponds to the tangent line of the surface at the
end of the mirror, and the transverse direction of the packet with interference is in the X direction, the
quantity to calculate is

m 0z

j(x,2)-2= h%(w*“’), (19)

where z is the position of the detector and x is the position on the detector’s surface.
In free space, the wave function ¥(x,z) can be expressed as a superposition of plane waves with the
initial wave packet defined by the Fourier transform of the wave packet at the end of the mirror system

- 1 ,
k)= — x,t=T)e *dx, 20
00 == [vler=1 (20
for propagation time T = L/v. Then

Vs = [ D m ey

27 J
21
1 o - i(—do k) ik =
~ Wi P(k)e\ e"*dk,
T™J -0

where k is the wave vector in the X direction and /k3 — k? is the wave vector in the Z direction, and
ko is the magnitude of the total wave vector. In the second line, the paraxial approximation is made
since k << ky. The relevant scale of k is [ ! so k2 /2ko has a scale z;, ! where zg = 2kol2. If zg << z,
then the phase of the exponential in equation (21) varies rapidly for the relevant k contributing to the
wave packet. In the experiments described in the following, z/zy > 10 so we can further approximate

8
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the wave function by making the stationary phase approximation. The details of the approximation are
described in appendix A. The resulting wave function is then

U (x,2) ~ %& (%%) lketogiz) (22)

We must also calculate 90U /Jz, which is more easily done with equation (21)

ov L1 . k* i(—ﬁz+kx) ik
- ~ 1— — 2kg 1K0Z
P (x,2) 1k0\/277r/_001/)(k) ( Zk%) e e"™?dk )
. 1 - i(fﬁerkx) ikoz
~ik k)e\ * e*dk,
=] 0w
since k << ky. Inserting equations (22) and (23) into (19) produces a current through the detector
- N hko k() ~ x\ |2
](x,z)'zwﬁz lb(ko*) : (24)

The current in equation (24) assumes that the beam incident upon the mirror system has a velocity dis-
tribution of n(v) = 1. In reality, the form of n(v) is non-trivial and should be considered in our pre-
diction of the signal. By including n(v) as a multiplicative factor and recognizing that hikg/m = v, the
particle flux F flowing through the detector should be

Fx) =m0 |5 (k)] (25)

z

and then equation (25) is taken as our signal. For simplicity and generality, n(v)v =1 for our calcula-
tions. We also drop the explicit z dependence from the argument of F since the detector is typically at

a fixed distance. For the most accurate prediction, the interference patterns should be multiplied by the
flux spectra n(v)v of the beams of interest. To consider experimental resolution effects, for example, on
x and v, F(x,v) should be convolved with the appropriate resolution functions R,(x) and R,(v) such that
the new expected signal is

F(x,v) ://F(x’,V’)R,C (x—x")R,(v—v")dx'dv’". (26)

For particles entering a space with a uniform force field, the expected signal is nearly the same as
before, but now
- x4+ iaf
b (2
z

where the x coordinate is transformed to follow the trajectories of a classical free fall [108] with an
acceleration a and free fall time ¢ = z/v. Resolution effects can be considered in the same way as before
with equation (27), but now with F taking the definition from equation (27).

For particles that decay or annihilate on the mirror surface, the signal is taken to be proportional to
the probability current of the wave function at the mirror surface x =0 and calculated as a function of
the longitudinal position z of the particle along the surface. The current entering the mirror surface for
the wave function in equation (17) is

2

ko : (27)

F(x,v)=n(v) v

- h oY
= oo gr 2t
j(z)-% m\s< 8x) , (28)
x=0
which corresponds to a particle flux
h oY
F(z,v) =n(v) =S| v* =
(z,v) =n(v) . (1/) (“)x) (29)
x=0
In calculations of experiments measuring surface current, n(v) = 1. An exponential decay term is
included in equation (29) for particles with a lifetime 7. The expected signal then becomes
h oy
F — o t/T e Y 30
(z,v) =e " "n(v) md( 8x) . (30)
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for t=2z/v.

Due to our crude treatment of the absorber/scatterer as well as the practical difficulties in under-
standing its precise behavior in a real experiment, only the probability current after the absorber/s-
catterer region will be reported. Such complications should not affect strongly the results after the
absorber/scatterer region because its primary role is as a state selector, and those states that survive selec-
tion are the ones that interact very little with the absorber/scatterer.

3. Applications of the method of neutron WGS shifts

In the experiment to measure the magnetic shift of the WGS of neutrons [82], the additional acceler-
ation was a factor of ~10° lower than the centripetal and did not differ much from the gravitational
one. Therefore, the sensitivity to the gravitational shift could be sufficiently high even with such a mir-
ror with a very large curvature. However, it is obvious that just as the effect itself can increase by many
orders of magnitude by increasing the time the neutron stays in the gravitational field, so the sensitivity
can be increased by many orders of magnitude by decreasing the magnitude of the centripetal acceler-
ation. We will focus on possible applications of this new method for other experiments in the field of
fundamental neutron physics.

The general idea is as follows: an additional force to be measured/detected is applied along the neu-
tron trajectory, that is, before the mirror and/or in the mirror area and/or after the mirror (depending
on the conditions of the specific experimental implementation). Such an additional force can, for exam-
ple, be gravitational, or electrostatic in the case of a search for a hypothetical non-zero electric charge of
neutron ¢q,. One of the strategies to increase the sensitivity is to increase the observation time (trajectory
length). The neutron velocity, as well as the mirror radius and the boundary energy of its material, are
related parameters and should be optimized together.

3.1. Sensitivity of a GQS interference pattern measured with VCN to the gravitational acceleration g
This configuration can be implemented using the equipment that is mostly existing at the ILL, and it is
not optimized for any particular purpose.

The measurement method is equivalent to that used in [24]. The VCN come from the PF2/VCN
instrument at the ILL; it is proposed to use VCN, not UCN, to increase the statistics and simplify the
experiment. Time-of-flight measurement is achieved using a chopper in front of the mirrors. The GQS
are formed using a 30 cm long horizontal silicon mirror used in references [84, 85] and a 30 cm long
silicon absorber, the operating principle of which is described in [103]. The interference pattern can
be analyzed using a position-sensitive detector installed at a large distance downstream the mirror, or
simply by scanning the neutron intensity with a narrow horizontal slit. A scheme of this experiment
is shown in figure 2 and a simulated interference pattern is shown in figure 3. We calculated it for the
maximum flight path available at PF2/VCN, Dror = 7.3 m. To resolve the interference pattern, the spatial
resolution of the position-sensitive detector should not be worse than ~2 mm. Higher spatial resolution
also allows for a shorter flight distance, and thus a reduction in intensity losses associated with the angu-
lar divergence of the VCN beam in the horizontal plane. The time window of the chopper should not
be greater than ~1.5 ms. The duty cycle of the chopper can be large, up to ~10%, because the tempo-
rary overlap of the signals in the detector from neutrons of significantly different velocities is effectively
eliminated because they are detected at different heights. Note that here and in the following, the insuf-
ficient efficiency of the absorber/scatterer can be taken into account (for approximate calculations) using
a simple method. Due to the exponentially strong dependence of the probability of losing a particle in
a quantum state on the absorber’s height, the definition of height can be renormalized: a significantly
lower efficiency corresponds to a small decrease in height.

The calculated sensitivity of such an experiment of 10 days to the value of g is ~10~%. This is the
Cramér—Rao bound for this experiment for N = 2 x 10* detected neutrons. The description of this cal-
culation can be found in appendix B and is calculated with equation (B4), where P(x,v) = F(x,v) cor-
responds to the flux simulated using equations (27) and (26). The position resolution function has the
shape of a gaussian with two standard deviations corresponding to the stated spatial resolution of the
detector. The time resolution is a boxcar function with width equal to the chopper opening time. More
realistic resolution functions should be considered on an experiment by experiment basis.

This experiment can be interpreted as a measurement of the weak equivalence principle (WEP),
with a neutron being one of the test masses (and the system that is used to determine the local g as the
other). This WEP test uses quantum-mechanical properties of the neutron as the test mass; however,
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Figure 2. A schematic of a neutron GQS experiment. A collimated beam of neutrons enters the system through a chopper, placed
a distance D¢ away from the entrance of the mirror, which enables the measurement of the neutrons’ velocity by the time of
flight (ToF) method. The beam then enters the mirror absorber/scatterer system. Lower energy GQS can pass through the initial
section where an absorber/scatterer of length L is placed a height AH above the mirror, while higher GQS are rejected. The lower
GQS then propagate along the surface and interfere with each other until reaching the end of the mirror, which has a total length
L. The exiting beam enters a free fall region where a time and position sensitive detection system is placed a distance Dy from the
exit of the mirror. The position of the neutrons on the detector is denoted as X.

Simulation of VCON Interference Pattern
AH =40 pm, L =30 cm, D =7 m
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Figure 3. A simulation of the interference pattern generated by propagating VCN through a mirror-absorber/scatterer system
of length Lg(élgl = 30 cm. The height of the absorber/scatterer is set to AH\C:%I = 40 pm and the absorber/scatterer is assumed
to be very efficient. After exiting the mirror, neutrons enter a free fall region of length Dygg] = 7 m. The velocities presented in
the simulation correspond to the peak in the VCN spectrum at the PF2/VCN instrument. Note that a much richer interference

pattern can be produced if a position-sensitive detector with better resolution is available or slower neutrons are used.

its sensitivity does not come close to that obtained in Earth-based (~107'* [109]) or satellite-based

(~10715 [110]) WEP tests.
Additionally, a measurement of this interference pattern would provide a test for a similar experi-

ment with GQS of H that is being carried out by the GRASIAN collaboration [84, 85]. It would be an

intermediate step towards more sensitive experiments described in the following, and it may also pro-

vide information on the unexpectedly low GQS population that was observed a few times in previous

experiments [94, 111].
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As the number of GQS (slit height AHYGY) increases, the number of interference fringes increases
significantly, which means that the sensitivity of the interference pattern increases even more signif-
icantly. This improvement is possible with an increase in the spatial resolution of the detector. Note
that a thousandfold improvement in spatial resolution has been demonstrated for several types of neu-
tron detectors [112—116]. However, an even more significant improvement in sensitivity can be obtained
using the method presented in the next section.

3.2. Measurement of the gravitational constant G with an UCN GQS interferometer in reduced gravity
In order to increase the sensitivity of the method, it seems natural to: (a) reduce the longitudinal neu-
tron velocity in order to increase the observation time, (b) increase the time neutrons spend in the field,
e.g. by providing a longer path length due to multiple specular reflections, and additionally (c) reduce
the characteristic energy of GQS as the smaller transverse velocity spread allows more specular reflections
without overlap of the neutron paths, thus longer observation times.

The decrease in longitudinal velocity is limited by the neutron densities available in the phase space.
The maximum UCN velocity is defined by the choice of materials used for the storage and transport
systems of the source of UCN and is typically ~6 m s~! or less. Thus, the characteristic total UCN

velocity is ~4 m s™!, and a component of the velocity is

Ggls\{educed ~2m S_l . (31)

Even lower UCN velocities would be an advantage in the future. Given the phase space densities of UCN
available worldwide, ~10?> UCN cm™2, the fraction of even slower UCN is insufficient for designing
interference experiments. However, provided that much higher UCN densities in phase space are avail-
able in the future, say ~10° — 10* UCN cm ™, the optimization parameters of such an interferometer
may be revised and the sensitivity greatly improved.

3.2.1. Shaping UCN GQS in reduced gravity

Reducing gravitational acceleration can be achieved, for example, by tilting the mirror relative to the
Earth’s gravitational field, as explained in the caption of figure 4. The reduction is limited by the for-
mation time of the GQS. For a small number of quasi-classical bounces'’

ﬁgggeduced ~ 37 (32)
and a large mirror length'’,
nglgrcduced ~ 1 m; (33)

the time of formation of GQS in reduced gravity is

LUCN
UCN Gersduced 1
TGercduccd ~ UCN ) CN ~1.7- 10 S. (34)
Gercduced Gerednccd

This value of T&%ﬂdwd

(equations (1b) and (1d))

(equation (34)) corresponds to the reduced gravitational acceleration

Sndneed ~ 5-1-1077 m s (35)
2and the angle of inclination of
AO ~ 0.52 mrad; (36)

the angle is the inclination of a normal to the mirror relative to the horizontal plane defined by gravity.
The characteristic energy of such a quantum state (equation (1b)) is

Bl ~ 39107 V. (37)

10 ' We prefer a small number of quasi-classical bounces to access larger effective acceleration values.
1 This is also to access larger effective acceleration values in the flow-through mode of the pattern shaping.

12 In principle, a much smaller effective acceleration and greater sensitivity of the interferometer can be achieved by using the accumu-
lative mode to shape the initial quantum state, where the experimental challenge consists of the precise installation and control of the
mirrors [97]. This issue should be better discussed in detail later, provided that the flow-through method for shaping the quantum state
is demonstrated and experimentally studied.

12



10P Publishing New J. Phys. 28 (2026) 073902 V V Nesvizhevsky et al

L -
Absorber "
X
AH
e
¥ a
Mirror Detector

Figure 4. A schematic of the UCN GQS experiment in reduced gravity to measure g, or G. An incoming UCN beam enters a
mirror absorber/scatterer system which is oriented such that the Earth’s gravitational field is pointed nearly normal to the plane
of the page. The value of the remaining gravity is defined by the projection of the gravity vector to the plane of the page. GQS
with reduced gravity are populated and generate interference patterns which then enter a storage volume where an additional
force is exerted on the outgoing beam, either gravitational from a large mass or electric from electrodes, both are generically indi-
cated by d. After some time in the volume, the beam leaves and reaches a detector to record the interference pattern. An element
to shape and analyze the neutron’s velocity may also be advantageous, depending on the available UCN spectrum. The optical
system for shaping the GQS in reduced gravity can consist of one or more systems of the mirror and the absorber/scatterer (if the
characteristic size of the interference structures on the detector is larger than the size of one slit, or, alternatively, if the slits are
oriented in a way to direct the beams to the same spot in the position-sensitive detector).

The corresponding (tangential) velocity is
( Gglglreduced)l ~8.6- 1074 m Sil- (38)
The characteristic size of the GQS in reduced gravity is (equations (1c) and (35))

IoGsetneet ~ 7:2-107° m. (39)

The exact calculation of the required slit height between the mirror and the absorber/scatterer, as
well as the exact calculation of the absorber/scatterer efficiency, is a complex task, analyzed in detail,
for example, in references [94-96, 101-103, 117]. In these same references, one can find conditions for
choosing the parameters of the absorber/scatterer (in particular, the amplitudes of the surface rough-
ness). For an approximate assessment of this value, one can use the same rule as in equation (9) and the
paragraph below this equation. The size of the slit corresponding to the passage of one quantum state is

N3lggglreduced' Adding each next quantum state adds ngg;reduced (equation (39)).

3.2.2. Storing UCN on specular trajectories

The design of the proposed experiment is inspired by [118] in which the storage of UCN on specular
trajectories was used to search for the electric charge of the neutron (gqy,). If g, #0, the neutron trajec-
tory would slightly deviate in a strong electric field.

The optical system for storing UCN on specular trajectories may be a rectangular box with specular
internal walls and slits for the input and output of the UCN beam as shown in figure 4.7 The storage
time of UCN on specular trajectories is limited by the probability of off-specular reflections from the
mirror walls. It was studied experimentally and did not exceed ~2 - 1072 for polished surfaces [119] and
~5-1072 for diamond-like coatings [120]. For polished mirrors and a conservatively estimated frequency
of wall collisions

Vgggeduced ~ 55_1 (40)

(which depends on the precise experimental design and the UCN spectrum), the total observation time
is limited to

fagine < 100 s. (41)

However, for the geometry shown in figure 4, the observation time is also limited by the size of the
interference pattern. During this interval (equation (41)), the size of the interference pattern will increase

13 Using a more complex mirror geometry could allow for longer UCN storage on specular trajectories, and consequently, longer UCN
trajectories. However, we believe the correct strategy for this experiment is to gradually increase the storage time and, consequently, the
sensitivity, so discussing more complex configurations is not currently relevant.
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Simulation of UCN Interference Pattern
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Figure 5. Simulations of the expected interference pattern for UCN G and g, measurements A mirror absorber/scatterer system
of length LGQS‘“‘“““ = 1 m is used for calculations with the absorber/scatterer height of AH Gercdw = 700 pm. The system ori-
ented so that the slit between the mirror and absorber/scatterer is nearly vertical, as described in the text. The exiting wave packet
is propagated for DG Qgredueed = = 40 m, corresponding to the T‘GJ gredued = 20 observation time for VgQSrcdumi =2ms~ ! UCNs. The
effect of a gravitational field from a test mass, or the electric field of electrodes, was included with the presence of a uniform field
that allows the exiting wave packet to ‘fall” The left plot shows the pattern without the effect of an external force and the right
has an applied acceleration of a = 2.7 x 10~ °g. This is 10 times higher than the proposed additional acceleration to improve the
visibility the pattern’s shift to more negative positions.

too much. Therefore, we will limit the observation time to such a value at which the interference pat-
terns do not yet overlap during successive reflections from mirrors oriented (almost) perpendicular to
the UCN motion trajectories. For the widths of these mirrors equal to 1 m, the longitudinal UCN veloc-
ities of 2 m s~! (equation (31)) and the transverse UCN velocities of 8.6-10~* m s~! (equation (38)),
the observation time is equal to

N
faggie ~ 208, (42)
the trajectory length is
Dggls\lreduced - 40 m7 (43)
and the interference pattern size is
AxL = 2 Gereduced ngglreduned 35 cm. (44)

The simulated interference patterns are shown in figure 5.

3.2.3. Estimation of sensitivity of the UCN WGS interferometer to the gravitational constant G

The following sensitivity estimate is made under the most general assumptions and serves only as an ini-
tial guide. The result depends on the degree of monochromaticity of the longitudinal velocities of UCN,
but not very strongly, and the window of longitudinal velocities can be quite wide. Suppose that our
measurement is the difference in the interference pattern with or without an additional source mass that
interacts with the neutrons only by gravitation. For the source mass being a tungsten ball with a diame-
ter of ~1 m and the UCN just close to the beam, we expect an additional acceleration of ~2.7-1077 g.

Simulations show that with the parameters presented above, ~10 days of statistics taking, and the
phase space density of UCN available at the PF2 facility at the ILL, the sensitivity can reach a few times
1072 of the value G. In view of the rather contradictory results of existing experiments [121], an inde-
pendent reliable measurement with a sensitivity better than 10~* may be of interest, comparable to other
interferometric methods [122].

Due to the ‘fine tuning’ of the experimental parameters (mirror sizes, UCN storage time on specular
trajectories, the number of quantum states in the interference pattern formation system, statistics col-
lection time, use of future sources with higher UCN density, etc), such an increase in sensitivity seems
realistic. The use of a quantum system can limit some systematic errors. However, the analysis of such
an experiment is a separate and extremely complex task, far beyond the scope of this work.
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3.3. Estimation of sensitivity of the UCN WGS interferometer to the neutron electric charge g,
The same comment should be made for the case of assessing the sensitivity of this method to the pres-
ence of an electric charge on the neutron g,. In order to estimate the sensitivity of the experiment to
the presence of q,, we assume that the electric field is applied along the entire trajectory of the neutron
and its intensity is ~10* V. cm~!. On the one hand, the electrodes cannot be placed near the mirrors
(otherwise, the shadow effect will occur, as the electrodes would be placed in the UCN beam). However,
the field intensity along that part of the neutron trajectory where the interference pattern is small can
be many times higher. Therefore, our sensitivity estimate is very conservative and is g, ~ 107%* e. At the
same time, all the arguments about the possible ‘fine-tuning’ of the parameters and the further increase
in sensitivity by at least one or two orders of magnitude remain valid. In view of the fact that the best
limit on the g, value today is ~1072! ¢ [123], our estimate seems very promising.

If one decides to take more concrete steps in these directions, the exact experimental design must be
developed, the sensitivity optimized, and systematic effects studied theoretically and experimentally, to
evaluate its competitiveness with other methods to constrain g, such as [124]".

4. A possible measurement of the WGS of Hydrogen and its gravitational shift

4.1. Optimization of experiments with the WGS of H

The effective critical energies of all materials for H are quite small, and even smaller for heavier atoms
[30, 74, 125-127]. Therefore, we are interested in a material with a maximum effective critical energy.
Among those considered in [30], we select Silica. We ignore the liquid-helium surface on the curved
mirror, due to experimental difficulties.

The density in the phase space of the H beam can be quite high compared to that of the neutron
beams. However, the angular spread in the interference pattern is small simply because of these low
effective critical energies. Therefore, we prefer to use quite a lot of quasi-classical bounces and only a
few WGS. This choice will provide a sufficiently informative interference pattern with a large number of
interference fringes. For this choice, the requirements for the spatial resolution of the H detector are less
demanding.

A motivation for the informative interference pattern is the possibility of extracting unprecedentedly
precise and detailed information about the QR process. Thus, for

/6{/{VGS ~ 10 (45)
and
Yvgs ~3+N (46)
(N is the number of exited WGS),
Bl ~1.2-107" eV. (47)

Here, we applied formula (10) to the data calculated in [30]. The precise simulations in the following
will illustrate the sensitivity to these parameters.
Equations (1a)-(1d), (9) and (45)—(47) result in

H H
H wes® EGQS

Twas = T6as T ~25-107"%s. (48)
lim
Equations (7) and (48) result in
PN
-
Aas ~ g (TgQS ) ~9.0-10"' ms™?2 (49)
WGS

To have the mirror compatible with the GRASIAN setup [84, 85] we select the same mirror length as
that in the GQS experiments:

L@GS =0.3 m. (50)

14 An interferometer of this type can also be designed for ultracold atoms, however, the analysis of this possibility is far beyond the
scope of this article.
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Equations (46), (48) and (50) result in
LH
Vivgs ~ e — ~1.2-10 ms™ . (51)
Bwas " Twas

Equations (49) and (51) result in

2
VH
R~ (Vgi‘”) ~1.6-10% m. (52)
a

WGS

The ratio of the magnitudes of gravitational and centrifugal accelerations (equation (49))

= ~1.1-107" (53)

Awas
is ‘huge’ compared to the ~ 107> value measured in the neutron experiment [82].

This large magnitude of the gravitational effect makes a measurement of the gravitational shift of the
WGS experimentally accessible.

It is enough to simply compare the results of the measurement with the reflective surface of the
cylindrical mirror directed (almost) downward with the results of the measurement with the reflective
surface of the cylindrical mirror (almost) upward. The remaining parameters of the experiments are
identical.

Moreover, the current absolute precision of the theoretical description of interference patterns is at
least ~1072 — 1072, and it can be improved. Therefore, even a comparison of the theoretical and experi-
mental patterns provides information about the gravitational effect.

4.2. Simulation of an H WGS interference pattern

The optimal velocity of H in equation (51) is close to the characteristic velocities of the H beam in the
GQS experiment performed within the framework of the GRASIAN project [84, 85]. So we simply use
the optimum parameters to simulate the interference pattern that we would like to measure:

Les=03m ; Vio=12-100ms™' ; Riyjg=16-10" m. (54)

The efficiency of the critical energy of the mirror as a ‘filter’ of atomic WGS is limited because the
lifetimes of WGS with energy above the critical energy do not decrease sharply. Therefore, we will add
one more element to the experimental setup: an additional scatterer/absorber in the initial part of the
mirror. By changing the height of the scatterer/absorber above the mirror, it is possible to change the
number of WGS that can pass through the slit with small losses. We are not interested in an ‘absolutely
sharp’ cut-off of the spectrum of WGS. Therefore, here and in all similar cases below, we will choose the
absorber/scatterer length short and equal to the length of a quasi-classical bounce, or Lwgs/Bwas-

To resolve the peaks seen in the interference pattern on the left of figure 6 and the most prominent
peaks of the more intricate pattern seen on the right of figure 6, the chopper time window should not
exceed ~3 ms, and the spatial resolution of the position sensitive detector should not be worse than
~300 pum. Ultimately, what determines the visibility of the interference structure is the velocity resolu-
tion of the H atoms. In the GRASIAN experiment, this resolution is defined by the temporal width of
the beam pulses produced by the mechanical chopper in the cryogenic H beamline. The chopper selects
narrow time slices of the continuous atomic flux, effectively constraining the longitudinal velocity spread
through the relation Av/v &~ At/#tror, where trof is the mean ToF to the detection region. For typical
flight times of a few tens of milliseconds, a chopper window of about 3 ms corresponds to a relative
velocity resolution of the order of 107 — 10~!. Further improvements in the chopper timing or in the
detection distance would directly translate into enhanced resolution of the higher-order interference fea-
tures. To resolve the fine structure of this interference pattern, the tighter constraints of a ~0.5 ms time
window and ~50 pm position resolution are needed. In the following, we will give more details about
how the measurement will be performed simply because it is already planned for the near future.

4.3. A scheme of an H WGS experiment
A scheme of an H WGS experiment is shown in figure 7.

To facilitate the measurement of a gravitational shift g/affs, we maximize it. For our cylindrical
mirror with a very large radius of curvature, this means that first we measure with the cylindrically pol-
ished side facing upward, then with it facing downward, and compare the interference patterns. A com-
plementary method is to compare the experimental and theoretical patterns. As the gravitational shift is
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Simulation of H WG Interference Pattern
L =30cm, R=160m, D =5m
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Figure 6. Simulations of the expected interference pattern for the cylindrical mirror with a radius R = 160 m and a length
L\%Gs = 30 cm. Two scenarios are shown, each with an absorber/scatterer of length (LA)VHVGS = 3 cm placed at a height AHwgs =
30 pm and AHwgs = 60 um above the beginning of the mirror. An incident plane wave is assumed to enter the gallery with no
incidence angle and is propagated through the gallery by solving the Schrédinger equation. The wave packet at the exit of the
gallery is then propagated through a free fall region of length DY, . = 5 m. This image does not consider the velocity distribu-
tion of the H beam, nor the resolution effects of the detection system. The gravitational acceleration points downwards, and the
origin corresponds to the edge at the exit of the gallery.

Y

Chopper Mirror

Dror

 /
Detector

Figure 7. A schematic of the H WGS experiment. A collimated beam of H enters the system through a chopper, placed a dis-
tance D¢ away from the entrance of the mirror, which enables the measurement of the velocity of H atoms by the ToF method.
The beam then enters the mirror absorber/scatterer system. Lower energy WGS can pass through the initial section where an
absorber/scatterer of length L, is placed a height AH above the mirror, while higher WGS are rejected. The lower WGS then
propagate along the surface and interfere with each other until reaching the end of the mirror, which has a total length L. The
exiting beam enters a free fall region where a time and position sensitive detection system is placed a distance Dr from the exit of
the mirror. The position of the H atom on the detector is denoted as X.

large (1.1-107!, equation (53)) both methods are easy to implement; for the comparison of interference
patterns with opposite orientation, the effect is twice larger.

This measurement allows prototyping experiments with H and evaluation of the sensitivity to gravi-
tational shift as well as the accuracy of the estimation of this value.

4.4. A cryogenic beam of slow velocity H for WGS measurements

The measurement of the WGS of H will take place at the Marietta Blau Institute (MBI) in Vienna with
the cold H beamline developed at ETH Zurich in recent years [84, 85]. The setup is being prepared for
the observation of GQS at the time of writing this article.

The beam of atomic H is generated by dissociating H, molecules in a microwave cavity and directing
the H atoms with a Teflon tube to a copper nozzle attached to the cold head in an optimized geometry
[128]. By collisions with the cold nozzle, H is cooled to ~6 K. A chopper allows one to determine the
longitudinal velocity of the beam by time-of-flight measurement, selecting the slow tail of the velocity
distribution [84, 85].
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Simulation of H GQS Interference Pattern
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Figure 8. A simulation of the interference pattern generated by H propagating through a mirror-absorber/scatterer system of
the same type as proposed for the VCN GQS measurement. The length of the system is Lng = 30 cm and the absorber/scatterer

height is AHgQS =40 pm. H enters a free fall region of length DgQS = 5 m after leaving the mirror. Note that, just as it was in
the case of proposed experiments with VCN, a much richer interference pattern can be observed if the detector resolution is
higher, the distance is larger or/and the velocity is lower.

In parallel, a new H source operating at the temperature of ~ 100 mK has been developed in Turku
by members of the GRASIAN collaboration [129, 130]. Such a source would increase the number of
atoms with velocities below 100 ms™! by at least 3 orders of magnitude, substantially enhancing the
fraction of atoms suitable for WGS measurement and opening the way to higher-contrast interference
and improved statistics in future experiments. Further increase in phase space density could be achieved
via magnetic trapping and cooling of the atoms.

4.5. Resolution of the H WGS interference pattern

The time resolution is defined by the opening time of the chopper, which is ~5 ms at the moment, and

to a small extent also by the duration of the laser pulse. The spatial resolution of ~120 pm of the cur-

rent detection scheme of H [84, 85] is defined by the width of the laser beam at the point of detection.
A new chopper will be used, with an opening time of 0.5-3.0 ms, improving the resolution; the

actual value should match the spatial resolution obtained. Improvement of the spatial resolution is more

complicated, however, is possible using alternative methods, for example, with microchannel plates.

4.6. A demonstration of the GQS of H using an interference method
Using the installation as described in the previous sections and the method as described in section 3.1
for VCN, one can prove the existence of GQS of H. The only slight difference consists of a flight path

available (~5 m), a spatial resolution of the detector (~120 um), and a bit different velocity range (see
figure 8).

5. Measurement of the WGS of antihydrogen and its gravitational shift

The WGS and GQS of H are of interest for an investigation of the gravitational interaction of antimatter
[70, 72—74]. The argument can be made that the gravitational interaction between matter and antimatter
is well known from tests of the equivalence principle with objects that contain antimatter, i.e. nucleons.
Kostelecky et al [81] discuss how the constraints from these experiments can be evaded. The first result
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of a gravitational interaction test with H has recently been achieved in [91]. Alternatively, the experimen-
tal accuracy of this comparison should be high enough to evade the existing indirect constraints.

5.1. Optimization of experiments with the WGS of H
A specific feature of experiments with H is the difficulty in producing them sufficiently cold. Therefore,
we will use Silica for the mirror, a material with a high effective critical energy, as we did in the case of
H. An even larger effective critical energy for the mirror material would be advantageous because, on
the one hand, it would expand the range of acceptable H velocities and, on the other hand, it would
increase the number of interference fringes, thereby increasing the accuracy of gravitational shift mea-
surements. Since the list of materials for which this value is known is very limited, it is highly likely that
such materials exist and could be used to fabricate a mirror. Therefore, searching for such materials is an
important task. For now, we use Silica and evaluate the maximum values Vi, at which the experiment
is still feasible.

As the acceptable velocity of H increases with increasing mirror length, we set it to a high value'’:

Heo~1m. (55)

The acceptable velocity of H also increases with increasing mirror radius Ri. However, a precision
mirror with a too large radius of curvature is difficult to manufacture, and the curvature of the mirror
surface would not be maintained with sufficient accuracy. Moreover, it cannot be too large to avoid a
direct view through the slit between the mirror and the scatterer/absorber'®. To reduce this effect, the
length of the absorber/scatterer must be increased when observing a large number of quantum states.
All of these factors are difficult to quantify simultaneously, so we rely on our previous experience with
mirrors and take for the maximum realistic radius of the mirror curvature the value of

Rl s~ 10* m. (56)

To increase the effective critical energy, we prefer a limited number of quasi-classical bounces. A
comfortable number of quasi-classical bounces is, say:

5@Gs ~5. (57)

However, we will simulate the interference pattern up to maximum values of V. thus exploring also
the regime of B ~ 1.

To observe an interference pattern with a significant number of interference lines, the system should
provide at least a few WGS:

Vs ~3+2. (58)

This combination of parameters results in the following set of effective critical energy El , accelera-
tion aff g, and velocity Vi for an experiment with H:

El ~20-107eV; allc~54-100ms % Vig~7.4-10° ms™.. (59)

The measurement can be performed with H of thermal velocities, or several times larger (we will
evaluate in section 5.3 up to what velocity of H the range can be, in principle, extended). For an opti-
mal velocity of Vii.s~7.4-10° m s~!, the gravitational shift is ~1.8-10~> which can be easily mea-
sured. Smaller velocities of the H would be an advantage. Higher velocities of H can also be considered;
however, the gravitational shift decreases quadratically with increasing velocity. Fabrication of required
mirrors is feasible.

In order to avoid extremely precise absolute measurements, it seems reasonable to measure the WGS
of H and H using the same mirror and compare the results. Theoretical corrections responsible for the
small difference in QR of H and H should then be introduced.

15 Some increase in the mirror length is possible, and this option should be carefully analyzed if the proposed method is to be consid-
ered for a specific project.

16 Strictly speaking, there is no direct view in the framework of purely quantum description but this quasi-classical model is still useful
for the preliminary estimation of the experimental parameters.
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Figure 9. A schematic of the H WGS experiment. A collimated monochromatic beam of H enters the mirror absorber/scatterer
system. Like with the H WGS set-up before, an absorber/scatterer of length L, is placed a height AH above the mirror and filters
out higher energy WGS. The surviving WGS propagate along the surface and interfere over the mirror of length L. The H atoms
which are not reflected by the Casimir—Polder interaction will reach the surface and annihilate. The position Z of this annihila-
tion event is taken as the signal and is experimentally determined by recording the trajectories of the annihilation products. The
predicted annihilation rate can be taken as the probability current of the H wave function at the mirror surface.

5.2. A scheme of an H WGS experiment
To propose an experimental setup for H, one should keep the following factors in mind: the angular
spread of H at the mirror exit is very small due to the very large longitudinal velocities of H and the
very low transverse velocities. Therefore, the experimental setup possible with n and H (figure 7) is not
applicable directly here.

However, another option is possible. When touching the mirror surface, the H is annihilated and
the signal from such an event (charged pions) can be registered in a position-sensitive detector. For
this reason, the ‘useful signal’ that we simulate in section 5.3 is the flow of H into the mirror surface.
Another difference is that the longitudinal velocity of the H atom is not set by the chopper; the spec-
trum is monochromatic or is set by the moment of release of H from the trap (depending on the spe-
cific implementation of the experiment). B

The last ‘free parameter’ in this experimental setup (figure 9) is the height AHY ¢ of the absorber/s-
catterer above the mirror. By increasing AH%,q, we can increase the number of observed interfer-
ence fringes and thus increase the sensitivity of the experiment to measuring gravitational acceleration.
However, this increase is limited by the spatial resolution of the position-sensitive detector of H annihi-
lation, the direct view through the slit mirror-absorber/scatterer as well as by the decrease in the lifetime
of the WGS with increasing quantum state number.

5.3. Simulation of an H WGS interference pattern
The parameters used for the simulation are:

Hee=1m; Rl =10"m; VI =74-10ms™" . (60)
A characteristic state size K is:
Krcs ~ 0.71 pm. (61)
To allow for N excited WGS, one should set the slit to the height:

AHE o~ - (3+N). (62)

The interference pattern simulated in figure 10, can be measured with velocities of H up to ~10°
m s~ '. They are an order of magnitude lower than those available in the GBAR experiment [131].
Moreover, the loss of H atoms increases rapidly with increasing velocity. The flux of H decreases by
an order of magnitude if the velocity of H increases by a factor of ~2. ‘Fine tuning’ of the experimen-
tal parameters (Lf s, R¥ s, AHY s, mirror material, etc) for specific beam parameters is possible.
However, smaller velocities of H are always an advantage.

In principle, it is possible to perform a similar experiment even with H velocities of ~10° m s~ !.
This requires using the material with the highest critical energy, liquid helium. Since coating the surface
of a cylindrical mirror with a thick layer of helium with stable, well-controlled, and consistent properties
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Simulation of H Interference Pattern
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Figure 10. A simulation of the annihilation rate of H on the surface of a WGS mirror with the parameters in equation (60) and a

wide range of velocities. An absorber/scatterer at a height AH@GS ~ 7 pm allows 106 states to be populated for 200.000 m s ™!

and 4 states for 5000 m s~ in the absorber/scatterer region. The length of the absorber/scatterer region is (La)grc,s =30 cm. The

spatial resolution of the H annihilation detector needed to measure WGS with the H velocity of 200.000 m s~ is ~1 mm, and it
is ~5 mm for the H velocity of 5000 m s—!.

seems unrealistic, the mirror surface must be flat. To achieve the GQS/WGS effect, an additional force
must be added, pressing the H to the helium surface due to a magnetic field gradient. We may opti-
mize this possibility if it is of practical interest. Unfortunately, it will not be an elegant, simple solution
like most of the proposals in this article. In addition, the gravitational shift decreases quadratically and
becomes too small to be measured reliably.

6. GQS of Hydrogen and Antihydrogen on a ‘falling mirror’

As noted above, the storage time of H and H on the plane, due to QR from the surface, is limited to
~1 s. This is much longer than the observation times of the UCN in existing experiments, which can
dramatically increase the accuracy of quantum gravitational spectroscopy and interferometry. Because the
atoms stored in GQS interact with the surface in a well-known way, this interaction can be taken into
account very accurately. This circumstance opens up the potential for Doppler-free optical and hyperfine
spectroscopy of such atoms, since their effective velocities in the direction perpendicular to the plane
(the velocity distribution in the lowest GQS) are record low.

It is of interest to consider the possibility of even longer storage of atoms on the surface and even
more precise spectroscopy and interferometry. This can be achieved by placing the atoms in reduced
gravity. In the laboratory, this effect can be achieved most simply by tilting the magneto-gravitational
trap [132]. However, it will be the same when the mirror falls with almost gravitational acceleration and
when the experiment is actually placed in reduced gravity. In all these cases, we will simply consider the

reduced gravitational acceleration g(GPéSH)dd
To understand the effect of reduced gravity, let us reproduce the dependences of all parameters on
(HH) |
the value of 8GQsrduced’
() (A N\ @) T @A) (R )
H.H HH > (HH HH 3 H.H H.H 3
EGereduced o8 (gGereduced> ?IGereduced X (gGereduced) )TGereduced X (gGereduced> . (63)
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The lifetime 7

GQseduced of H and H in GQS, due to QR from the surface, is proportional to

_4
H.H H,H 3
tGercduccd X (géercc)iuccd) . (64)

The significant increase in storage time is easy to understand in quasi-classical approximation: with
a decrease in gravity, it increases both by reducing the frequency of bounces on the surface and by
increasing the wavelength of the atom.

At the same time, the precision measurement of the spectrum of GQS (in reduced gravity)

AE(GlggE)duced /E(G%éfe)duced, which in a rough approximation is proportional to the reversal number of quasi-

classical bounces, quickly improves:

H’H) HH 2
AE( educed Tygreduce HH 3
Gasred  ToQgdeed (() ) . (65)

E(H’H) tHvﬁ Gereduced

GQreduced GQreduced
In addition to the proven significant increase in the accuracy and sensitivity of spectroscopic and
interferometric measurements, the requirements for optical elements in such experiments are greatly
simplified. Since the characteristic sizes of quantum states become much larger, the requirements for

surface roughness, the relative accuracy of mirror and absorber/scatterer installation, the resolution of

position-sensitive detectors, etc are significantly lower.

7. WGS of Mu

7.1. Optimization of an experiment with the WGS of Mu
We turn to a discussion of the WGS of Mu. Kostelecky et al [81] discuss a non-standard Hamiltonian
with new terms that depend on particle species. Investigations of the new coupling constants to higher
generation particles are rare and of independent interest. The authors of [81] expect that the new cou-
pling constants increase with the fermion mass.

When considering the feasibility of measuring the WGS of Mu, there are several limitations and
advantages that should be taken into account.

On the ‘limitations’ side, the Mu lifetime is short:

™MU22.107 s, (66)

therefore, the observation time of the WGS of Mu (i¢s) cannot exceed this value substantially.
However, the use of sources of Mu at cryogenic temperatures [133] or the novel beam of Mu pro-
duced from superfluid helium [93] with a velocity of

Vies ~2.2-10° ms™! (67)

combined with the planned high intensity muon beamline upgrade at PSI [134] could allow the observa-
tion of WGS. This velocity is even significantly lower than that of H discussed in section 5.
Due to the small mass of Mu,

mM ~0.113 - ™ (68)

the effective critical energy of the materials for Mu is much larger than their effective critical energy for
the H and H atoms.

On the one hand, large effective critical energies simplify the observation of the WGS of Mu, and
relax the constraints on Mu velocities. This is particularly useful if the goal is to investigate the QR itself.
However, the relative value of the gravitational shift is much smaller, and the flux of Mu into the surface
is suppressed. We will aim to optimize the experimental parameters to simplify the observation of the
gravitational shift.

The Mu emitted from superfluid helium [135, 136] can be considered monochromatic (we will illus-
trate this statement quantitatively in section 7.2):

SVMY ~5.10' ms™!, (69)
and the phase space density of the Mu beam is quite large.
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For
T =3 . M (70)
the mirror length'” is
Lijes ~ Viggs - Twes ~ 1.5-107% m. (71)

We begin optimizing this experiment by comparing it with the measurement of the magnetic shift of
the neutron WGS [82]. In this short measurement, the relative contribution of an additional force was
~107>. In a dedicated experiment, the sensitivity can greatly increase; however, we start optimizing the
Mu experiment from this value. So, we get the first condition:

anes ~ 10° ms™2. (72)
Thus, the characteristic time of formation of the WGS is (equations (7) and (68)):
Tas ~9.3-1077 . (73)

Note that the formation time of the quantum state T\I,\VAES is shorter than the lifetime of Mu, 7™, so the
number of quasi-classical bounces (equation (11)) is small but acceptable:
Mu

M T

WGS
The mirror radius is comfortable for mirror manufacturing (equations (5, 67) and 73)):

R~ 4.8 m. (75)

The only parameter that is too large is the number of WGS. For instance, for S)es (equation (74))
bounces on Silica, it is

s ~ 8.6 10%, (76)

and it is too large for any material.

Therefore, the choice of mirror material does not matter if we consider only the shape of the inter-
ference pattern'®, and we have to limit the number of WGS in a different way. As we did for H and H,
a short absorber/scatterer should be installed in the Mu experiment above the initial part of the mirror
with a slit size AHY.:

AHyés ~ hyts - B+N), (77)
where
M ~56-107" m (78)

and N is the number of excited WGS.
Although all the parameters of the problem are quite comfortable for observing the WGS of Mu,
measuring the gravitational shift of the WGS of Mu is much more challenging. The relative shift is

o~ 1077, (79)

awGs

This value (equation (79)) matches exactly the sensitivity of the short neutron experiment [82].
Therefore, achieving the same sensitivity in the Mu experiment is not fundamentally difficult. However,
unlike the neutron experiment, in which the direction of the additional force was reversed, in the case
of measuring a gravitational shift of the WGS of Mu, one needs to reverse the orientation of the mir-
ror. This means that one must ensure the mirror adjustment and control with corresponding accuracy,
which is an extremely challenging task. In any case, prototyping this experiment with neutrons seems
like a necessary preliminary step because all the parameters of this task are typical for neutron experi-
ments, and the neutron fluxes are also high. For example, such an experiment can be performed at the
PF1B facility at the ILL [137].

17 We accept that only a small fraction of the beam can reach the exit of the mirror but try to maximally increase the sensitivity using
this parameter (L}L%), and the mirror length is small anyway.
18 To increase the flux of Mu into the mirror surface, the effective critical energy should be low, thus, a conducting surface is a better

choice.
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Simulation of Mu Interference Pattern
AH =6 um, L =15 mm, R =48 m
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Figure 11. A simulation of the Mu current into the surface of the WGS mirror with the parameters in equation (80). 8 states
contribute to the pattern due to the presence of an absorber/scatterer of length (L)} = 5 mm at the beginning of the mirror.
The decay of Mu is taken into account. Only the region after the absorber/scatterer is presented since it is almost independent on
precisely setting the AHY4. value, thus more reliable to simulate.

7.2. Simulation of a Mu WGS interference pattern
Here, we summarize the experimental parameters for the WGS of Mu (equations (67), (71), (75)
and (77)):

Vints ~2.2-10° ms™; It ~ 1.5- 1072 m; Rijeg ~ 4.8 m; AHyeg ~5.6-1077-(3+N) m.  (80)

The simulation results are shown in figures 11 and 12. Note that the purpose of this simulation was
only to demonstrate the possibility of observing the WGS of Mu. To increase the chances of observing
the gravitational shift of the WGS of Mu, it is preferable to use only excited WGS by tilting the incident
beam relative to the mirror surface. In this case, the number of interference fringes that can be observed
will increase greatly and the accuracy of the shift measurement will also improve greatly. However, this is
a more complex optimization that is far beyond the scope of this article.

7.3. A scheme of a Mu WGS experiment

The scheme for WGS formation is similar to that used for H and H. However, the detection scheme of
Mu would differ from the first and second cases. Unlike H, both the lifetime of Mu is too short and the
angular spread of Mu is too small to be analyzed using a position-sensitive detector installed a large dis-
tance from the edge of the mirror. Unlike H, measuring the annihilation points of Mu in the mirror also
does not work. If the mirror is magnetic, the spin rotation of Mu upon contact with the mirror may
allow the WGS pattern to be detected. However, a detection method requires more serious analysis and
is not clear to us at the moment.

8. WGS of Positronium

When considering the possibility of measuring the WGS of Ps, several factors should be considered.

First, since the mass of Ps is much smaller than the mass of Mu, the probability of QR and the effec-
tive critical energy are even much higher. Therefore, we would use the same experimental scheme as in
the case of Mu, i.e. excess excited WGS are removed using an absorber/scatterer. However, in order to
increase the probability that Ps reaches the surface and annihilates, we send the Ps beam at a significant
angle to the surface. This method allows us to eliminate the low WGS. As a result, the signal is stronger
and the interference pattern contains more interference lines.
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Simulation of Mu Interference Pattern
AH =6 pm, L =15 mm, R =48 m
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Figure 12. The Mu current into the mirror calculated in figure 11 integrated over the expected velocity spectrum. The decay of
Mu is taken into account. One can see that the assumption of a ‘monochromatic beam’ (equation (69)) is valid, and the interfer-
ence contrast is very high.

Second, the lifetime of Ps in the ground state is even shorter than the lifetime of Mu. However, the
lifetime of the excited quantum state increases rapidly with increasing quantum number. This circum-
stance can be understood as follows: with an increasing quantum number, the average distance between
the electron and positron increases, the overlap integral of their wave functions decreases, and, accord-
ingly, the probability of annihilation decreases. For example, for the quantum state n = 33, the lifetime is

=3 107 s, (81)
A characteristic velocity of available Ps beams is [138, 139]

V*~5.10* ms™". (82)
Assuming that the ToF of the Ps over the mirror (t&s,gsz P Lssgsz ? /VPS) is equal to the lifetime
7Pn=33 " the length of the mirror is

Lyt ~ 0.5 m. (83)

Based on these values, we will optimize the experimental design to increase the chances of observing
a gravitational shift of Ps.
To decrease a relative gravitational shift, we prefer a small number of quasi-classical bounces:

Ps,n=>33
wos |~ 3 (84)

Then the time of formation of the WGS of Ps is

Ps,n=33  Ps,n=33 ; oPs,n=33 —6
Twes -~ twas [ Bwes - ~3.3-107%s, (85)
and the acceleration is
Ay’ =1.8-10° ms™2, (86)
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Simulation of Ps Interference Pattern
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Figure 13. A simulation of the annihilation rate of Ps on the surface of a mirror with the parameters in equation (92). Similar
to the calculation of Mu, only the absorber/scatterer free region is shown. The absorber/scatterer has a length of (LA)&?&: ¥ =

16.6 cm in this calculation.

and the relative gravitational shift is

_8&
Ps,n=33
awGs

~5.5-107°. (87)

Note that this value (87) is as large (as small) as the sensitivity ~107> of the neutron test experiment
[82] or the estimated effect in the experiment with Mu (equation (79)).
The radius of the mirror Rs\?gs: » which corresponds to the velocity (equation (82)) and acceleration

(equation (86)) of Ps, is equal to
RUE? ~1.4-10° m. (88)

One significant simplification of such an experiment is that the size of the slit to shape the WGS is
relatively large due to the small mass of Ps. The characteristic slit size is:

Iots? ~9.8-107° m. (89)

For
Twas o~ 10, (90)

it is
AHWL? ~9.8-107° m. (91)

8.1. Simulation of a Ps WGS interference pattern
Let us summarize the characteristic parameters of the problem:

n=133; Voot > ~5-10* ms™; Lisie? ~ 0.5 m; g/ape > ~5.5-107% Rigite > =1.4-10°> m.  (92)

The simulation results are presented in figure 13.

26



10P Publishing

New J. Phys. 28 (2026) 073902 V V Nesvizhevsky et al

8.2. A scheme of a Ps WGS experiment

Due to the same arguments as in the case of H, the scheme of a Ps experiment is the same as the
scheme of the H experiment. In this case, a PET-like detector could be used to reconstruct the annihi-
lation vertex of Ps on the mirror.

8.3. A possible improvement

Although it seems feasible to measure the WGS of Ps and the QR can be studied, detection of the grav-
itational shift is much more difficult. The results shown in the previous sections are on the border
between ‘very challenging’ and ‘impossible’. However, unlike Mu, whose lifetime cannot be changed, the
lifetime of Ps can be, in principle, increased using excited states with n > 33. This change may increase
the relative magnitude of the gravitational shift (see equation (87)), which is proportional to (77%)!
which is quite a strong factor. In this case, the gravitational shift could probably be measured as well.

Another improvement is the use of slower Ps. This can be achieved by selecting slower Ps atoms
from the broad velocity distribution, or simply sending the beam at a larger angle to the axis of the
cylindrical mirror'. In this case, the mirror radius can decrease, and the production of optical elements
of the experiment would become less challenging. Recent progress in laser cooling of Ps [140, 141] holds
great promise in this respect.

A major difficulty that must be studied in detail is that the critical energy of all materials for Ps (and
Mu) is ‘too” high. Moreover, Ps is reflected with a high probability not only due to QR but also in con-
tact with the surface. Therefore, the probability of annihilation of Ps per quasi-classical bounce is very
low. While Ps are reflected in the specular direction because of QR, the contact reflection might be off
specular.

9. Conclusion

We presented a general method for optimizing experiments that rely on various shifts of interference
patterns formed by whispering-gallery and GQS of various particles and atoms. Relatively small changes
in the key parameters of the problem lead to changes in the WGS and GQS observables by many orders
of magnitude, thus simplifying the optimization of experiments for solving specific problems. This
approach has been applied to particles and atoms such as neutrons, hydrogen, antihydrogen, Mu, and
Ps. Our approach can be extended to other particles, other experimental arrangements, and combina-
tions of them. We proposed specific parameters and experimental schemes to observe the whispering-
gallery interference patterns and their shifts. In particular, we describe for the first time feasible exper-
iments to observe and study whispering-gallery states of Mu and Ps. A list of parameters for the pro-
posed whispering gallery experiments is presented in table 1, as well as potential detection schemes and
locations where each particle can be sourced. In addition, some basic properties of each particle are
included in this table, including their surface scattering lengths associated with their interaction with the
Casimir—Polder potential generated by a silica slab. For the atoms listed in the table, their surface scatter-
ing lengths were calculated with the C, potential model of the Casimir—Polder potential, as described in
appendix C.

Note that each of the considered cases can be viewed as a ‘zero approximation’ and a proof of the
feasibility of the corresponding experiment. The sensitivity/accuracy of these experiments might be sig-
nificantly increased by ‘tuning’ the parameters of the problem, increasing the (spatial, temporal, ener-
getic, etc) resolutions, increasing the statistics and properties of the particle beams, etc. An interesting
way to increase sensitivity is to use the revival phenomenon, which was analyzed in detail in relation to
GQS and WGS in paper [143]. The interference patterns already measured in neutron WGS experiments
have a sufficiently complex structure to be observed and used.

The method developed has numerous applications. For example, the proposed neutron interferom-
eter has high sensitivity and can be used to measure the gravitational constant, to improve the con-
straint on the electric charge of the neutron, and for other applications. The hydrogen/deuterium inter-
ferometer provides unprecedented sensitivity to the QR properties of hydrogen/deuterium atoms from
surfaces. All presented methods can be extended to heavier atoms. The antihydrogen interferometer
can be implemented with antihydrogen velocities of at least ~10° m s~!. The identification and use of
materials with an effective critical energy greater than that of silica would further increase the upper
limit of the antihydrogen velocity range. Even a velocity of ~10° m s! is possible only with the use
of flat liquid helium surfaces and extra magnetic fields. If the velocity is not significantly larger than

19 Only the component of Ps velocity perpendicular to the cylinder axis matters.
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Table 1. In the table above are relevant parameters for each of the WGS experiments discussed. The quantities provided are intended to
give a sense of the relevant scales involved in each problem as opposed to a precise number. The method of calculating the surface
scattering lengths of the van der Waals—Casimir/Polder interaction for neutral atoms is described in appendix C. All other quantities
not calculated in this article are taken from the Particle Data Group [142].

1=0

n HZ, H,- Mu, 2 Ps.=%,
Velocities (ms—!) ~10° ~10? ~10* ~10° ~10*
Radius of curvature (m) ~1072 ~10? ~10* ~10° ~10°
Acceleration (ms™—2) ~107 ~10? ~10° ~10° ~10°
Characteristic energy (eV) ~10~8 ~10712 ~10—H1 ~10710 ~10"10
Characteristic length (m) ~1078 ~10~° ~107¢ ~10~7 ~10~4
Surface scattering length (m) 0 —0i 0—2x107% 0—2x1078% 0—-6x107% 0—4x1075
Number of states ~10! ~10! ~10! ~10! ~10!
Mass (MeVc—?) 939.565 938.783 938.783 106.169 1.022
Lifetime (s) 8.8 x 102 > 1077 > 10%7 2.2%x107° 10—°
Method of detection 3He absorption  photo-ionization/MCP mt7~ tracking = — PET camera
Sources ILL, SNS MBI, University of Turku CERN PSI ETH

~10* m s™!, measurements of a gravitational shift are experimentally feasible. Antihydrogen and Ps

interferometers offer an advantage for studying QR in that antimatter particles are annihilated upon
contact with a surface, thus preventing spurious effects. Positronium interferometers can in principle
allow one to measure gravitational shifts, although extremely challenging absolute precision is needed.
Neutron, atom, and antiatom interferometers, under reduced gravity, provide long-lived quantum states
and exhibit significantly increased sensitivity and precision.
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Appendix A. Stationary phase approximation

The stationary phase approximation is used to approximate equation (21) as equation (22). The details
of the approximation are worked out here. We can rewrite equation (21) as

1 . Rl .
U (x,2) ~ Eelkoz /_ ww(k) W dk, (A1)
where
kz
¢ (k) 2k0Z+kx (A2)

The phase rapidly oscillates for k of the relevant scale describing the wave packet, so much of this inte-
gral cancels beyond the stationary point of ¢(k). The stationary point of equation (A2) occurs for k = k
with

k= ko (A3)
z
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Note also that

8% oz
W (ks) - _kT)- (A4)

Using equations (A2)—(A4), the phase can be approximated about its stationary point as

86

¢ (k) Mb(k)*‘gw(ks)(k—ks)z
kox* z r X 2 (A5)
;?7%( - 0;) :

If we approximate ¢ to the zeroth order of k, we find that the approximate position space wave func-
tion are

U (x,2) ~ %@L (koi;) ci(ket %) /Oo i (k)" gp (A6)

— 00

By changing the coordinates from k — s where s =, /5 (k—ko%) we find that the above integral

becomes
k0z+ kO _
U (x,2) ~ (ko 1/ / i€ 4s. (A7)

The above expression is the Fresnel integral and has the value
/ e ¥ ds = Vet (A8)

and we find that

U (x,z) ~ %JJ (kog) (ko5 43) (A9)

Appendix B. Sensitivity estimate

To estimate the sensitivity of the described experiments to an external force, we calculate the Cramér—
Rao bound on the variance o7 of the estimator a of the applied acceleration a. This method has been
used to estimate the sensitivity of similar experiments in [74, 144, 145]. This estimation will assume that
a is unbiased and efficient, an assumption that should be tested directly with Monte-Carlo simulations.
This bound can be calculated as the inverse of Fisher information

dlog L\’
B1
( 5 ) ] ; (B1)
where L is the likelihood function for an experiment that samples the probability distribution

P(X,V,a, 5) N times. P corresponds to the simulated interference patterns, X is the position, V the veloc-
ity, and 6 are nuisance parameters. With the likelihood defined as

N
- EP(X,-,Vi,aﬁ), (B2)

I=E

the Fisher information becomes

N g A\ N _,
:/.../2:<86110gP(Xi,Vi,u,9)) j]:[lp()g,vj,a,e) dxdV;
N// Xvae)) v

XVaG)

(B3)
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where X;, V; are the coordinates of the sampled event. The Cramér-Rao bound estimate on the error 4 is
then

-

o)

2
o (mp(x,v,a,é))
o= ﬁ // , (X7 Ve 9_> dxdV . (B4)

Appendix C. Casimir—Polder surface scattering length

In the experiments proposed in this paper, atoms are reflected off a material bulk without coating. In
this case, it will be sufficient to approximate the van der Waals—Casimir/Polder potential as

Gy

VCP(X)%—?,

(C1)
which captures the long range (x >> 0) behavior of the exact potential. The parameter C; depends on
the light scattering properties of the atom and surface, in particular on that atom’s static polarizability «
and the surface’s reflectivity, such that [108]

_ 3hc «

= (C2)
16w 4mey

4

where f depends on the reflectivity profile of the surface and ¢ is the permittivity of the free space. The
surface scattering length for this potential model can be shown to be

2mC
b=—iy ) ot (C3)
h
where m is the mass of the incident particle.

We model mirrors and absorbers made of silica slabs, which fixes the value of f =0.764 [108]. To
calculate the surface scattering length for each atom discussed in this paper, the mass and static polar-
izability must be appropriately chosen. The mass m = m; + m, is just the sum of the two constituent
masses m; and m,. The static polarizability for atoms in their ground state n =1 is

9
Lol g (Ca)

where ag is the Bohr radius appropriate for the atom in question. In relation to the hydrogen Bohr
radius gy to that of hydrogen-like atoms is

ag = %ao (C5)
1

with p = mym,/m being the reduced mass of the system in question and . the mass of an electron.
For atoms not in their ground state, like Ps, which is to be in the n = 33 state, their static polarizability
is given by [146]

1 2
4 14+71(1+1
O _ 710D (C6)
471'60 4

For Ps, we calculated the surface scattering length with polarizability for I = 32, which is desirable to
reduce the overlap between the electron and positron wave functions, increasing the lifetime of the atom.
The resulting surface scattering lengths from the above calculations are tabulated in table 1.

Appendix D. Mirror/Absorber eigenstates

The evolution of a wave function in a gravitational/centrifugal force field, either above a mirror, or
between a mirror and absorber, can be determined as a solution to the Schrodinger equation

0,
2m Ox?

30

+ (V(x) + mgx) % = En¢na (Dl)
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where g is either the gravitational or centrifugal acceleration, x is the position above the mirror sur-
face, which is at x =0, and m is the mass of the particle. The potential V(x) represents the interaction
with the mirror or with the mirror and absorber. Within the scattering length approximation, both of
these interactions can be replaced by a boundary condition, which will be specified in the following
discussion.

The solution to equation (D1) for the case of just a mirror potential can be written in terms of the
Airy function Ai such that

¢A@:MM<2—2) (D2)

where [j and E, are the characteristic length scales Iy = ¢/ ZZZZg and Ey = mgly. The Airy function Bi is

excluded as it diverges as x — 0o, which is not physical as the gravitational/centrifugal potential diverges
in the same limit. The eigenenergy E, is determined by the boundary condition

$(5) =0 (D3)

where b is the surface scattering length of the mirror. The resulting energy levels are

E,=E <6n + b) (D4)
lo

where —¢,, are the zeros of Ai. The normalization constant N,, is evaluated as

') -1
n= 2dx | .
N (/0 Y ) (D5)

The solution to equation (D1) for the case of a mirror and absorber is similar, but now is written in
terms of both of the Airy functions Ai and Bi such that

Ai(l _E
wA@:M1m<x—&)—IC°EJ&<x—&). (D6)

lh E Bi(%*%) lo Eo

The term Bi is now allowed due to the presence of the absorber at a height x = AH, which enforces the
boundary condition that

Yy (AH—b) =0 (D7)

and acts as the quantization condition. The amplitude on the Bi (% — E—;) term in equation (D6) is fixed

by the boundary condition

(i (b) =0. (D8)

This condition allows us to find the eigenenergies of this potential numerically. However, for the states
relevant for the simulations in this article, that is, those with energies below maAH, the expression (D4)
still holds to a good approximation. The normalization constant N,, is now evaluated as

AH -1
MF( ﬁ®&>- (D9)
0

The eigenstates for the GQS of neutrons/ H in a mirror and mirror/absorber system are depicted in
figures 14 and 15, respectively. For solutions with the absorber, the height is placed at AH = 40 pum.
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Mirror Eigenstates and Potential

Potential in £

2 4 § 8 10 12

Position in Iy

Figure 14. The first 5 GQS above the surface of a mirror. The wave functions are drawn in color and are artificially shifted along
the vertical axis by the real part of their dimensionless eigenenergy. The real part of the wave function are drawn with a solid line
and the imaginary part with a dashed line. The solid black line indicates the potential interaction with neutrons and the dashed
black line is the potential with atoms.

Mirror Absorber Eigenstates and Potential

Potential in Ey

0 2 4 6
Position in [

Figure 15. The first 5 GQS of neutrons/ H between a mirror and absorber placed at AH = 40 pm. The wave functions are drawn
in color and are artificially shifted along the vertical axis by the real part of their dimensionless eigenenergy. The real part of the
wave function are drawn with a solid line and the imaginary part with a dashed line. The solid black line indicates the potential
interaction with neutrons and the dashed black line is the potential with atoms.
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