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ARTICLE INFO ABSTRACT

Keywords: This study presents a novel approach for active vibration control of a Shape Memory Alloy (SMA) von Mises
Sliding mode control structure using a bioinspired controller. A constitutive model that accurately captures the SMA thermomechan-
Neural network ical behavior is used to describe the system dynamics. Nevertheless, this model is computationally demanding

Smart structures
Von mises structure
Shape memory alloy

and requires the identification and adjustment of a large number of parameters, making its direct use in
the controller design impractical for real-time control applications. In this context, the controller is based on
the sliding mode control approach being enhanced with a neural network to compensate uncertainties and
external disturbances, and it is designed using a polynomial constitutive model to approximate the system
dynamics, as required by the control formulation. This model is adopted due to its simplicity and reduced
number of parameters to be identified, while providing an approximate representation of the plant. Hence,
the proposed control law is capable of predicting the system’s dynamical behavior, adapting to changes, and
learning from the system—environment interaction in an online manner. The closed-loop system’s convergence
is analyzed using a Lyapunov-like stability analysis, and numerical simulations demonstrate the effectiveness
of the proposed strategy for suppressing undesired vibrations in the presence of nonlinear effects and model
mismatch. Overall, the proposed approach combines reduced computational complexity with online adaptation
capabilities, providing an efficient framework for active vibration control of SMA structures.

1. Introduction for understanding the stability of framed structures and flat arches, as
well as other physical phenomena associated with bifurcation buckling

Stability of structures represents a fundamental problem in mechan- (Pelliciari and Tarantino, 2020; Falope et al., 2021; Chi et al., 2022).
ics, which must be studied to ensure the safety of structures against The simplicity of the model makes it a useful tool for analyzing these
undesirable behaviors and collapses. In structural analysis, it is com- types of systems and gaining insight into their behavior. In the context
mon to use simple dynamic models with one or two degrees of freedom of control design, simplified structural models are commonly adopted

(DOF) to study the fundamental characteristics of a system, as pointed to support the development and evaluation of new control strategies,
out by Bazant and Cedolin (2010). These models are usually employed

to investigate general aspects of the structural dynamics, providing a
global comprehension of the system behavior without the superfluous
complexity of more detailed models (Orlando et al., 2018; Santana
et al., 2019). The well-known von Mises structure, or two-bar truss,
is a popular system used for stability analysis. This structure exhibits
snap-through behavior, where there are two possible displacement
configurations for a given load level. This behavior is a classical exam-
ple of geometric nonlinearity, where the equilibrium path goes from
one stable point to another new stable point with an increasing load.
Understanding the behavior of the von Mises structure is important

since excessive model complexity may introduce additional dynamics
that make it difficult to identify the dominant system behavior and to
accurately evaluate controller performance.

Shape memory structures are a class of systems that have the ability
to adapt to environmental changes by altering their physical and geo-
metrical properties through the application of an external excitation.
These structures typically incorporate Shape Memory Alloys (SMAs)
either embedded within or as surface layers, and utilize a combination
of sensing, control, and actuation functions to achieve their intended
purpose (Qian et al., 2016; Nespoli et al., 2017; Niu and Chen, 2021;
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Zheng et al., 2021; Zhang et al., 2022a). SMAs belong to a larger group
of smart materials, which also includes piezoelectric materials, mag-
netorheological fluids, photovoltaic materials, thermoelectric materials
and magnetostrictive materials. Among the various smart materials,
SMAs have emerged as a preferred option for vibration control due
to their exceptional energy dissipation capabilities, as well as their
ability to perform well in scenarios that require large forces, strains,
and low-frequency structural control (Attanasi and Auricchio, 2011).

The specific characteristics of SMAs have garnered significant atten-
tion from both scientific and engineering communities. These materials
are typically utilized in applications that involve either thermal or
mechanical loadings, which induce phase transformations that give rise
to their unique properties (Mohd Jani et al., 2017; Karakalas et al.,
2019). One of the most notable characteristics of SMAs is their ability to
revert to a prior shape or dimension when subjected to an appropriate
thermomechanical process, known as the shape memory effect (SME).
This process is characterized by complete strain recovery accompanied
by a large hysteresis loop in a loading-unloading cycle. SMAs also pos-
sess significant internal damping and superelasticity behavior, which
are characterized by large nonlinear elastic strains. These exceptional
properties have led to SMAs being employed as functional materials in a
broad range of applications in various fields of science and engineering
(Mohd Jani et al., 2014). Some of the most common applications
of SMAs include use in biomedical devices (Auricchio et al., 2021),
actuators (Copaci et al., 2020), micromanipulators (AbuZaiter et al.,
2016), aerospace technology (Exarchos et al., 2018; Gantz et al., 2022),
civil and mechanical engineering (Suhail et al., 2021; Song et al., 2022;
Parmar and Mishra, 2022), among others (Chaudhari et al., 2021;
Brotzu et al., 2021).

It is interesting to note that the study of smart structures, partic-
ularly those incorporating SMAs, has received considerable attention
in the field of structural engineering (Sohn et al., 2023). The use of
SMAs in structural design has the potential to improve the performance
and efficiency of structures, by enabling them to respond to changes
in their environment or loads in a controlled and predictable manner
(Alves et al., 2018; Lii et al., 2021; Zhang et al., 2022b). The behavior
of SMA structures can exhibit a range of dynamic responses, including
periodic, quasi-periodic, and chaotic motions (Savi et al., 2002; Savi
and Nogueira, 2010; Costa et al., 2019). The constitutive models used
to describe the thermomechanical behavior of SMAs are critical in
predicting the dynamic response of these structures. From a control
design perspective, models adopted for numerical simulations and those
employed in controller formulation may serve different purposes and
therefore present different levels of complexity. Thus, in this work,
different modeling approaches are adopted depending on whether the
objective is numerical simulation or controller formulation, as will be
shown in the sequel.

Some authors have investigated the control of smart structures,
specifically focusing on SMA von Mises trusses. Bessa et al. (2013)
introduced an effective adaptive fuzzy sliding mode controller for vibra-
tion suppression in an SMA von Mises truss. However, the polynomial
constitutive model employed both in the plant representation and in
the controller formulation failed to properly capture the SMA hysteretic
behavior. De Paula et al. (2014) proposed a control strategy based
on the time-delayed feedback method to manage chaotic responses
in an SMA two-bar truss. Although effective, this method is mainly
focused on chaos control that has specific characteristics as discussed
by de Paula and Savi (2011). Similarly, Costa et al. (2019) investigated
chaos and bifurcation control in an SMA two-bar truss using time-
delayed feedback control. They exploited SMA adaptive behavior but,
like Bessa et al. (2013), utilized a polynomial constitutive model that
does not encompass crucial SMA phenomena.

Recent investigations have explored advanced analytical, numeri-
cal, and intelligent computational approaches for nonlinear structural
systems and complex materials, including finite element formulations,
multilayer perceptron-based strategies, and nonlinear dynamic analyses
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(Lezgy-Nazargah et al., 2025; Sekban et al., 2025; Yaylaci et al., 2025;
Yazicioglu et al., 2025). These studies highlight the growing interest
in computationally efficient methodologies capable of dealing with
nonlinearities and complex dynamic behavior in structural systems.
Furthermore, they reinforce the importance of developing robust nu-
merical and computational approaches for systems exhibiting strong
nonlinear responses and parameter-dependent behavior.

This paper presents the application of an intelligent controller to
control the vibration of a shape memory alloy von Mises structure. The
controller employs a sliding mode control technique and is reinforced
with an adaptive neural network to increase the ability to handle exter-
nal disturbances and modeling inaccuracies. In addition, the controller
is designed to accommodate both prior and acquired information about
the system being controlled. To obtain the prior knowledge of the
system dynamics, a simplified polynomial model (Falk, 1980) is used.
This model can describe the thermomechanical behavior of the SMA
bars with a single equation and is therefore adopted as prior knowledge
in the controller design. However, to simulate the thermomechanical
behavior of the real structure bars and properly capture essential SMA
phenomena, such as the hysteresis loop, a more realistic constitutive
model (Paiva et al., 2005), which provides close agreement with exper-
imental data, is considered. The direct use of this constitutive model in
the controller design would significantly increase the complexity of the
control law and hinder its practical implementation. For this reason,
a simplified polynomial model is employed in the controller, while a
neural network is used to approximate the remaining dynamics and
uncertainties, providing a posteriori knowledge through online learning
via interaction with the system. This strategy results in a simpler
control law and is enabled by the learning capability of the intelligent
controller, which compensates for neglected nonlinear and hysteretic
effects introduced by the discrepancy between the controller model
and the plant dynamics. Therefore, the proposed approach combines
reduced computational complexity with online adaptation capabilities
for vibration control of an SMA von Mises structure subjected to chaotic
motions.

Regarding the intelligent scheme, the controller is designed with a
reduced structural complexity. A single hidden layer neural network
is adopted, and its weights are updated online through interaction
with the system, allowing the controller to adapt to uncertainties and
external disturbances in real time. Moreover, in order to limit the
network size and computational cost, the sliding surface is employed
as the single input variable, rather than the full state vector. These
design choices are consistent with the sliding mode framework and
aim at achieving an effective balance between robustness, adaptability,
reduced approximation dimensionality, and practical implementability.

Therefore, the proposed strategy offers several advantages, includ-
ing (i) the possibility of using simpler constitutive models for con-
trolling systems with complex dynamic behaviors, (ii) robustness to
uncertain parameters, unmodeled dynamics, and external excitations,
(iii) the ability to approximate uncertainties and external disturbances
of the system with a single hidden layer, in an online way, and (iv)
the adoption of a single variable as the input of the neural network.
These attributes, when combined with the first two, allow the smart
controller to be directly implemented in real-world industrial appli-
cations. Following the control design, the convergence properties are
mathematically proven through a Lyapunov-like stability analysis, and
numerical simulations are conducted to demonstrate the effectiveness
and intelligence of the control strategy in the vibration control of SMA
structures.

It is important to highlight that SMA properties are not being
considered here for control purposes. Instead, the intelligent vibration
control of the shape memory structure is accomplished by integrating
an external actuator, a controller, and system state vector information.
The state vector is fed into the intelligent controller, which calculates
the desired control signal and sends it to the actuator. This approach is
commonly used in distinct applications, including aerospace systems
such as self-erectable structures and stabilization mechanisms (Savi
et al., 2008; Savi, 2015).
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Fig. 1. Schematic representation of a von Mises structure.

2. Dynamic model

The von Mises structure studied in this paper is made of shape
memory alloy, and each bar can present shape memory and superelastic
effects. Due to the combination of geometric and constitutive nonlin-
earities, the system’s nonlinear dynamics become increasingly complex.
This structure is basically composed of two identical bars with same
length L, same cross-section A; and horizontal projection B, and form
the same angle ¢ with its supports plane, as shown in Fig. 1. The mass
of the structure m is considered to be concentrated at the central joint,
which is constrained to move only vertically, and the critical Euler load
of both bars is assumed to be sufficiently large to prevent buckling in
this case. The bars are free to rotate around their supports and at the
central joint.

Under these assumptions, only vertical and symmetric motions are
considered, allowing the structure can be treated as a single DOF
system. According to the balance of momentum, the system dynamics
is expressed through the following equation of motion:

—2Fsing —cX +P=mX, (€9)

where F is the force in each bar, which is related to the mechanical
behavior of the structure material, ¢ is an equivalent coefficient damp-
ing for the structure, P is an external excitation and X represents the
vertical and symmetric displacement of the central joint, as shown in
Fig. 1.

According to the structure arrangement, the axial bars strain is
related to the angle ¢ by the geometrical relation:

CcOoS
L 2% @

£=— —
L, Cos @

with L, and ¢, representing the nominal values of L and ¢, respec-
tively.

The thermomechanical description of SMAs has been the subject
of extensive research, and various constitutive theories have been pro-
posed to understand and model their behavior. Paiva and Savi (2006),
Lagoudas (2008) and Cisse et al. (2016) have contributed to the field
by presenting a general overview of the research efforts associated
with the thermomechanical description of SMAs. Here, the constitutive
model presented by Paiva et al. (2005) is employed. Although this
proposed model captures the general thermomechanical behavior of
the SMAs, there are several simpler alternatives with limited capability
to represent hysteretic effects. In this regard, the polynomial model
proposed by Falk (1980) is also presented, which offers a simplified
constitutive representation with reduced modeling complexity, making
it suitable for controller design. On this basis, both models are pre-
sented and compared in the sequel, establishing the equations of motion
and the responses associated with each one of them. The implications
of this choice are discussed as the modeling and control formulations
are developed.
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2.1. Constitutive model by Paiva et al. (2005)

A constitutive model proposed by Paiva et al. (2005) is employed to
describe the thermomechanical behavior of SMAs. This model is able
to capture the general thermomechanical behavior of SMAs, presenting
close agreement with experimental data. It can describe the main phe-
nomena related to SMAs, such as: shape memory effect, superelasticity,
plasticity, internal subloops, tensile-compressive asymmetry, among
others. Nevertheless, plasticity and tensile-compressive asymmetry are
not taken into account in the present work. Three state variables, given
by p;, B, and p;, are considered to characterize the volume fractions of
macroscopic phases, such that g, is associated with detwinned marten-
site induced by tensile stress (M+), f, is associated with detwinned
martensite induced by compressive stress (M —) and f; is associated
with austenite (A). A fourth phase g, is also considered, which is related
to twinned martensite, and can be obtained from the phase coexistence
condition, given by:

Bo=1=(f1 + B+ ). 3

Considering ¢ and T as the strain and temperature of the structural
bars, respectively, the normal stress ¢ and the volume fractions of
macroscopic phases are described by the following set of equations:

a=Ee+[a+Eah](ﬂz—ﬁl)—K(T_To)’ “)

by = HL{MMM +2apa + Ea21(p, — fy) +
1

ap[Ee — k(T =Tyl - 0,J, } +0,7,, (5)
b = ”L { —ae + oy — Raja+ Eafl](ﬂz -p)+
2
—ayEe — k(T = Tp)] - 0,J,, } +0,7 (6)

by = ni { 0.5(Ey — Eple + (B, — pP +
3
(kg — k)T — To)le + (B — B +
oy — 030, Y +057 7

where the horizontal width of the material’s hysteresis loop on the
stress—strain diagram is related to a;, while its vertical length is con-
trolled by «. Phase transformation dissipation, represented by », (i =
1,2,3), can be defined based on the characteristics of the transformation
kinetics during loading and unloading processes. Different values of #;
can be considered for loading and unloading, denoted by 7% and 5",
respectively. The material’s elastic modulus E and thermal expansion
coefficient x are defined as functions of its austenitic and martensitic
phases: E = Ey, + f3(E4 — Ep) and x = xp; + f3(x4 — kpy), Wwhere M
refers to the martensitic phase and A refers to austenite.

The terms 9;J, (i = 1,2,3) represent the sub-differentials of the
indicator function J_(f,, §,, f;) with respect to f; (Rockafellar, 1970).
This function is associated with the convex set z, which imposes
internal constraints on the phases’ coexistence, given by = = {f; € R |
0 < f < L;B; + f, + f3 = 1}. Similarly, the terms 9,J, (i = 1,2,3)
are sub-differentials of the indicator function J,(¢,T,f, f,, f3) with
respect to fi (Rockafellar, 1970). The convex set y is associated with
conditions that describe internal subloops due to incomplete phase
transformations (Savi and Paiva, 2005), as well as restrictions on
impossible phase transformations, such as detwinned martensite into
twinned martensite. Finally, the sub-differentials 9,J, and 9,J, can be
interpreted as Lagrange multipliers, equivalent to projections of the
phase fractions onto the volume fractions space.

Considering linear temperature dependent functions for the param-
eters o), and o4, which are related to stress level for phase transforma-
tion, the following equations can be defined:

I} .
—lg+ —(T -T, if T>T,,,
oy = 0 TM( M) M (8)
—l if T<Ty,
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A .
A —(T-T, if T>Ty,
0 TM( M) M ©

oy =
It if T<Ty,

where T, is the temperature below which the martensitic phase be-
comes stable for a stress free state, and /), /, 16‘ and /4 are parameters
related to critical stress for phase transformation. The temperature Tj,
present in Egs. (4)-(7), is a reference temperature when the strain
vanishes in a stress-free state (¢ = 0).

After the establishing of the equilibrium and the definition of the
constitutive equations, it is possible to write the equations of motion of
the system with the Paiva et al. (2005) model. From the stress definition
and the Egs. (2) and (4), the equation of motion (1) of the structure can
be rewritten as:

mX + cX + 24,

2 241/2
X {E[(X+B) .

(X2 + 32)1/2 L 10)
-1 ] (a+ Eap)(py — p1) — x(T = Tp) }: P(1).

Considering an external periodic excitation P(f) = P, sin(w?) in the
central joint, Eq. (10) may be written in nondimensional form as:

X =X,

. 1
Xy = ysin(Q27) — ¢x, — l— ———— | x+
2 =y sin(27) 2=k [ (x% +b2)1/2] 1

an
- [ @+ ¢pan) By - )+
RE(0 - 0p) | ——2
_ & _ S —
T @2y
where
xlzi’ b:ﬁ’ Gzl’ &:L’
Ly Ly Ty Ey
_E _ K __ kyTy
CE—EM’ CK_KM’ K= E,, 5
,  2EyA, e . e 12
oy = , Q=—, ¢=—,
mL ) may
P, dx;
= 0. x;=— and 7=ot.
mLOa)?) dr

Note that, the parameters presented in Eq. (12) are nondimensional
variables and constants associated, respectively, to the system response
and the SMA properties previously defined.

2.2. Constitutive model by Falk (1980)

Although the model proposed by Paiva et al. (2005) captures the
general thermomechanical behavior of the SMAs, there are many sim-
pler alternatives that provide an approximate description of the mate-
rial response, but present limitations in representing hysteretic effects
and the dynamic nature of phase transformations. Nevertheless, such
simplified models are promising for the design of control strategies
applied to this class of structures, since they offer a mathematically
tractable formulation, require the adjustment of a reduced number of
parameters, and involve low computational cost (Bessa et al., 2013). In
this context, one of the simplest alternatives is the polynomial model
that does not considers internal variables, being dependent on strain
and temperature (Falk, 1980). This model considers austenite (A) and
two variants of martensite (M +, M—) as the macroscopic phases, and
it is based on a temperature dependent sixth degree polynomial free
energy in terms of the uniaxial strain e. The polynomial is chosen in
such a way that its minima and maxima are associated with the stability
and instability of each phase. On this basis, the SMA thermomechanical
behavior is given by the following equation:

6 =a)(T =Ty)e — ar& +aze’ 13)

where a,, a, and a; are related to material constants. The temperature
below which the martensitic phase is stable (T),) and the temperature
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above which the austenite is stable (7,) are related to the material
constants as follows:

14
Ty=Ty+-——. 14
A M 4 ayay a#

From the Egs. (1), (2) and (13), the structure dynamics with the
polynomial model can be represented as follows:

mX +eX + 2 { [a,(T = Ty,) - 3ay + 5a; 1+
+[—ay (T = Tyy) + ay — a5]1Lo(X2 + B~ /24
+[3a, — 10a3]LL0(x2 +B) /24

(15)
+[—ay + 10a3] 35 (X + BY)+
0
5
~ RO B 4 00+ B }=Pw
or in its nondimensional form,
X =X,
Xy = ysin(Qr) — &xy +x; { =[0 - 1 =3, + 53]+
[0-1-a+a](x3 + 6772+ 16

- Bay — 10313 + 67!+
[, — 10a3](x% + b%) + Sa3(x? + b*)*/?+
—ay(x3 + b9},

where ¢ is a nondimensional viscous damping coefficient and «, and a5

are nondimensional parameters defined as:

) a3
and o3 =—

a = 17

a,Ty aiTy

The other parameters of Eq. (16) are defined in the same way as
those presented in Eq. (12). The dissipation due to hysteretic effect on
the SMA in the structure may be considered by assuming an equivalent
viscous damping related to the parameter ¢.

2.3. Comparative analysis of the constitutive models

The constitutive models by Paiva et al. (2005) and Falk (1980) offer
distinct approaches for simulating the thermomechanical behavior of
shape memory alloys. The main advantage of the first is its capability
to accurately describe a broader range of behaviors of SMAs, presenting
a close agreement with experimental data. On the other hand, the
polynomial model is easier to be implemented and may be preferred
in applications where a just qualitative description of behavior is
sufficient, and computational speed is crucial.

The simulation of the SMA thermomechanical behavior using the
model by Paiva et al. (2005) is achieved through an iterative numerical
procedure based on the operator split technique (Ortiz et al., 1983)
and the orthogonal projection algorithm (Savi and Braga, 1993). These
methods are employed to address the nonlinearities inherent in the
system’s formulation. The volume fraction of each phase, as described
by Egs. (5)-(7), are solved independently, defining a trial state without
considering the sub-differentials of both J, and J, indicator functions.
If the resulting values of g; do not comply with the internal constraints
defined by the convex set r, the orthogonal projection algorithm is
employed to correct the volume fraction of each phase, ensuring ad-
herence to the imposed constraints. Fig. 2 illustrates both a typical
mechanical response of an SMA at 373 K employing model by Paiva
et al. (2005), as well as an approximate polynomial response derived
using the polynomial model by Falk (1980). These responses employs
properties specified in Tables 1 and 2.

As anticipated throughout the modeling discussion, the model by
Paiva et al. (2005) properly represents the main features of the SMA
behavior, including hysteresis, while the polynomial model by Falk
(1980) considers just the thermomechanical equilibrium curve. On this
basis, this work considers that the dynamical system is governed by
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Fig. 2. Polynomial stress—strain curve matched with the hysteresis loop of the
SMA at 373 K.

Table 1
SMA constitutives parameters considered in numerical simulations of the Paiva
et al. (2005) model.

E, (GPa) E,, (GPa) « (MPa) ,
54 54 150 0.052
| (MPa) I, (MPa) l(’? (MPa) 14 (MPa)
41.5 0.15 0.63 185
Kk, (MPaK™") Ky (MPaK™") Ty (K) T, (K)
0.74 0.17 291.4 307.7
nt (MPa s) nY (MPa s)
10 27
Table 2
Parameters considered in numerical simulations of the Falk (1980) model.
a, (MPa/K) a, (MPa) a; (MPa)
566.62 2.09 x 107 2.69 x 10°

the model proposed by Paiva et al. (2005), which is more suitable
to represent SMA thermomechanical behavior, while the controller is
described by the polynomial model by Falk (1980), allowing to estimate
the dynamics of the plant to be controlled.

It should be emphasized that the polynomial constitutive model is
not intended to reproduce the complete thermomechanical behavior
of SMAs. In particular, hysteresis loops, phase transformation paths,
and temperature-dependent internal variables are not represented with
the same accuracy as in more comprehensive constitutive models. Its
role in the present work is to provide a simplified control-oriented
representation of the plant, with low computational cost and a reduced
number of parameters. This choice leads to an inherent modeling mis-
match between the plant and the controller, since important nonlinear
and hysteretic effects are not explicitly represented in the polynomial
model. As a consequence, the controller must be able to compensate
for modeling inaccuracies, unmodeled dynamics, and external dis-
turbances. This requirement motivates the adoption of an intelligent
control strategy with learning and adaptation capabilities, which is
discussed in detail in the next section.

3. Control design

Intelligent control methods, such as neural network-based control,
fuzzy logic control, and machine learning-based control, offer promis-
ing solutions for controlling nonlinear systems. Their main advantage
lies in the ability to deal with modeling uncertainties, unmodeled
dynamics, and external disturbances. Fuzzy-based approaches, for in-
stance, can incorporate heuristic information into the controller design,
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whereas reinforcement learning techniques may provide adaptive data-
driven policies without requiring a complete mathematical model of the
plant. However, these approaches may require extensive rule tuning,
large training datasets, or increased computational effort depending
on the application (Mamdani, 1974; Sutton et al., 1998). In situations
where the plant dynamics are sufficiently characterized and the un-
certainties can be properly bounded, conventional nonlinear control
techniques may be adequate. However, when the system dynamics
cannot be fully represented in the controller formulation, intelligent ap-
proaches provide additional flexibility through learning and adaptation
capabilities.

A powerful approach combines sliding mode control (SMC) with
artificial neural networks (ANNs) (Fei and Ding, 2012; Liu et al., 2020;
Su et al.,, 2022). SMC ensures system stability and performance by
creating a sliding motion along the system state trajectory, making it
robust against uncertainties. ANNs, on the other hand, are effective in
approximating uncertainties in the system dynamics, rendering them
well-suited for control applications with incomplete knowledge of the
plant. Furthermore, ANNs provide valuable tools for addressing the
challenges associated with flexible structures and manipulators (Tian
and Collins, 2005; Liu et al., 2019). Their capability to model intricate
nonlinearities, adapt to changing conditions, and manage uncertainties
in both perception and control positions them as a vital component
in advancing the capabilities of such robotic systems. Their flexibility
and learning capabilities empower these systems to excel in diverse and
dynamic environments.

Integrating SMC with ANNs combines the robustness of SMC and
the adaptability of ANNs. Using a single hidden layer neural net-
work, whose universal approximation property has been mathemati-
cally established in the literature (Hornik et al., 1989; Scarselli and
Tsoi, 1998), allows for the compensation of uncertainties and adap-
tation to system changes, while simplifying the design process (Bessa
et al.,, 2018; Dos Santos and Bessa, 2019; Lima et al., 2023). This
approach significantly enhances system robustness against unexpected
disturbances and parameter variations.

In order to present the SMC technique, consider a generic au-
tonomous system described by the following ordinary differential equa-
tion:

x" = f(x) +gxu+p, @1s)

where x is the system output variable, u is the control input and p
represents an external excitation. The system dynamics and the control
gain are represented by the nonlinear functions f and g, respectively.
The state vector of the system is given by x = [x x ... x"~!]T, where n
is the order of the system.

The control problem involves driving the state vector x to a spe-
cific state or trajectory x;, = [x; X; ... xZ‘l]T, despite uncertainties
in the system functions f and g. To address this problem, the SMC
methodology converts the n-order tracking problem in x to a first-order
stabilization problem in s(X), where s : R” — R is a switching variable
called the sliding surface, and X = [x—x,] represents the stabilization (or
tracking) error vector. According to Slotine and Li (1991), the sliding
surface is defined as:

dr

where 1 is a positive constant, and % is the stabilization error associated
with the state variable x. To ensure the stability of the system, the
polynomial A"! + ¢, ;4" + -+ + ¢4 + ¢; must be Hurwitz, with
A=[4"1 ¢ A2 . c3h ¢]T and ¢;, (i = 1,2,...,n — 1) representing
coefficients.

To achieve sliding mode control, the control law should ensure that
the system reaches the sliding surface s = 0 within a finite time interval.
Once the sliding phase is established, the error X converges to zero as
t — oo.

When developing the control law, the following assumptions must
be considered:

d n—1
s(X) = <— +,1> =A%, 19
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Fig. 3. Schematic illustration of an actuated von Mises truss.

Assumption 1. The state vector x is assumed to be available to the
controller.

Assumption 2. The system dynamics f is unknown to the controller,
but it is assumed to be bounded by a known function of x, i.e., | f — f| <
F(x), where f is an estimate of f.

Assumption 3. The external excitation p is unknown to the controller,
but it is assumed to be bounded by a known function P, i.e., |p| < P.

To ensure vibration suppression of the SMA von Mises structure, a
linear actuator is used as the control action. The actuator is positioned
vertically at the central joint, as shown in the Fig. 3.

There are several options for selecting an actuator to supply the
control action for the structure. In this regard, it should be pointed out
potential options as electro-hydraulic and electro-pneumatic actuators,
as well as SMA bars. In this work, a linear actuator is of concern and
the related control variable u must be taken into account in Eq. (11),
which can be simply rewritten as:

X =Xp, (20)
X=p+f+u,

where u is the nondimensional control input, p = ysin(Q7) is the
nondimensional external excitation and f is the nondimensional system
dynamics, which is given, based on Eq. (11), by:

_ 1
f: —Cx2—§E |:1 —W] x1+
— [@+Cpap)By - B+ e
~ kG0 -6y ] all

(2 + b2

The sliding surface for the SMA von Mises truss can be defined as
s = %, + A%,. The control law for the system combines u = —f — p +
X4 — AX, with another term —Ksat(s/¢) to provide robustness without
introducing chattering (Fuh, 2008), as follows:

u=—f—p+xyy — A%, — Ksat(s/¢), (22)

where f is an estimate of f, p is an estimate of p, K is positive gain,
¢ is a positive constant that represents the boundary layer thickness,
given by the region Sy = {ic eR"||s(%)| < d)}, and sat(s/¢) is defined

as:
_f sgn(s/p) i s/pl =1,

sat(s/ “’)‘{ /6 it Is/dl< 1, @3)

such that sng(-) and sat(-) are the signal and saturation functions,

respectively.

It is customary to choose a control law that satisfies the sliding
condition ss = 9|s|, where 9 is a strictly positive constant related to
the time required to reach the sliding surface. Therefore, taking into
account Assumptions 2 and 3, the robustness of the adopted smooth
sliding mode controller against modeling inaccuracies and external
excitation is ensured by defining K as follows:

K>9+F+P+|pl 24
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From Eq. (16), it is possible to define the approximate dynamics of
the system (f), which is obtained with the model by Falk (1980), as:

f=—&x+x { —10-1-3a+5a;3]+
[0—1—a +az](x3 + 6572+
— [3ay — 10a3](x? + b))/ 2+ (25)
[ay — 10a3](x% +b%) + 5a3(x% + 62324
- a3(x% + b2)2 } .

This simplified approach avoids the complexity of models that
require extensive parameters and equations to estimate macroscopic
phase fractions, ensuring a more manageable controller that demon-
strates both robustness and intelligence.

The external excitation p, that is assumed to be unknown for the
controller, can be computed using various strategies. In this work, it is
defined through a single hidden neural network with an online method
for adjusting its weights, which makes the controller intelligent. For
comparison purposes, a purely adaptive law, which represents a par-
ticular case of the intelligent scheme, is also presented to compute p
in Eq. (22). On this basis, both strategies are presented, establishing the
equations and pointing out the differences between them. By means of
a Lyapunov-like stability analysis, the boundedness and convergence
properties of the closed-loop signals with the intelligent scheme are
provided. This scheme represents the controller proposed in the present
work.

3.1. Intelligent scheme

Considering that a feedforward neural network with a single hidden
layer can approximate continuous nonlinear functions under suitable
conditions (Hornik et al., 1989; Scarselli and Tsoi, 1998), such a
structure is adopted to estimate the external disturbance p, as well as
the neglected dynamical effects represented in the controller by f. In
addition, its online adaptation capability allows the controller to adjust
to modeling inaccuracies and uncertainties during system operation.

With the aim of reducing the number of activation functions and the
weight vector of the neural network, the sliding surface s is considered
as the input of the activation functions, instead of all state variables, as
presented in Fig. 4. Considering that each neuron is associated with an
activation function p and a numerical value w, called weight, the final
output p can be computed as follows:

s)y=w'p, (26)

where w = [w; w, w,]" is the weight vector and p = [p, p,
p,]" is the vector with the activation functions associated with the n
neurons, as illustrated in Fig. 4(a). In the present work, Gaussian acti-
vation functions and centers defined in accordance with the boundary
layer width (¢) are adopted, as shown in Fig. 4(b). The weight vector
w is updated according to the following equation:

W =wps, @7

where y represents the learning rate of the neural network weights.

Finally, for a better understanding of the intelligent control law
described by Eq. (22), a schematic diagram is presented in Fig. 5.
The priori knowledge is provided by £, as described in Eq. (25). Eq.
(26), on the other hand, offers a posteriori knowledge, learning from
the system’s interaction with its environment. Eq. (27) enables real-
time adjustments to the neural network’s weight vector, taking into
account factors such as the adaptation rate y, sliding surface s, and
activation functions p. The real-time nature of the proposed adaptation
law encourages the use of locally supported activation functions to
guarantee the preservation of learned experiences.

Since an intelligent controller must be capable of prediction, adap-
tation, learning, and robustness to emulate fundamental aspects of
intelligence (Bessa et al., 2018), the controller proposed in this work
can be regarded as intelligent. These characteristics allow it to antic-
ipate actions, adjust to changes that occur in the environment, learn
from interactions, and maintain stability under varied conditions.



P.E. de Medeiros et al.

(a) Single hidden layer network.

European Journal of Mechanics / A Solids 120 (2026) 106264

- % 0§

(b) Gaussian activation functions.

Fig. 4. Neural network and its activation functions considered in the present work.

Xd X

Fig. 5. Schematic diagram of the intelligent control.

3.2. Purely adaptive law

It is important to note that the attributes presented in the intel-
ligent scheme can be used to distinguish between a broad range of
control schemes. Controllers that operate on a purely adaptive basis
are deficient in their capacity to learn from interactions with the en-
vironment, requiring constant adaptation, even to situations that have
been previously experienced. Hence, it can be deduced that controllers
exclusively dependent on purely adaptive strategies fail to satisfy the
essential characteristics attributed to intelligence.

Some controllers that incorporate soft computing techniques might
be regarded as intelligent within a broad framework. Artificial neural
networks, which utilize supervised offline training, and fuzzy methods
built on heuristic principles, are extensively used for control purposes.
Nevertheless, a system governed by such a controller would not be
able to adapt in the face of new experiences, neither would it perform
online learning by interacting with the environment. Therefore, in a
strict sense, this control system would not be capable of manifesting
intelligent behavior.

It is important to highlight that the ability to emulate intelligence
does not guarantee better control performance. There are situations
where robust methods or purely adaptive ones can effectively deal with
plants subject to structured uncertainties.

A purely adaptive law can be obtained based on Eq. (26) and (27).
This modification involves the adoption of a single neuron in the hidden
layer with an activation function p = 1 for all s. Consequently, the
output p from Eq. (22) can be calculated as follows:

p=ws, (28)

where y is a strictly positive constant related to the adaptation rate of
the purely adaptive law.

3.3. Stability analysis

At this point, a Lyapunov-like stability analysis is conducted to in-
vestigate the boundedness and convergence properties of the intelligent

control. Considering W = w — w, as the deviation in relation to the
optimal parameter vector w, associated with the optimal estimate p,(s),
then a positive-definite function V' can be defined as:
1o, 1 o1~
V=cxs+—ww, 29
3 2 29
where y is a positive constant. Thus, the time derivative of V is given
by:

V=ss+y 'W'w
= (%) — Ko + A%p)s + W W (30)
=(p+ [ Hu—Sou +A%)s +y I Ww.

Considering the approximation error as € = w] p — p, Assumption 2,
and applying the control law (22) and Eq. (26) in Eq. (30), V becomes:

V=-[(p+e—w]p)+F+Ksat(s/9) | s+

v W Tw
=—[Wp+F+Ksat(s/dp)+¢| s+y~
=- [ F + Ksat(s/¢)+ € ] s+ W (w—wps).

Therefore, by updating w according to Eq. (27), the time derivative

of the Lyapunov function, V, is reduced for:

31

15T

w'w

V=- [?+Ksat(s/¢)+€] s. (32)

Now, the projection algorithm is introduced, being defined by the
following equation:

if ||wll, < T or
; _ T
if |wll, =T and wsw' p <0, (33)

w= T
ww .
I — —— ), otherwise,
wlw

where I' represents the desired upper bound for ||w||,.

The projection algorithm plays a pivotal role in ensuring the sta-
bility and reliability of the control system by enforcing constraints
on states and control inputs. It guarantees that the neural network’s
weights adhere to predefined bounds, thereby maintaining system sta-
bility and robustness. This algorithm can prevent variables from ex-
ceeding safe limits, ultimately enhancing the system’s resilience to
disturbances and uncertainties. Moreover, it simplifies the control de-
sign process and is essential for real-world applications where physical
limits must be respected.

Outside the boundary layer, i.e., when |s/¢| > 1, the time derivative
of V becomes:

>

V=—[F+ngn(s)+e]s. (34)

Furthermore, considering Assumptions 2 and 3, defining K accord-
ing to Eq. (24) and verifying that |e| = |p, — p| < |p— p| < || + P, one
obtains:

V< -9|s|. (35)



P.E. de Medeiros et al.
Integrating both sides, Eq. (35) shows that:
t
Jim / 9|sldv < lim [VO) -V@®) |<V(0) <. (36)
= Jo —00

Since the absolute value function is uniformly continuous function
of time, it follows from Barbalat’s lemma (Khalil and Grizzle, 2002)
that the intelligent control law ensures the convergence of the tracking
error to the boundary layer.

Inside the boundary layer, i.e., when |s/¢| < 1, the convergence of
the tracking error can be investigated as follows:

—-p<s<¢. 37
Multiplying by ¥, Eq. (37) becomes:

—get < % ()”cle’“) < et . (38)

Integrating Eq. (38) from O to ¢, one gets:

_¢
A

(e" = 1) < %,(DeM - %,(0) < ?(e”— 1)
%10
_?(1_L>+X;—§t) 10

il(t)s%(l—i)+i](0). (39)

et el

When ¢ tends to infinity, the error band is obtained:

. ] 1 %,(0) -
m[40-5)+ 52 <xo

.| @ 1 3O _ .
332[1(“5)*7] >0

(40)

With the tracking error range (40) and Eq. (38), it is possible to
determine the range of the derivative of error %,, as follows:

—2¢ < %, (1) < 2¢. 41)

Therefore, the intelligent control law defined by (22), (26), and (27)
ensures the exponential convergence of the error to the closed region
X ={xeR> ( %] <idi2¢i=12}.

4. Numerical simulations

The dynamical behavior of the SMA von Mises truss and the per-
formance of the proposed control scheme are now studied through
numerical simulations. Time integration is performed by using the
classical fourth-order Runge-Kutta method and the material properties
specified in tables 1 and 2 are consistently applied in all simulations,
representing typical SMA properties.

4.1. Uncontrolled dynamics

In order to achieve a global comprehension of the system dynamics,
bifurcation diagrams are of concern by sampling the central joint’s
displacement (x,;) under varying parameters. A high temperature (7 =
373 K) behavior is adopted where the austenitic phase is stable at
stress-free state, presenting a pseudoelastic behavior. Two scenarios
are examined: one with a fixed nondimensional frequency (2 = 0.475)
and varying nondimensional amplitude (y) of external excitation, and
another with a fixed y = 0.01 and varying load frequency (£2). Time
steps are chosen as A7 = x/1000£2. Parameters follow Table 1 with b =
0.894, ¢ = 0.0, and an initial condition x(0) = [0.447 0.0]T, representing
a stable equilibrium point.

Bifurcation diagrams in Fig. 6 reveal regions associated with chaotic
and periodic motions, varying with frequency and amplitude. The
analysis covers a range of forcing frequency and amplitude, yielding
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periodic, quasi-periodic, and chaotic behaviors, as illustrated in Figs.
6(a) and 6(b).

Fig. 7 presents a detailed view of the dynamic behavior of the shape
memory von Mises structure. Notably, it exhibits a chaotic-like motion,
akin to the typical strange attractors depicted in Figs. 7(b) and 7(d). In
Fig. 7(a), the system’s response is confined to the positive phase space,
exclusively visiting positive equilibrium points. However, introducing a
load frequency of £2 = 0.3347 leads to a different chaotic motion. Under
this condition, the system traverses the entire phase space, exhibiting
both chaotic behavior and the snap-through phenomenon, illustrated
in Fig. 7(c).

A comprehensive analysis of the chaotic response of the SMA von
Mises structure, employing the same model as in this study, is provided
by Savi and Nogueira (2010). It is noteworthy that the results derived
from the bifurcation diagrams and the observed chaotic motion align
with their findings.

4.2. Controlled dynamics

The performance of the intelligent controller is now under investi-
gation. Sampling rates of 2002/ are of concern for the control system,
while 1000£2/x is employed for the dynamical model. To provide prior
knowledge to the intelligent control system, the polynomial constitutive
model is employed to describe the SMA behavior of the structural bars.
In contrast, the constitutive model by Paiva et al. (2005) is used ex-
clusively to represent the plant dynamics in the numerical simulations,
i.e., the system to be controlled.

This separation between the plant model and the control-oriented
model highlights the capability of the adopted intelligent control
scheme to cope with strong nonlinearities, uncertain parameters, un-
modeled dynamics and external disturbances.

The constants a;, a,, and a; are defined in Table 2. Concerning
the estimation of the system dynamics, the hysteresis effect in Eq.
(25) is assumed to be unknown. Consequently, the neural network
compensates for the dissipative term £x, of the polynomial constitutive
model.

The following parameters are assumed for the intelligent controller:
F = 001, » = 002, 9 = 002, ¢ = 005 and 4 = 038. For
the neural network, seven neurons with Gaussian activation func-
tions in the hidden layer are assumed. The centers and widths of
these Gaussian functions are determined based on the boundary layer
width, as p, = {—¢; —¢/10; —¢/40; 0.0; $/40; $/10; ¢} and p, =
{—=¢/10; —p/20; —¢p/30; ¢/500; ¢/30; ¢/20; ¢/10}, respectively. The
weight vector is initialized as w = 0 and updated at each iteration step
using Eq. (27), with an adaptation rate of y = 0.5.

The use of seven Gaussian neurons is adopted as a compromise
between approximation capability and computational simplicity. Since
the sliding surface is the only input of the neural network, a small
number of neurons is sufficient to cover the boundary layer region with-
out increasing the computational burden. The centers are distributed
around the origin, with higher concentration near the sliding surface,
where accurate approximation is more relevant for stabilization. The
widths are selected according to the boundary layer thickness in order
to ensure overlap between neighboring activation functions and smooth
approximation of the unknown dynamics and external disturbances.

In order to demonstrate that the adopted controller can deal with
both modeling inaccuracies and external disturbances, the periodic
excitation is treated as an unknown external stimulus. Under this as-
sumption, y sin(£27) is not taken into account in the control law Eq. (22).
According to Eq. (26), p is estimated using a single hidden layer
neural network that learns in real-time during interactions with the
system, providing posterior knowledge about the structure’s dynamics.
This approach aims to significantly reduce the vibration level of the
structure while also preventing the undesired snap-through behavior.
The structure presents initial condition x(0) = [0.447 0.0]T, matching
the stabilization point x, = [0.447 0.0]7, in line with the nominal
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Fig. 6. Bifurcation diagrams of the SMA von Mises truss.
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Fig. 7. Chaotic response of the SMA von Mises truss.

values of the structure. Fig. 8 shows that, with the implementation
of intelligent control, the chaotic behavior characterized by large am-
plitudes in the uncontrolled response is replaced by a regular motion
with small amplitudes around the equilibrium point x,. This transition
occurs when the controller is activated at = = 400.

From the control performance presented in Fig. 8, the robustness of
the proposed scheme can be observed. Even in the presence of unknown
disturbances and the uncertain dynamical model used as prior knowl-
edge, the intelligent scheme achieves the desired stabilization with
small amplitudes. This underscores the fact that systems with strong
nonlinearities and complex behaviors, such as the SMA von Mises

structure, can be effectively controlled using simple constitutive mod-
els. This effectiveness is especially notable when the controller lever-
ages essential characteristics of human intelligence, as demonstrated
here.

The control performance is directly influenced by the SMA consti-
tutive parameters, since temperature-dependent phase transformations,
hysteresis, and energy dissipation modify the effective stiffness and
damping of the structure. It is important to note that two different
constitutive models are employed in this study. The plant dynamics
used in the numerical simulations are represented by the more real-
istic SMA model proposed by Paiva et al. (2005), which incorporates
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Fig. 8. System response when the intelligent controller is activated.

thermomechanical coupling and hysteretic behavior. In contrast, the
controller is designed using the simplified polynomial constitutive
model proposed by Falk (1980), which is selected due to its suit-
ability for control-oriented applications and reduced computational
complexity.

Consequently, the controller is intentionally designed under model
mismatch conditions, since the simplified Falk model (Falk, 1980) does
not explicitly capture several nonlinear phenomena represented by the
Paiva et al. model (Paiva et al., 2005). Variations in temperature-
dependent parameters, hysteresis characteristics, and phase transforma-
tion properties may further increase this mismatch. Even under these
conditions, the proposed intelligent sliding mode controller maintains
satisfactory stabilization performance because the neural network ap-
proximates the neglected dynamics online, while the sliding mode term
provides robustness against residual uncertainties and modeling errors.

The learning capability of the intelligent scheme should be high-
lighted. In this regard, it is important to establish a comparison between
the intelligent sliding mode controller (ISMC) and the adaptive sliding
mode controller (ASMC), which describe the purely adaptive approach.
By conducting a comparative analysis of the stabilization errors illus-
trated in Fig. 9, it is noticeable a decrease in controller accuracy when
using an adaptive approximation compared to an intelligent one. Table
3 presents the Mean Square Error (M S E) and Root Mean Square Error
(RM SE) values of the stabilization errors shown in Figs. 9(a) and 9(c).

Hence, the intelligent controller is associated with a 96.73% reduc-
tion in mean square error for the first scenario and an 83.12% reduction
for the second. In addition, the proposed strategy achieves reductions
of 81.93% and 41.08% in the root mean squared error for the first and
second scenarios, respectively. These results reinforce the effectiveness
of the intelligent control strategy, since reductions are observed in both

10

Table 3

Mean square error and root mean square error of the stabilization errors.

Scenario y=0.01;2=0475 7 =0.01;2 =0.3347
MSE;syc 1.307 x 107° 11.395 x 107°
MSE 5y 40.006 x 10~° 67.515 x 1075
RMSE gy c 3.615 x 1073 10.675 x 1073
RMSE syc 20.001 x 1073 25.984 x 1073

the quadratic error energy measured by the M .SE and the overall error
amplitude represented by the RM SE. This suggests that an intelligent
controller presents a better performance than a purely adaptive scheme
in situations requiring high-precision control. Moreover, complex struc-
tures frequently missing well-defined mathematical models, making the
intelligent controller the preferred option. The superior performance of
ISMC compared to ASMC is further illustrated in the phase portraits in
Figs. 9(b) and 9(d). While the ASMC leads the system to limit cycles,
the ISMC drives it toward errors that approach zero. Both schemes
guarantee the exponential convergence of the error toward the closed
region (CR) X, defined as X ={ % € R? ’ %] < idi=2¢,i = 1,2 }, as
outlined by Egs. (40) and (41).

Fig. 10 presents the control efforts of the two analyzed scenarios
showing that the instant when both controllers are turned on, marked
by the rapid growth of their efforts while maintaining smooth con-
trol actions. It is noteworthy that despite ISMC having significantly
smaller stabilization errors compared to ASMC, the control efforts are
practically identical.

Through a comparative analysis of the absolute mean effort (|al), it
is obtained |a| , . = 6.450x107* and ||, . = 6.448x107 for y = 0.01
and 2 = 0.475, which corresponds to an increase of only 0.031% in the
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Fig. 9. Comparative analysis of intelligent and adaptive sliding mode control.
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Fig. 10. Comparison of control efforts with adaptive and intelligent approaches.

control effort when the ISMC is adopted, and lal, g, = 6-118% 1073 and
il e = 5.734x1073 for y = 0.01 and 2 = 0.3347, which is related to an
increase of only 6.7% in the control effort when the ISMC is considered.

5. Concluding remarks

In this paper, an intelligent control approach is explored based on
the sliding mode technique with an online learning neural network
for vibration suppression in a shape memory von Mises structure.
This system is a prototype smart structure that serves as a valuable
model for investigating the stability of shape memory alloy structures.
The thermomechanical behavior of the structural elements employs a

11

constitutive model that matches experimental data, alongside a sim-
plified polynomial constitutive equation for the controller design. This
polynomial model serves as prior knowledge about the plant, later
refined by the neural network.

The study demonstrates the conception of an intelligent control sys-
tem through the use of artificial neural networks. This system enhances
adaptability and learning in control mechanisms. Unlike purely adap-
tive controls that cannot learn from past interactions, this system stands
out by adding learning capabilities. Due to its online learning capability
during interactions, the intelligent controller exhibits essential features
of natural intelligence, including robustness, prediction, adaptation,
and learning.
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The proposed controller makes a significant contribution by en-
abling the control of structures and systems with complex behaviors,
which often lack easily formulated analytical approaches. As demon-
strated by numerical simulations, integrating a single hidden layer
neural network into the boundary layer of a smooth sliding mode
controller greatly enhances system stabilization in the desired state.

Remarkably, the intelligent scheme achieves significantly improved
stabilization performance with nearly the same control effort compared
to a purely adaptive approach. This intelligent controller effectively
mitigates undesirable responses such as snap-through behavior and
chaotic motion.

Although the present investigation is restricted to numerical simu-
lations, the adopted framework provides a consistent basis for future
experimental validation. Experimental investigations available in the
literature have already demonstrated good agreement between theo-
retical predictions and experimental measurements in nonlinear SMA
dynamical systems, even in the presence of hysteretic and temperature-
dependent effects (Enemark et al., 2014; Sitnikova et al., 2012). Future
work will focus on implementing the proposed control strategy in an
experimental SMA structure, allowing the assessment of practical issues
such as sensor noise, actuator limitations, temperature control, and
real-time computational requirements.
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