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Abstract
Clustering is a fundamental task in data mining and machine learning, particularly 
for analyzing large-scale data. In this paper, we introduce Clust-Splitter, an effi-
cient algorithm based on novel incremental approach and nonsmooth formulation of 
the the minimum sum-of-squares clustering problem. Particularly, the clustering task 
is approached through a sequence of three nonsmooth optimization problems: two 
auxiliary problems used to generate suitable starting points, followed by a main clus-
tering formulation. To solve these problems effectively in very large datasets, the lim-
ited memory bundle method (Haarala et al. in Optim Methods Softw 19(6):673–692, 
2004) is applied as an underlying solver in Clust-Splitter. We test and evaluate 
Clust-Splitter on real-world datasets characterized by both a large number of at-
tributes and a large number of data points and compare its performance with several 
state-of-the-art large-scale clustering algorithms. Experimental results demonstrate 
the efficiency of the proposed method for clustering very large datasets, as well as the 
high quality of its solutions, which are on par with those of the best existing methods.
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1  Introduction

Clustering is a fundamental task in data mining and machine learning, aiming to 
group data points into clusters based on their similarity. It plays a vital role in numer-
ous modern applications, including bioinformatics (Karim et al. 2021; Sanjak et al. 
2024), cybersecurity (Riddle-Workman et al. 2021; Taheri et al. 2020), and image 
processing (Kim et al. 2020). Recent growth of data, along with advancements in 
computer hardware, now enables the storage and processing of massive datasets, 
including millions of data points and attributes. This capability makes large-scale 
clustering both possible and essential, but it also introduces major challenges: many 
existing algorithms either produce suboptimal outcomes, such as local minima, or 
require excessive computational resources. Therefore, there is a significant need for 
clustering methods that can generate accurate results within a reasonable time on 
very large datasets.

A commonly used clustering formulation is the minimum sum-of-squares cluster-
ing (MSSC) problem, which aims to partition data points into clusters by minimizing 
the sum of squared Euclidean distances of the points to the nearest cluster center. 
In this formulation, each data point is assigned to exactly one cluster, which cor-
responds to the hard clustering problem. The MSSC problem can be expressed as a 
global optimization problem, and various optimization techniques − such as nons-
mooth optimization methods (Bagirov et al. 2023, 2025; Bagirov and Mohebi 2015; 
Bagirov and Ugon 2005; Bagirov and Yearwood 2006; Karmitsa et al. 2017, 2018), 
difference-of-convex (DC) methods (Bagirov et al. 2025, 2016; Karmitsa et al. 2017; 
Khalaf et al. 2017; Le Thi et al. 2007, 2014; Le Thi and Pham 2009), and metaheuris-
tics (Seifollahi et al. 2019; Selim and Al-Sultan 1991; Al-Sultan 1995; Alotaibi 2022; 
Xu et al. 2014; Abdo et al. 2024; Cura 2012; Gribel and Vidal 2019; Mansueto and 
Schoen 2021; Rahman and Islam 2014) − have been applied to develop clustering 
algorithms for MSSC.

Among optimization-based approaches, nonsmooth optimization (NSO) (Bagirov 
et al. 2014) provides a flexible framework for clustering problems, as it can handle 
objective functions that are not continuously differentiable. More importantly, NSO-
based clustering models are particularly effective in large-scale settings because, 
unlike traditional formulations where the number of variables grows with the number 
of data points, they use a fixed number of variables determined only by the number 
of clusters and features (Bagirov et al. 2025). This reduction in dimensionality leads 
to substantially lower computational complexity.

While global optimization methods for MSSC can provide high-quality solutions, 
they are often computationally too intensive for large datasets. Local optimization 
methods, on the other hand, are computationally efficient but highly sensitive to the 
choice of starting points, which may result in convergence to poor local minima 
far from the global minimum. Incremental algorithms offer a practical compromise, 
gradually building the solution by increasing the number of clusters one by one. This 
approach reduces computational complexity and improves the quality of solutions by 
systematically generating good initializations. A common way to implement this idea 
is to rely on the starting point selection procedure introduced in Ordin and Bagirov 
(2015). Variants of this approach have since been applied in several studies, includ-
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ing Bagirov et al. (2023), Bagirov and Mohebi (2015), Bagirov et al. (2015, 2016), 
Karmitsa et al. (2017, 2018), Khalaf et al. (2017), Xavier and Xavier (2020).

In this paper, we introduce a novel incremental clustering method, Clust-Split-
ter, designed for large-scale MSSC problems. The proposed algorithm is based on 
the NSO approach and incorporates a new data splitting strategy to generate starting 
points: at each iteration, the number of clusters is increased by one, and then the 
cluster with the highest dissimilarity from the previous solution is split into two to 
generate effective starting points for the clustering task with one additional cluster. 
This novel strategy of splitting clusters based on their similarity clearly distinguishes 
Clust-Splitter from the other incremental clustering methods mentioned above. In 
particular, the proposed approach is computationally more efficient and the result-
ing optimization problems are significantly easier to solve. For the underlying NSO 
problems, we employ the limited memory bundle method (LMBM) (Haarala 2004; 
Haarala et al. 2004, 2007), which is considered an efficient method for solving large-
scale NSO problems. Moreover, the LMBM has been successfully applied in various 
machine learning application [see, e.g., Halkola et al. (2023), Karmitsa et al. (2018, 
2022, 2023), Paasivirta et al. (2024)].

The main contributions of this paper are as follows: 

1.	 Development of a novel incremental model for solving MSSC problems;
2.	 Design of the new algorithm Clust-Splitter, which implements the proposed 

model and achieves high accuracy and efficiency in clustering datasets with hun-
dreds of thousands of data points and/or hundreds of features;

3.	 Comprehensive numerical evaluation comparing Clust-Splitter with several 
state-of-the-art methods on very large datasets;

4.	 Open-source implementation of Clust-Splitter, available at ​h​t​t​p​s​:​/​/​g​i​t​h​u​b​.​c​o​m​
/​j​m​l​a​m​p​/​C​l​u​s​t​-​S​p​l​i​t​t​e​r​​​​​.​​​​​

The remainder of this paper is organized as follows. Section 2 introduces the nota-
tions and fundamental concepts from cluster analysis. A brief literature review of 
incremental clustering algorithms is provided in Section 3, which also presents the 
main idea of Clust-Splitter, emphasizing its differences from existing methods. 
In Section 4, the nonsmooth clustering problems required for Clust-Splitter are 
formulated. A detailed description of the proposed incremental clustering algorithm 
is presented in Section 5. The results of extensive numerical experiments are reported 
and analyzed in Section 6. Finally, Section 7 concludes the paper, while the Appendix 
provides the precise definitions of the validity indices as well as detailed numerical 
results.

2  Definitions in cluster analysis

This section presents the key definitions and concepts used in the paper. Through-
out, bold symbols represent vectors. In cluster analysis, we consider a finite set A of 
points in the n-dimensional space Rn. In other words,
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	 A = {a1, . . . , am}, where ai ∈ Rn, i = 1, . . . , m.

Each data point ai has n features.
The hard unconstrained clustering problem entails partitioning the points in the 

set A into k disjoint subsets Aj , j = 1, . . . , k, based on specific predefined criteria 
such that 

1.	 Aj ̸= ∅ for all j = 1, . . . , k;
2.	 Aj

∩
Al = ∅ for all j, l = 1, . . . , k, j ̸= l; and

3.	 A =
∪k

j=1 Aj .

The subsets Aj , j = 1, . . . , k, are referred to as clusters. Each cluster Aj  can be 
characterized by its center xj ∈ Rn, j = 1, . . . , k. The task of determining these 
centers is known as the k-clustering problem (Bagirov et al. 2025). In what follows, 
we sometimes refer to the k-clustering problem as the main clustering problem.

The concept of a similarity measure is essential for formulating the clustering 
problem. Typically, a similarity measure is defined in terms of a distance metric. 
In this work, we define it using the squared Euclidean norm (the L2-norm) as the 
distance

	
d2(x, a) = ∥x − a∥2 =

n∑
i=1

(xi − ai)2,

where x, a ∈ Rn.
Each data point is assigned to the cluster with the nearest center. Furthermore, the 

cluster function for the cluster Aj , j = 1, . . . , k, is defined as

	
fAj (x) =

∑
ai∈Aj

d2(x, ai),� (1)

where x ∈ Rn is treated as the center of the cluster Aj .

3  Related work

This section provides a brief literature review of incremental clustering algorithms, 
with the aim of highlighting the novelty of Clust-Splitter. As stated before, Clust-
Splitter is an incremental clustering algorithm, meaning that the solution is built 
gradually by increasing the number of clusters one by one. In other words, to solve 
a clustering problem with k clusters, all intermediate problems with 1, 2, . . . , k − 1 
clusters are solved first sequentially. Consequently, an incremental algorithm gener-
ates not only the final solution but also all intermediate solutions, providing a com-
plete sequence of clustering results. Many such incremental algorithms have been 
proposed for MSSC problems, the most notable being the global k-means algorithm 
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(Likas et al. 2003), and NSO-based algorithms using the starting point generation 
procedure introduced in Ordin and Bagirov (2015).

Global k-means is an incremental variant of the well-known k-means algorithm 
(McQueen 1967). The algorithm starts with a single cluster and adds one new clus-
ter at a time. At each iteration, several candidate positions are considered for the 
new cluster center. Furthermore, each candidate center is combined with the existing 
clusters to form multiple starting points for k-means. Running k-means from these 
starting points produces multiple solutions, from which the one yielding the lowest 
clustering error is selected. This process is repeated until the desired number of clus-
ters is reached. Many variants of global k-means have been proposed, see for exam-
ple Bagirov et al. (2011), Bagirov (2008), Lai and Huang (2010), Xie et al. (2011). 
However, k-means-based incremental algorithms are not well suited for large-scale 
clustering.

NSO-based incremental clustering algorithms also address clustering problems 
gradually. The main differences between such methods lie in the choice of NSO 
solver for clustering problems, as well as in the strategy to select starting points. A 
well-established approach is the starting point generation procedure introduced in 
Ordin and Bagirov (2015), where the solution to the (k − 1)-clustering problem (i.e., 
the main clustering problem with (k − 1) clusters, to be formally defined in Subsec-
tion 4.3) is used to produce starting points for the k-clustering problem. Thus, itera-
tion k starts with considering the clusters Aj , j = 1, . . . , k − 1, based on the solution 
of the previous (k − 1)-clustering problem and determining a suitable starting posi-
tion for one additional cluster among them. For this purpose, an auxiliary clustering 
problem is employed to generate multiple candidate centers for the new cluster [see 
Algorithm 1 in Ordin and Bagirov (2015)]. Each starting point for the k-clustering 
problem is then constructed by combining the solution of the (k − 1)-clustering 
problem with one of these candidate centers. The main k-clustering problem is solved 
from each of these starting points, and the best solution is carried forward to the next 
iteration. When k = 1, there is no previous solution, but the corresponding main 
clustering problem is convex and can therefore be solved straightforwardly, without 
sophisticated selection of starting points. Incremental clustering methods based on 
the described approach include, for example, Bagirov (2014), Bagirov et al. (2015, 
2016), Cuong et al. (2019), Karmitsa et al. (2017, 2018, 2025).

As stated before, Clust-Splitter is also an incremental algorithm. Its approach 
resembles NSO-based incremental clustering methods, particularly those that 
employ the starting point generation procedure introduced in Ordin and Bagirov 
(2015), but with a key distinction. At iteration k, we also consider the clusters Aj , 
j = 1, . . . , k − 1, obtained during the iteration, but now the cluster with the highest 
cluster function (1) value is split into two by solving two auxiliary problems, while 
the other clusters are kept unchanged. The outcome of this procedure is a starting 
point for the k-clustering problem. Unlike Ordin and Bagirov (2015), which incorpo-
rates all data points into its auxiliary problem, our method restricts consideration in 
both auxiliary problems to the points within the cluster being split. Due to this, our 
auxiliary problems are substantially smaller and therefore computationally easier to 
solve. Moreover, the use of two auxiliary problems produces higher-quality starting 
points, making it sufficient to solve the k-clustering problem once, rather than from 
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multiple starting points as in Ordin and Bagirov (2015). The primary theoretical con-
tribution of Clust-Splitter therefore lies in the construction of auxiliary problems, 
which balance efficiency with solution quality.

To the best of our knowledge, only a few incremental algorithms exist for large-
scale clustering and they employ NSO formulations. The most notable examples are 
LMBM-Clust (Karmitsa et al. 2018) and its stochastic variant Big-Clust (Karmitsa 
et al. 2025), both of which rely on the starting point procedure described by Ordin 
and Bagirov (2015) or its slight variation. Accordingly, in the next section, our com-
parison of Clust-Splitter focuses primarily on Ordin and Bagirov (2015), as both 
methods, LMBM-Clust and Big-Clust, follow its principle and use the same auxil-
iary problem. This makes the comparison particularly meaningful.

4  Formulations of clustering problems

In this section, we present the NSO formulations of the clustering problems utilized 
by Clust-Splitter: the starting point auxiliary problem, the 2-clustering auxiliary 
problem, and the main k-clustering problem. For each problem, we highlight the dif-
ferences from the formulations in Ordin and Bagirov (2015), thereby clarifying the 
contribution of our approach.

4.1  Starting point auxiliary problem

With the help of the starting point auxiliary (SPA) problem, the aim is to identify two 
appropriate starting cluster centers before the selected cluster can be split into two. 
While one of the centers is the center of the splitted cluster, the other is determined 
through the solution of the SPA problem. This ensures that the splitting process of the 
selected cluster begins with a well-chosen starting point being crucial for the success 
of the clustering algorithm.

Assume that c is the index of the cluster being split and the center of the cluster Ac 
is x̃c ∈ Rn. The SPA function is defined as

	
f̃(z) =

∑
ai∈Ac

min
{

d2(x̃c, ai), d2(z, ai)
}

,� (2)

where z ∈ Rn. Note that f̃(z) ≤
∑

ai∈Ac d2(x̃c, ai) = fAc(x̃c) for all z ∈ Rn, and 
the inequality is strict if the distance from any data point to z is smaller than to x̃c. 
The function f̃  is nonsmooth, locally Lipschitz continuous (LLC) and typically non-
convex as a sum of minima of convex functions. The SPA problem is then formulated 
as

	

{
minimize f̃(z)
subject to z ∈ Rn.

� (3)

 In a traditional incremental method, individual clusters are not split. Instead, a new 
cluster is inserted among all existing clusters, and the auxiliary clustering problem 
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considers the entire dataset to find a suitable initial position for this additional cluster. 
In contrast, the SPA problem [conceptually similar to the auxiliary clustering problem 
in Ordin and Bagirov (2015)] in Clust-Splitter focuses only on the data points of 
the cluster being split. Starting points for the SPA problem are generated intuitively, 
for example, using the current center of the cluster or the center of randomly selected 
data points within the cluster (see Remark 3). For the auxiliary clustering problem in 
Ordin and Bagirov (2015), starting points are computed as centers of subsets of data 
points far from existing cluster centers. Both auxiliary problems are solved once for 
each starting point, but Clust-Splitter retains only the solution minimizing the SPA 
function (2), whereas Ordin and Bagirov (2015) stores all solutions satisfying spe-
cific criteria. Overall, the SPA problem in Clust-Splitter is simpler (fewer terms) 
and selects starting points more intuitively than the auxiliary problem in Ordin and 
Bagirov (2015).

4.2  2-clustering auxiliary problem

The 2-clustering auxiliary problem focuses on splitting the selected cluster into two 
separate clusters. After solving the 2-clustering auxiliary problem, we have finished 
the splitting of the considered cluster and produced the centers of the two newly 
formed clusters. Assume that c is the index of the cluster being split. The 2-clustering 
auxiliary function is defined as

	
f̂(y) =

∑
ai∈Ac

min
{

d2(y1, ai), d2(y2, ai)
}

,

where y = (y1, y2) ∈ R2n. The function f̂  is nonsmooth, LLC and typically non-
convex as a sum of minima of convex functions. The 2-clustering auxiliary problem 
is then formulated as

	

{
minimize f̂(y)
subject to y = (y1, y2) ∈ R2n.

� (4)

The 2-clustering auxiliary problem introduces an additional step compared to the 
starting point generation procedure in Ordin and Bagirov (2015). In Clust-Splitter, 
the 2-clustering auxiliary problem performs the splitting of the considered cluster 
into two separate clusters, and the resulting centers are then combined with the solu-
tion of the (k − 1)-clustering problem to form one high-quality starting point for the 
k-clustering problem. In Ordin and Bagirov (2015), the auxiliary clustering problem 
(similar to the SPA problem in Clust-Splitter) is solved multiple times, and from 
these solutions, those satisfying specific criteria are combined with the solution of 
the (k − 1)-clustering problem to generate several starting points for the k-clustering 
problem. Although the 2-clustering auxiliary problem represents an additional step in 
Clust-Splitter, it is solved only once and involves only the points within the cluster 
being split, making it computationally efficient. Overall, the 2-clustering auxiliary 
problem improves the quality of the starting point for the k-clustering problem with-
out significantly increasing computation time.
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4.3  k-clustering problem

The k-clustering problem is the main clustering task. As a result of solving the k-clus-
tering problem, the process yields the centers of k clusters. The k-clustering function, 
or kth cluster function, is defined as

	
fk(x) =

m∑
i=1

min
j=1,...,k

d2(xj , ai),� (5)

where x = (x1, . . . , xk) ∈ Rnk. The function fk is LLC for any k, convex for k = 1, 
and nearly always nonconvex and nonsmooth for k > 1. The k-clustering problem is 
formulated as

	

{
minimize fk(x)
subject to x = (x1, . . . , xk) ∈ Rnk,

� (6)

which corresponds to the MSSC problem.
As a result of the stronger initialization provided by the two auxiliary problems, 

Clust-Splitter needs to solve the k-clustering problem only once per iteration. In 
contrast, clustering algorithms based on the starting point generation procedure in 
Ordin and Bagirov (2015) solve the k-clustering problem multiple times, once for 
each good starting point generated with the auxiliary clustering problem. While the 
k-clustering formulations are identical in Clust-Splitter and in the methods based 
on the starting point generation procedure of Ordin and Bagirov (2015), solving the 
k-clustering problem only once makes Clust-Splitter computationally more effi-
cient. In summary, the novelty of Clust-Splitter lies in its use of two auxiliary 
problems based on cluster splitting, which generate sufficiently strong starting points 
to avoid repeatedly solving the k-clustering problem and thus reduce excessive com-
putational effort.

5  Clust-Splitter method

In this section, we introduce the new Clust-Splitter method, an incremental algo-
rithm designed to solve MSSC problems. Suppose that we have already solved the 
(k − 1)-clustering problem and are now moving on to solve the k-clustering problem. 
First, auxiliary problems are used to split a selected cluster from the previous solution 
into two smaller clusters. The resulting configuration, together with the previous solu-
tion of the (k − 1)-clustering problem, provides a foundation (i.e., a starting point) 
for solving the k-clustering problem on the entire dataset. This process is repeated 
until the user-specified maximum number of clusters, kmax, is achieved. Therefore, 
Clust-Splitter solves not only the kmax-clustering problem but also all intermedi-
ate k-clustering problems for k = 1, . . . , kmax − 1. Clust-Splitter uses the LMBM 
(Haarala 2004; Haarala et al. 2004, 2007) to solve all optimization problems.
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A key aspect of Clust-Splitter is the strategic use of cluster splitting, which facil-
itates the identification of high-quality starting points, an essential factor in achieving 
global or near-global solutions in nonconvex clustering problems. As already seen, 
this is also a notable advantage of the new approach compared to the traditional start-
ing point generation procedure in incremental clustering algorithms [see, e.g., Bagi-
rov et al. (2016), Karmitsa et al. (2018, 2025)]. Namely, the auxiliary problems in 
Clust-Splitter are smaller and therefore significantly easier to solve. Furthermore, 
in the method, additional criteria for selecting the cluster to be split can be adjusted 
using parameters. For instance, splitting can be prohibited for clusters containing 
fewer than five data points (i.e., outlier clusters). Figure 1 illustrates the structure of 
the Clust-Splitter method, and the exact algorithm is presented in Algorithm 1. 
Next, we take a closer look at the three main parts of the Clust-Splitter method. In 
each part, one of the optimization problems (3), (4) or (6) is solved.

Suppose that we have just started the iteration k. First, we define the clus-
ters Aj , j = 1, . . . , k − 1, based on the solution x̂ = (x̂1, . . . , x̂k−1) to the pre-
vious (k − 1)-clustering problem. Second, we store this previous solution to 
x̃ = (x̃1, . . . , x̃k−1). Third, we calculate the cluster function value fAj (x̃j) using 
(1) for each cluster Aj , j = 1, . . . , k − 1, and select the cluster with the highest 
value for splitting. We denote the index of this cluster by c. Thus, in the splitting part 
of the method, the considered cluster is Ac whereas its center is x̃c. At this point, we 
are ready to proceed with the auxiliary problems.

The SPA problem (3) in Step 3 of Algorithm 1 aims to identify the best possible 
starting point for the 2-clustering auxiliary problem (4) in order to split the clus-
ter Ac. The SPA problem is computed p times, where the number p is specified by 
the user. Each of these runs use a different starting point, which can be chosen, for 
example, as a center of randomly selected data points within the splitted cluster Ac. 

Fig. 1  The Clust-Splitter method. Note that if k = 2, after solving the 2-clustering auxiliary prob-
lem, we set x̂ = (ŷ1, ŷ2) and skip the step with the k-clustering problem.
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For a more detailed description, see Remark 3. The solution that yields the smallest 
SPA function (2) value is denoted by ẑ.

The goal of the 2-clustering auxiliary problem (4) in Step 4 of Algorithm 1 is to 
split the cluster Ac into two parts, resulting in the centers ŷ1 and ŷ2 of the newly 
formed clusters. The starting point for the problem (4) consists of the center x̃c of 
the considered cluster Ac and the additional center ẑ determined by the SPA problem 
(3). In other words, the starting point is y0 = (x̃c, ẑ). The solution of the 2-clustering 
auxiliary problem consists of the centers of the two new clusters, stored in the vector 
ŷ = (ŷ1, ŷ2).

After solving the two auxiliary problems, we are finally ready to address the main 
problem: the k-clustering problem (6) in Step 5 of Algorithm 1. The input to the 
k-clustering problem is the solution ŷ = (ŷ1, ŷ2) of the 2-clustering auxiliary prob-
lem splitting the cluster Ac. Using this input we construct the starting point for the 
k-clustering problem as

	 x0 = (x1
0, . . . , xk

0) = (x̃1, . . . , x̃k−1, ŷ2),

where x̃1, . . . , x̃k−1 are otherwise the cluster centers obtained from the (k − 1)-clus-
tering problem (6) but x̃c = ŷ1. The solution to the k-clustering problem consists 
of the updated cluster centers and is denoted by x̂ = (x̂1, . . . , x̂k). For example, if 
k = 4 then we know three cluster centers x̃1, x̃2 and x̃3 from the previous iteration of 
the method. Furthermore, if the second cluster is being split, then after obtaining ŷ1 
and ŷ2, the starting point for the 4-clustering problem is set as x0 = (x̃1, ŷ1, x̃3, ŷ2).

Algorithm 1  Clust-Splitter 
Input: The dataset A, the maximum number of clusters kmax ≥ 1, and the num-

ber of starting points p ≥ 1 for the auxiliary problem (3).
Output: The solution x̂ to the kmax-clustering problem and all the intermediate 

solutions to the k-clustering problems with k = 1, . . . , kmax − 1.
Step 0. Initialization: Select a starting point from the set A, and apply the 

LMBM to solve the 1-clustering problem (6) starting from that point. 
Denote the solution with x̂1. Set k = 1.

Step 1. Stopping criterion: Set k ← k + 1. If k > kmax, STOP: the kmax-clus-
tering problem has been solved.

Step 2. Find a cluster to split: Define the clusters Aj , j = 1, . . . , k − 1, based 
on the solution to the previous (k − 1)-clustering problem. Set x̃j = x̂j  
for j = 1, . . . , k − 1. Calculate the cluster function value fAj (x̃j) using 
(1) for each cluster Aj , j = 1, . . . , k − 1, and select the cluster with the 
highest value. Denote the index of this cluster by c. Thus, the considered 
cluster is Ac whereas its center is x̃c.

Step 3. Starting point auxiliary problem: Generate p starting points from Rn 
and denote this set as S. Apply the LMBM to solve the SPA problem (3) 
starting from each z0 ∈ S. Choose the solution that gives the smallest 
value of the auxiliary function (2) and denote it by ẑ.
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Step 4. 2-clustering auxiliary problem: Apply the LMBM to solve the 2-cluster-
ing auxiliary problem (4) starting from y0 = (x̃c, ẑ). Denote the solu-
tion by ŷ = (ŷ1, ŷ2). If k = 2, set x̂ = (ŷ1, ŷ2) and go to Step 1.

Step 5. k-clustering problem: Set x̃c = ŷ1. Apply the LMBM to solve the k-
clustering problem (6) starting from x0 = (x̃1, . . . , x̃k−1, ŷ2). Denote 
the solution by x̂ = (x̂1, . . . , x̂k). Go to Step 1.

Remark 1  In Algorithm 1, the optimal number of clusters can also be determined 
when it is initially unknown. Specifically, the optimal k is reached when the Davies-
Bouldin index (DBI) attains its minimum value and the Dunn index (DI) attains its 
maximum value (see the definitions of the validity indices in Appendix A). Thus, the 
computation can be stopped once the DBI begins to increase significantly while the 
DI decreases, which provides an effective criterion for estimating the optimal number 
k of clusters.

Remark 2  At Step 0 of Algorithm 1, the starting point can be selected as the center of 
M1 > 1 randomly selected data points from A. Note that here only a single starting 
point is sufficient, as the 1-clustering problem is convex.

Remark 3  In Step 3 of Algorithm 1, the starting points for the SPA problem (3) can be 
generated, for example, as follows:

	● One or more starting points are generated by computing the center of M1 > 1 
randomly selected data points within the cluster Ac being split.

	● One or more starting points are computed as the center of M2 > 1 randomly 
selected data points within the cluster Ac being split, with the additional require-
ment that each candidate center must be sufficiently distant from the current cent-
er of the cluster Ac. If this condition is not met, a new center is generated using 
another set of M2 random data points.

	● One starting point is selected as the current center of the cluster Ac being split.

As we have seen, the LMBM is used to solve all the optimization problems 
encountered in Clust-Splitter, but other methods suitable for NSO can also be 
employed. The LMBM is developed to handle general large-scale nonconvex and 
nonsmooth optimization problems, and it is one of the few approaches capable of 
solving such large-scale problems efficiently. Further details on the LMBM are pro-
vided in Haarala et al. (2004), and its convergence has been established in Haarala 
et al. (2007) under some mild assumptions. Since the SPA problem, the 2-clustering 
auxiliary problem and the k-clustering problem satisfy these assumptions directly, 
also Clust-Splitter is guaranteed to converge.
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6  Numerical experiments

To demonstrate the performance of the proposed Clust-Splitter method, we com-
pare it with five other clustering algorithms: LMBM-Clust (Karmitsa et al. 2018), 
DC-Clust (Bagirov et  al. 2016), Big-Clust (Karmitsa et  al. 2025), Big-Means 
(Mussabayev et al. 2023), and MiniBatchKMeans (Pedregosa et al. 2011) (abbrevi-
ated as MBKMeans in the rest of the paper). LMBM-Clust, DC-Clust, and Big-
Clust are incremental clustering methods, with LMBM-Clust utilizing the LMBM, 
DC-Clust leveraging the nonsmooth DC representation of the MSSC problem, and 
Big-Clust employing stochastic version of the LMBM. Big-Means and MBK-
Means are variants of the traditional k-means algorithm, with Big-Means tailored 
for large-scale data and MBKMeans using a mini-batch optimization approach. The 
tests are conducted on large-scale real-world data, as well as through external valida-
tion using small real-world and simulated datasets.

The solvers Clust-Splitter, LMBM-Clust, DC-Clust, and Big-Clust are 
implemented in Fortran 95, whereas the solvers Big-Means and MBKMeans are 
implemented in Python. All computational experiments are carried out on an Intel(R) 
Core(TM) i3-1215U CPU (1.20GHz, 4.40GHz) running under Windows 10. We 
use gfortran to compile the Fortran codes and Python 3.9.7 for Python codes with 
NumPy 1.26.4 and Numba 0.60.0 for Big-Means. Additionally, we follow the pro-
vided implementations and adhere to the recommended default parameter values for 
all methods, as specified in their respective references. An open-source implementa-
tion of the proposed Clust-Splitter algorithm is given at ​h​t​t​p​s​:​/​/​g​i​t​h​u​b​.​c​o​m​/​j​m​l​a​
m​p​/​C​l​u​s​t​-​S​p​l​i​t​t​e​r​​​​​. Additionally, in Clust-Splitter, the number of starting points is 
set to p = 3 and we generate one starting point using each of the ways described in 
Remark 3, where the numbers of random data points are set to M1 = 10 and M2 = 7.

6.1  Experiments in large-scale real-world data

We conducted our experiments on a collection of 18 publicly available large-scale 
real-world datasets, which are the same as in Karmitsa et al. (2025). Summary infor-
mation for the datasets used is presented in Table 1, while more detailed descriptions 
are accessible via the references provided. All datasets consist exclusively of numeric 
features, with no missing values. They also vary in size, with the number of features 
(n) ranging from 2 to 5000 and the number of data points (m) from 7797 to 581,012.

Clust-Splitter, LMBM-Clust, DC-Clust, and Big-Clust utilize an incremen-
tal approach to solve clustering problems. Using these methods, we incrementally 
compute up to 25 clusters in each dataset. In contrast, since Big-Means and MBK-
Means do not produce intermediate results, we conduct multiple runs in each dataset 
with different numbers of clusters (denoted as k) for comparison purposes. Due to 
the stochastic characteristics, Big-Clust, Big-Means, and MBKMeans are executed 
ten times, with the results averaged over these runs. In other words, each dataset 
with k clusters is computed ten times, and the results are averaged. The incremental 
algorithm Big-Clust computes up to 25 clusters in a single run, and the algorithm 
is executed 10 times for each dataset. For Big-Means, each dataset with k clusters 
needs ten separate runs, whereas MBKMeans is able to produce these ten runs in a 
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single loop. The CPU time for all algorithms is limited to 20 h per dataset, including 
all calculations up to 25 clusters.

We have employed the following metrics to compare the performance of the 
algorithms: cluster function values, relative errors, computational time, and Davies-
Bouldin (DBI) and Dunn (DI) cluster validity indices. The relative error is defined in 
Appendix B, whereas Appendix A presents the definitions of the cluster validity indi-
ces. In our study, the DBI and DI indices are calculated only for the incremental algo-
rithms Clust-Splitter, LMBM-Clust, DC-Clust, and Big-Clust. This is because 
these indices are computed for each intermediate result, not only for the final solu-
tion, allowing progressive tracking of clustering quality. Non-incremental algorithms 
produce only the final clustering solution, so the indices are not calculated for them.

Dataset m n m × n References
ISOLET 7797 617 4,810,749 Cole and 

Fanty (1991)
Gisette 13,500 5000 67,500,000 Guyon et al. 

(2004)
Gas Sensor Array 
Drift

13,910 128 1,780,480 Vergara 
(2012)

EEG Eye State 14,980 14 209,720 Roesler (2013)
D15112 15,112 2 30,224 Bixby and 

Reinel (1995)
Online News 
Popularity

39,644 58 2,299,352 Fernandes 
et al. (2015)

KEGG Metabolic 53,413 20 1,068,260 Naeem and 
Asghar (2011)

Shuttle Control 58,000 9 522,000 Markelle et al. 
(2025)

Sensorless Drive 
Diagnosis

58,509 48 2,808,432 Bator (2013)

MFCCs for 
Speech Emotion 
Recognition

85,134 58 4,937,772 De Dominicis 
(2020)

Pla85900 85,900 2 171,800 Bixby and 
Reinel (1995)

Music Analysis 106,574 518 55,205,332 Defferrard 
et al. (2017)

MiniBooNE Par-
ticle Identification

130,064 50 6,503,200 Roe (2005)

Protein 
Homology

145,751 74 10,785,574 KDD Cup 
2004 (2004)

Range Queries 
Aggregates

200,000 7 1,400,000 Anagnosto-
poulos (2018)

Skin 
Segmentation

245,057 3 735,171 Bhatt and 
Dhall (2009)

3D Road Network 434,874 3 1,304,622 Kaul (2013)
Covertype 581,012 10 5,810,120 Blackard 

(1998)

Table 1  Brief description of the 
datasets used.
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6.1.1  General overview of results

The results of the numerical experiments are summarized in Figs. 2 and 3, with more 
detailed results provided in Appendix B: Tables 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 
18, 19, 20, 21, 22, 23, 24, 25 and Figs. 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 
18, 19, 20, 21. In the following, a case refers to the problem of solving a dataset with 
a fixed number of clusters. Since we use different numbers of clusters, each dataset 
is thus divided into several cases. Each algorithm therefore has 144 cases in total 
(18 datasets and 8 cluster sizes). For analysis, we group the cluster sizes into small 
(k = 2, 3, 4, 5) and large (k = 10, 15, 20, 25), reducing the total number of cases per 
group to 72. The number of cases classified by relative errors and CPU times are 
illustrated in Figs. 2 and 3, respectively. In both figures, part (a) corresponds to small 

Fig. 3  Cases categorized by CPU times for (a) small k-clustering problems, where 
k ≤ 5 (b) large k-clustering problems, where k ≥ 10. In both categories, the total num-
ber of cases per algorithm is 72, comprising 18 datasets and four different numbers of clusters 
(k = 2, 3, 4, 5 for (a) and k = 10, 15, 20, 25 for (b)). Note that the category ’CPU > 20  h’ de-
notes a failure to find a solution within the 20-hour time limit.

 

Fig. 2  Cases categorized by relative errors for (a) small k-clustering problems, where 
k ≤ 5 (b) large k-clustering problems, where k ≥ 10. In both categories, the total num-
ber of cases per algorithm is 72, comprising 18 datasets and four different numbers of clusters 
(k = 2, 3, 4, 5 for (a) and k = 10, 15, 20, 25 for (b)). Note that if an algorithm fails to find a so-
lution within the 20-hour time limit, the case is assigned to the category ’Fail’.
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k-clustering problems and part (b) to large k-clustering problems. In Appendix B, 
Tables 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25 present the 
detailed numerical results, including the best-known values of the k-clustering func-
tion, relative errors, and computational times for different algorithms. The validity 
indices for each dataset are summarized in Figs. 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 
16, 17, 18, 19, 20, 21, where part (a) represents the DBI values and part (b) corre-
sponds to the DI values. Before proceeding with a detailed examination of the results, 
we first provide a general overview of the performance of each of the six methods.

MBKMeans is clearly the fastest method (see Fig. 3), but its accuracy is relatively 
poor: it never achieves a relative error below 0.05% and exceeds 10% more often 
than the other methods, both for small and large numbers of clusters (see Fig. 2). 
Big-Means is the second-fastest, but its accuracy is consistently lower than that of 
the four incremental algorithms, as it regularly produces high relative errors. Among 
the incremental algorithms, Big-Clust yields the highest relative errors. On the 
other hand, it is the fastest of the incremental methods, achieving the largest number 
of cases completed in under 5 s. DC-Clust produces very accurate results, but its 
runtimes are substantially longer than those of the other methods. For example, on 
the Covertype dataset its total runtime exceeded six hours and 30 min, whereas the 
other five methods required only 6.58−281.20 s. Moreover, within the 20-hour time 
limit, DC-Clust failed to find a solution in five cases, while all other methods suc-
ceeded. Overall, Clust-Splitter and LMBM-Clust demonstrate the best balance, 
frequently achieving relative errors below 0.05% while maintaining relatively fast 
computation times. Accordingly, we restrict our detailed analysis to Clust-Splitter 
and LMBM-Clust.

In the small k-clustering problems, LMBM-Clust is slightly more accurate than 
Clust-Splitter, achieving 56 cases with a relative error below 0.05%, compared to 
53 cases with Clust-Splitter (see Fig. 2(a)). However, Clust-Splitter is slightly 
faster, with 35 cases having a CPU time below 5 s, compared to 33 cases for LMBM-
Clust (see Fig. 3(a)). In the large k-clustering problems, Clust-Splitter performs 
better than LMBM-Clust in both accuracy and execution time: it achieves 22 cases 
with a relative error below 0.05%, compared to 19 for LMBM-Clust (see Fig. 2(b)), 
and has 2 cases with a CPU time below 1 s, whereas LMBM-Clust has none (see 
Fig. 3(b)). Nevertheless, the differences between Clust-Splitter and LMBM-Clust 
remain relatively small.

Next, we take a closer look at the results in Tables 8, 9, 10, 11, 12, 13, 14, 15, 
16, 17, 18, 19, 20, 21, 22, 23, 24, 25. When examining the average relative error 
Eaver, Clust-Splitter performs better in 10 datasets, whereas LMBM-Clust 
achieves lower errors in 8 datasets. In terms of the total CPU time ttotal, Clust-
Splitter is faster in 3 datasets, whereas LMBM-Clust is faster in 15 datasets. 
However, when considering only the small k-clustering problems (k = 2, 3, 4, 5), 
Clust-Splitter has a lower computation time tk in 37 cases, whereas LMBM-Clust 
is faster in 35 cases. These results suggest that Clust-Splitter achieves a slightly 
higher average accuracy and performs marginally faster for the small numbers of 
clusters. However, when computing up to 25 clusters, LMBM-Clust demonstrates 
better efficiency in terms of computational time. Consequently, if a case involves a 
large number of clusters, LMBM-Clust is the preferable choice. Conversely, for 
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problems with a smaller number of clusters, Clust-Splitter offers more accurate 
results with slightly faster computational times. The effectiveness of Clust-Splitter 
is further supported by its more intuitive selection of starting points compared to 
LMBM-Clust.

6.1.2  Results with validity indices

The DBI measures how well-separated clusters are, with lower values indicating bet-
ter separation. In nearly all DBI visualizations, the four incremental algorithms pro-
duce closely related values (see, e.g., Figs. 7, 8, 9, 10), though differences become 
more apparent as k increases (see, e.g., Figs. 11 and 13). In 12 out of 18 datasets, 
Clust-Splitter produces DBI values identical to other methods for the small num-
bers of clusters (k ≤ 5). The differences often arise from higher relative error values 
in Clust-Splitter (and in Big-Means and MBKMeans), suggesting that in some 
cases using partial data for clustering is not as effective as utilizing the full dataset. 
Furthermore, Clust-Splitter sometimes fails to find optimal solutions, resulting in 
higher DBI values (e.g., ISOLET at k = 3, relative error 0.54). However, in other 
cases, it still identifies the best solution despite increased DBI values (e.g., Gas Sen-
sor Array Drift at k = 4). Importantly, even if Clust-Splitter produces a higher 
relative error for a specific k value, this does not mean it cannot find an optimal solu-
tion at other k values, including larger ones, for the same dataset. For instance, in the 
Protein Homology dataset, while the error is 1.82 at k = 2, Clust-Splitter finds the 
best known solution at k = 3 and k = 4. Overall, the DBI values of Clust-Splitter 
align closely with the other methods especially for small values of k, reinforcing its 
competitiveness in identifying well-separated clusters. The DBI also suggests that 
optimal number of clusters is generally small, as seen for example in EEG Eye State 
(k = 4) and MFCC Speech Emotion Recognition (k = 3), where the lowest DBI 
values occur.

The DI, which evaluates cluster compactness and separation (with higher values 
indicating better clustering quality), exhibits a similar trend to the DBI. For small val-
ues of k, the incremental algorithms produce nearly identical DI values, confirming 
that Clust-Splitter effectively identifies compact, well-separated clusters. How-
ever, its performance declines as k increases (see, e.g., Figs. 5 and 13). In addition, 
DI visualizations indicate that the optimal number of clusters is small. For instance, 
Online News Popularity and KEGG Metabolic datasets favor k = 2, while MFCC 
Speech Emotion Recognition dataset prefers k = 3. Notably, Clust-Splitter deter-
mines the same optimal number of clusters as other methods in 14 out of 18 datasets.

6.2  External validation and simulation study

In addition to the internal validation indices DBI and DI, we assess the performance 
of Clust-Splitter using two external validity measures: the proportion of objects 
that are correctly grouped together against the true clusters and the adjusted Rand 
index (ARI) (Hubert and Arabie 1985), a well-known index for comparing clustering 
algorithms. The exact definition of the ARI is provided in Appendix A. Furthermore, 
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we evaluate how accurately the method groups data points according to their true 
clusters. This approach follows the methodology outlined in Karmitsa et al. (2018).

6.2.1  Validation with real-world datasets

First, we apply Clust-Splitter, LMBM-Clust, DC-Clust, Big-Clust, Big-Means, 
and MBKMeans to three real-world datasets with known true cluster labels: Iris, 
Soybean, and Arcane (training set only). These datasets are publicly available from 
Markelle et al. (2025). The Iris dataset consists of 150 data points with four attributes 
and is classified into three clusters, each containing 50 data points. The Soybean data-
set comprises 47 data points with 35 attributes and is divided into four clusters, with 
the first three clusters containing 10 data points each, whereas the fourth cluster has 
17 data points. The Arcane dataset includes 100 data points with 10,000 attributes and 
is split into two clusters, with 44 data points in the first cluster and 56 in the second.

In our experiments, the number of clusters was set to match the known number of 
clusters in each original dataset. The algorithms were applied to the datasets with-
out access to the known cluster labels. The performance of each method was evalu-
ated based on accuracy, defined as the proportion of data points correctly grouped 
together against to the true clusters. In addition, we computed the ARI to further 
assess clustering quality. The results obtained for the different algorithms are pre-
sented in Tables 2, 3, 4.

The pairwise comparison of the clustering algorithms demonstrates that the 
Clust-Splitter method mainly achieves improved accuracy while it also yields in 
the most cases the highest ARI values. In the Iris dataset, Clust-Splitter attains 
the highest accuracy at 90.0%. For the Soybean dataset, it ranks third in accuracy, 
achieving 78.7%. In the Arcane dataset, Clust-Splitter achieves the highest accu-
racy at 52.0%. However, in the Arcane dataset, the negative ARI values indicate that 
clustering results are worse than random clustering across all the methods.

Overall, all the methods exhibit relatively similar performance across the datas-
ets. The difference in accuracy within the Iris dataset is 1.3%, corresponding to the 
reassignment of three data points. In the Soybean dataset, the accuracy difference 
between the best and worst-performing methods is 17.1%, which translates to eight 
data points. In the Arcane dataset, the difference is 1.0%, meaning that one data point 
was assigned differently. In summary, Clust-Splitter has demonstrated good per-
formance in these tests. Nevertheless, the differences between the algorithms remain 
relatively small.

6.2.2  Study with simulated data

The effectiveness of the Clust-Splitter method is further assessed using artificially 
generated datasets. These datasets were created in a two-dimensional space, incorpo-
rating varying proportions of outliers. Each dataset consists of three clusters (denoted 
as A, B, and C), with each cluster containing 120 data points. The coordinates of 
data points for the cluster A are sampled independently from the normal distribu-
tions N(µx

A, σA) and N(µy
A, σA), where µx

A and µy
A represent the mean values, and 

σA denotes the standard deviation. Similarly, the coordinates of data points for the 
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clusters B and C are drawn from the corresponding normal distributions N(µx
B , σB), 

N(µy
B , σB), N(µx

C , σC), and N(µy
C , σC). In the cluster C, a designated proportion 

of data points, referred to as outliers, exhibit a greater standard deviation σO
C  com-

pared to the standard deviation σC  of the remaining data points in the cluster. For 
instance, if 20% of the data points in the cluster C are outliers, then the coordinates of 
24 data points are sampled from the normal distributions with σO

C , while the remain-
ing 96 points follow the standard deviation σC . The parameters used to generate these 
simulated datasets are detailed in Table 5. Notably, the same parameter values as in 
Karmitsa et al. (2018) were used. To ensure robustness, datasets with varying propor-
tions of outliers were generated, and for each proportion, ten different datasets were 
created. The results, presented in Table 6, represent the average performance across 
these ten datasets.

Table 6 shows that the ARI values for the different clustering algorithms are very 
close to each other. In particular, the four incremental algorithms − Clust-Splitter, 
LMBM-Clust, DC-Clust, and Big-Clust − exhibit highly similar ARI values. In 
contrast, the two other algorithms, Big-Means and MBKMeans, also yield compara-
ble results to each other but with lower ARI values than obtained with the incremen-
tal algorithms, indicating weaker clustering performance. Overall, the differences 
in ARI values among the incremental algorithms were minimal, demonstrating that 
Clust-Splitter performed well in the tests, suggesting that it is capable of handling 
outliers effectively.

7  Conclusions

In this paper, we introduce a new clustering method, Clust-Splitter, for solving 
minimum sum-of-squares clustering problems, particularly in large-scale datasets. 
Clust-Splitter is an incremental algorithm, meaning that, in addition to solving 
the kmax-clustering problem for a given number of clusters kmax, it also solves all 
intermediate k-clustering problems for k = 1, . . . , kmax − 1. The method consists of 

Table 6  ARI values by different clustering algorithms in artificial data.
Outliers (%) Clust-Splitter LMBM-Clust DC-Clust Big-Clust Big-Means MBKMeans
0 % 0.9784 0.9776 0.9784 0.9705 0.9239 0.9238
10 % 0.9407 0.9415 0.9398 0.9407 0.8907 0.8890
20 % 0.9109 0.9141 0.9125 0.9108 0.8606 0.9125
30 % 0.8882 0.8890 0.8890 0.8874 0.8420 0.8416
40 % 0.8712 0.8706 0.8729 0.8750 0.8239 0.6510
50 % 0.8272 0.8250 0.8265 0.8279 0.7906 0.8248

Cluster A Cluster B Cluster C
Mean µx 0 6 6
Mean µy 0 −1 2
Standard deviation σ 1.5 0.5 0.5
Outliers σO

C
− − 2

Table 5  Parameters for generat-
ing data points in artificial data.
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three main components: a novel approach for selecting starting points based on clus-
ter splitting with the help of two new auxiliary clustering problems, an incremental 
clustering algorithm and the limited memory bundle method, which is applied at each 
iteration to solve both the clustering and auxiliary clustering problems.

The proposed Clust-Splitter method was tested on 18 large-scale real-world 
datasets, with the number of data points ranging from tens of thousands to hundreds 
of thousands. It was compared against state-of-the-art clustering methods, including 
LMBM-Clust, DC-Clust, Big-Clust, Big-Means, and MBKMeans, using various 
evaluation metrics such as relative errors, two cluster validity indices, and CPU time. 
The results demonstrate that Clust-Splitter and LMBM-Clust are the most effec-
tive methods, as they achieve excellent accuracy while maintaining fast computation 
times. In contrast, MBKMeans is the fastest method but performs poorly in terms 
of accuracy. On the other hand, DC-Clust produces highly accurate solutions but 
requires significantly longer computation times. Big-Clust and Big-Means solve 
clustering problems relatively quickly and come close to the best known solutions, 
but they rarely achieve them. Since Clust-Splitter and LMBM-Clust frequently 
reach the best known solution within a reasonable time, they can be considered the 
best-performing methods in this study.

Additionally, while LMBM-Clust is the preferred choice for clustering more than 
ten clusters, Clust-Splitter is better suited for problems with small number of clus-
ters. It efficiently identifies compact and well-separated clusters with low CPU time 
while often achieving or closely approximating the best known clustering function 
value. This advantage is further reinforced by the more intuitive selection of starting 
points in Clust-Splitter compared to LMBM-Clust, making it a practical choice 
for clustering tasks. Overall, these findings indicate that Clust-Splitter is a strong 
competitor alongside LMBM-Clust, particularly for real-time clustering in large-
scale datasets.

Appendix A    Definitions of validity indices

This appendix provides the definitions of three commonly used cluster validity indi-
ces: the Davies-Bouldin index (DBI) (Davies and Bouldin 1979), the Dunn index 
(DI) (Dunn 1974), and the adjusted Rand index (ARI) (Hubert and Arabie 1985). 
Throughout these definitions, the following notations are used. Let A1, . . . , Ak rep-
resent a cluster distribution of the set A, where the number of clusters k > 1 and 
x1, . . . , xk are the cluster centers of these clusters. Let d(xi, xj) =

√
d2(xi, xj) 

denote the Euclidean distance between cluster centers xi and xj .

The DBI is defined as

	
DBI = 1

k

k∑
i=1

max
j=1,...,k, j ̸=i

Sk(Ai) + Sk(Aj)
d(xi, xj)

.
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An efficient incremental algorithm for clustering large datasets

Here, Sk(Al) represents the average distance of all data points in the cluster Al to 
its corresponding cluster center xl. The DBI ratio becomes smaller when the clusters 
are well-separated and compact. Therefore, the optimal number of clusters minimizes 
the DBI value.

The DI is given by

	

DI =
min

i, j = 1, . . . , k, i ̸= j
d(xi, xj)

max
l=1,...,k

{
max
a∈Al

∥xl − a∥
} ,

where the goal is to maximize inter cluster distances while minimizing intra cluster 
distances. Thus, the number of clusters that maximizes the DI can be regarded as the 
optimal number of clusters.

For the ARI, let U = {U1, U2, . . . , Ur} be the true partition of the data points, 
and V = {V 1, V 2, . . . , V s} a clustering result. Then, the ARI for V is computed as

	

ARI =

∑
ij

(
nij

2
)

−
[∑

i

(
ai

2
) ∑

j

(
bj

2
)] /(

n
2
)

1
2

[∑
i

(
ai

2
)

+
∑

j

(
bj

2
)]

−
[∑

i

(
ai

2
) ∑

j

(
bj

2
)] /(

n
2
) ,

where the notation 
(

nij

2
)
 denotes the binomial coefficient ’nij  choose 2’, n is the total 

number of data points in the dataset, and nij , ai, and bj  are values derived from the 
contingency table given in Table 7. In this table, each entry nij  represents the number 
of data points shared between clusters Ui and Vj . The ARI score ranges from −1 to 1, 
where 1 indicates a perfect clustering match, 0 corresponds to random clustering, and 
negative values suggest a clustering result worse than random assignment.

Appendix B    Detailed numerical results

This appendix provides detailed numerical results in Tables 8, 9, 10, 11, 12, 13, 14, 
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25 and Figs. 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 
16, 17, 18, 19, 20, 21. Before presenting the results, we briefly review the notations 
and measures used in the tables.

V 1 V 2 V s Sums

U1 n11 n12 n1s a1

U2 n21 n22 n2s a2

. . .
Ur nr1 nr2 nrs ar

Sums b1 b2 bs

Table 7  Contingency table for 
comparing two partitions.
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An efficient incremental algorithm for clustering large datasets

Cluster function values are also referred to as the sum of squared errors (SSE), a 
prototype-based cohesion measure evaluating the average variation within clusters. 
The tables include the best-known cluster function (5) value, fbest (scaled by the 
dataset-specific multiplier shown after the name of the dataset), and the relative errors 
for each algorithm. The relative error Ek for a dataset with k clusters is calculated as

	
Ek = fk − fbest

fbest
× 100%,

where fk is the k-clustering function (5) value obtained by the algorithm. We adopt 
the fbest values reported in Karmitsa et al. (2025) unless better results are achieved 
in our experiments. In this study, these better values are marked with an asterisk. In 
addition, we give the average of relative errors Eaver for each method, and it is calcu-
lated as Eaver = 1

8
∑

k∈K Ek, where K = {2, 3, 4, 5, 10, 15, 20, 25}.
The tables present the time measurements (in seconds) separately for differ-

ent phases: the time required to read the data (tinit), the time taken to compute k 
clusters (tk), and the total computation time (ttotal) for all clusters. For the Clust-
Splitter, LMBM-Clust, DC-Clust, and Big-Clust, the total time is calculated as: 
ttotal = tinit + t25. In contrast, for Big-Means and MBKMeans, the total time fol-
lows the formula ttotal = tinit +

∑
k∈K tk, where K = {2, 3, 4, 5, 10, 15, 20, 25}.

Fig. 4  ISOLET: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of clusters.
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Fig. 5  Gisette: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of clusters.
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Fig. 6  Gas Sensor Array Drift: both (a) Davies–Bouldin and (b) Dunn validity indices versus number 
of clusters.
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Fig. 7  EEG Eye State: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of clusters.
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Fig. 8  D15112: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 9  Online News Popularity: both (a) Davies–Bouldin and (b) Dunn validity indices versus number 
of clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 10  KEGG Metabolic: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of 
clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 11  Shuttle Control: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of 
clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 12  Sensorless Drive Diagnosis: both (a) Davies–Bouldin and (b) Dunn validity indices versus 
number of clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 13  MFCCs for Speech Emotion Recognition: both (a) Davies–Bouldin and (b) Dunn validity in-
dices versus number of clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 14  Pla85900: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of clusters.

 

1 3



J. Lampainen et al.

Ta
bl

e 
19

 S
um

m
ar

y 
of

 th
e 

re
su

lts
 w

ith
 M

us
ic

 A
na

ly
si

s (
×

10
11

). 
D

im
en

si
on

s:
 m

 =
 1

06
,5

74
, n

 =
 5

18
.

k
f
b
es

t
C

lu
st

-S
pl

it
te

r
LM

B
M

-C
lu

st
D

C
-C

lu
st

B
ig

-C
lu

st
B

ig
-M

ea
ns

M
B

K
M

ea
ns

E
k

t k
E

k
t k

E
k

t k
E

k
t k

E
k

t k
E

k
t k

2
5.

00
47

0
0.

00
11

.7
7

0.
00

16
.4

8
0.

00
41

37
.1

2
0.

03
7.

96
0.

00
3.

36
0.

21
0.

36
3

3.
83

74
6

0.
00

50
.0

9
0.

00
31

.0
8

0.
00

75
59

.8
9

0.
09

11
.7

2
4.

54
3.

35
5.

36
0.

30
4

3.
11

83
0

0.
00

11
1.

72
0.

00
63

.4
2

0.
00

12
,0

42
.6

7
0.

13
17

.8
3

3.
95

3.
38

7.
98

0.
53

5
2.

74
24

7
0.

00
13

8.
00

0.
00

85
.5

9
0.

00
16

,1
83

.2
0

0.
20

22
.7

1
0.

91
3.

36
5.

47
0.

50
10

1.
87

25
7

1.
70

44
8.

25
0.

00
19

5.
33

0.
00

41
,2

52
.8

7
0.

79
56

.1
1

1.
00

3.
60

4.
75

0.
34

15
1.

54
42

0
0.

42
10

49
.0

8
0.

52
39

2.
30

0.
42

68
,0

87
.9

4
1.

48
10

7.
47

0.
88

4.
37

3.
43

0.
41

20
1.

35
32

0
0.

10
18

24
.3

4
0.

08
62

8.
92

−
−

2.
45

16
1.

17
0.

59
5.

98
3.

88
0.

41
25

1.
22

62
0

1.
33

27
01

.7
2

1.
64

90
8.

87
−

−
3.

12
22

4.
96

0.
73

6.
44

3.
94

0.
44

E
av

er
0.

44
0.

28
0.

07
1.

03
1.

57
4.

38
t i

n
it

78
.5

2
74

.3
9

74
.4

1
74

.1
9

14
.1

4
14

.1
4

t t
ot

al
27

80
.2

3
98

3.
27

68
,1

62
.3

4
29

9.
15

47
.9

9
17

.4
2

1 3



An efficient incremental algorithm for clustering large datasets

Fig. 15  Music Analysis: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of 
clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 16  MiniBooNE Particle Identification: both (a) Davies–Bouldin and (a) Dunn validity indices 
versus number of clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 17  Protein Homology: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of 
clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 18  Range Queries Aggregates: both (a) Davies–Bouldin and (b) Dunn validity indices versus num-
ber of clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 19  Skin Segmentation: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of 
clusters.
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An efficient incremental algorithm for clustering large datasets

Fig. 20  3D Road Network: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of 
clusters.
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Fig. 21  Covertype: both (a) Davies–Bouldin and (b) Dunn validity indices versus number of clusters.
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