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Abstract
We give a survey of the computation of the conformal capacity of planar condensers, generalized capacity, and
logarithmic capacity with emphasis on our recent work 2020–2025. We also discuss some applications of our
method based on the boundary integral equation with the generalized Neumann kernel to the computation of
several other conformal invariants: harmonic measure, modulus of a quadrilateral, reduced modulus, hyperbolic
capacity, and elliptic capacity. Here, the solution of the mixed Dirichlet-Neumann boundary value problem for
the Laplace equation has a key role. At the end of the paper, we give a topic-wise structured list of our extensive
bibliography on constructive complex analysis and potential theory.
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1. Introduction

Conformal capacity of condensers is one of the key notions of potential theory with many applications to geometric function
theory [46, 47, 66, 68], to PDEs, to conformal invariants, and moduli of curve families. Thus, the roots of the study of conformal
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capacity are in classical function theory, in the works of Koebe, Bergman, Grötzsch, Teichmüller, Ahlfors, Beurling, Fuglede,
and many others [5, 6, 41, 80, 127, 161].

The book of Pólya and Szegö [133]was a landmarkworkwithmany results on isoperimetric problems ofmathematical physics.
Their topic of interest was to study extremal problems formulated in terms of domain characteristics, what they called domain
functionals, like perimeter, center ofmass, torsion constant, principal frequency, and, in particular, the capacity of condensers. The
classical isoperimetric problem is to maximize the area of a planar domain with a given perimeter; here, the domain functionals
are area and perimeter. The authors of [133] studied many extremal problems for pairs of domain functionals; the problem was
to minimize/maximize one of the domain functionals under the constraint that the other domain functional was constant. The
results were then summarized in numerous tables with the relevant numerical data [133]. It is often the case that the extremal
configurations exhibit symmetry, and therefore symmetrization methods compatible with domain functionals can provide guides
for the solution of constrained extremal problems expressed in terms of domain functionals. In the case of conformally invariant
domain functionals, such as the conformal capacity of a condenser, it is convenient to simplify the problem by means of auxiliary
conformal mapping, if possible. Both methods, symmetrization and the use of auxiliary conformal mappings, are standard tools
in the study of conformal capacity and its applications to geometric function theory. For purely numerical approximation of the
conformal capacity of a condenser, the problem is reduced to the Dirichlet problem for the Laplace operator. The impact of
computers on constructive complex analysis is apparent in the following collections of papers [17, 131, 153, 154] published in
the second half of the twentieth century, since the publication of [133]. The aforementioned fundamental work was continued by
the prominent early pioneers of numerical conformal mappings [42, 69, 128]. For the relevant literature, see Section 12.

The advent of PCs was a quantum leap in the development of computational methods. Numerical work with methods such as
the Schwarz-Christoffel formula became much easier and faster (see Trefethen [154], Driscoll-Trefethen [37], DeLillo, Elcrat,
Kropf, and Pfaltzgraff [33]). Classical formulas for conformal mappings are usually expressed in terms of special functions like
elliptic functions and elliptic integrals which are not practical for manual calculations [2, 10, 25, 95]. Such calculations became
practical when software packages like MATLAB were introduced, and suitable software was available. Methods such as the fast
Fourier transform (FFT) [27] and the fast multipole method (FMM) [52, 53] reduced the computational time significantly, and
the theory and practice of PDE solvers developed fast. All this progress marked the beginning of the modern era for constructive
methods and, in particular, for numerical conformal mapping and capacity computation. Some of the surveys are [14, 37, 55,
169], [132, pp. 13-16], [92, pp.3-12]. Learning material includes the textbook [30] and the lecture notes with solved problems
[129].

A condenser is a pair (G, E) where G ⊂ R
n, n ≥ 2, is a domain and E ⊂ G is a nonempty compact set. Condenser capacity

is an important tool in geometric function theory [38, 46, 47, 66, 68]. The capacity we study is the conformal capacity of a
condenser. The conformal capacity of a condenser (G, E) is defined as [66]

cap(G, E) = inf
u∈A

∫
G

|∇u|n dm, (1.1)

where A is the class of C∞
0 (G) functions u : G → [0,∞) such that u(x) ≥ 1 for all x ∈ E and dm is the n-dimensional

Lebesgue measure. Below, usually n = 2. This capacity is also related to the modulus M(�) of the family � of all curves in
G \ E joining the set E with the boundary ∂G [162], [66, Thm 9.6] as follows:

cap(G, E) = M(�) . (1.2)

The modulus of a curve family was introduced by Ahlfors and Beurling in their landmark paper [6] in 1950 for the case
n = 2, and it has become a key tool in geometric function theory. Fuglede [41] then extended these notions for n ≥ 3. Both the
modulus and the conformal capacity are conformally invariant. Considering the many applications of these notions [47, 66, 68],
it is surprising that the exact values of condenser capacities are only known in very few cases, and therefore, it is natural to look
for methods for numerical approximation.

As mentioned above, this paper is a survey of some of our recent work during the past 5 years on numerical approximation of
conformal invariants, based on the boundary integral equation method developed by the first author during the past two decades
[112]. We apply this method to investigate conformal invariants that the second author has studied in Hakula-Rasila-Vuorinen
[60–62] and also in [10, 66]. The topic of this paper relies on the pioneering work of mathematicians of earlier generations,
researchers cited above, our teachers, and colleagues. At the end of this paper, we give a topic-wise organized list to literature
which we hope will be useful to the reader. The structure of this paper appears in the above list of contents, and there is no need
to repeat it here. What is noteworthy is the remarkable feature of the boundary integral equation method: the same method works
for the numerical approximation of a very large class of conformal invariants, usually with rather small changes in coding. In
the cases we tested, the accuracy is the same as in the case of other methods. The computational results produced for this paper
are given in numerous figures and some numerical tables. These may deal with the rate of convergence of the iterations, error
estimates of the computations, or just indicate the values computed.
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2. Preliminary results

The conformal capacity of a condenser is conformally invariant. It is therefore natural to take this invariance into account when
analyzing the values of the capacity. The hyperbolic geometry is well-suited for the purpose because of its conformal invariant
character.

2.1. Hyperbolic geometry

We recall some basic formulas and notation for hyperbolic geometry from [16]. The Euclidean balls with center x ∈ R
n and

radius r > 0 are denoted Bn(x, r), and its boundary sphere is Sn−1(x, r). For brevity, we write Bn = Bn(0, 1).
For a, b ∈ B

2, the hyperbolic distance ρB2(a, b) between a and b is defined via the formula [16]

sinh
ρB2(a, b)

2
= |a − b|√

(1 − |a|2)(1 − |b|2) . (2.1)

The hyperbolic disk with center x ∈ B
2 and radius R > 0 is Bρ(x, R) = {z : ρB2(x, z) < R}. We often use the connection

between the hyperbolic disk and Euclidean disk [66, p. 56, (4.20)]⎧⎪⎨
⎪⎩

Bρ(x, R) = B2(y, r) ,

y = x(1 − t2)

1 − |x |2t2 , r = (1 − |x |2)t
1 − |x |2t2 , t = tanh(R/2) .

(2.2)

For a simply connected domain D ⊂ R
2 with nondegenerate boundary and x, y ∈ D, one can define the hyperbolic metric

ρD(x, y) as
ρB2( f (x), f (y)),

where f : D → B
2 = f (D) is a conformal mapping. This definition yields a well-defined metric, independent of the conformal

mapping f [16, 45, 77].

2.2. Special functions

For |z| < 1, the Gaussian hypergeometric function is defined by the equality

2F1(a, b; c; z) =
∞∑
k=1

(a)k(b)k
(c)k

zk

k! ,

where (q)k denotes the Pochhammer symbol, i.e., (q)k = q(q + 1) . . . (q + (k − 1)) for every natural k and (q)0 = 1 [2]. The
complete elliptic integral of the first kind [6, 10, 25]

K(r) =
∫ 1

0

dt√
(1 − t2)(1 − r2t2)

, r ∈ (0, 1), (2.3)

is, in fact, a special case of the Gaussian hypergeometric function; we have

K(r) = π

2
2F1(

1
2 ,

1
2 ; 1; r2).

We also use the complete elliptic integral of the second kind

E(r) = π

2
2F1(− 1

2 ,
1
2 ; 1; r2).

The decreasing homeomorphism μ : (0, 1) → (0,∞)

μ(r) = π

2

K(r ′)
K(r)

, r ′ =
√
1 − r2, 0 < r < 1, (2.4)

is recurrent in the study of conformal invariants; its properties are studied in [10]. The functions K(r) and μ(r) can be computed
by means of a simple recursion based on the Landen transformation [76]. In this paper, the values of the functionμ and its inverse
are computed as described in [124].
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2.3. Grötzsch condenser

The condenser (Bn, [0, r ]), 0 < r < 1, is called the Grötzsch condenser. Its capacity is denoted by γn(r). For n = 2, it is one
of the few condensers whose capacity is known

γ2(r) ≡ cap (B2, [0, r ]) = 2π/μ(r) . (2.5)

The function γ2(r) has an important role in geometric function theory [66] and short tables with numerical values of the
functions K(r), E(r), and μ(r) can be found in [10, pp. 459-460]. Numerical approximations for the values of γ3(r) were
computed by Samuelsson in [143].

2.4. Canonical domains

In the study of conformal mappings of multiply connected domains in the extended complex plane C ∪ {∞}, a variety of
canonical domains ontowhich a given domain can bemapped have been extensively investigated in the literature (see [30, 69, 145]
for details). Most of these canonical domains are slit domains. Thirty-nine of these canonical slit domains have been catalogued
by Koebe in his classical paper [85]. There are many other canonical slit domains which have not been listed in [85] such as
the canonical domain obtained by removing rectilinear slits from a strip [172, p. 128], the parabolic slit domain [72, 89, 126],
the elliptic slit domain [72, 126, 145], and the hyperbolic slit domain [72, 126]. For more details, see [89] and the references
cited therein. Conformal mappings onto slit domains are closely connected to several fundamental concepts in potential theory,
including Green’s functions, modified Green’s functions, and harmonic measures [30, 145], and also play a significant role in
addressing various problems in applied mathematics [29, 30].

An important canonical multiply connected domain which is not a slit domain is the circular domain, i.e., a domain all of
whose boundary components are circles (see [69, 84, 102]). Circular domains are ideal for using the Fourier series and FFT [19,
34]. Further, analytic formulas exist for several applied problems in circular domains (see the recent monograph [30] and the
references cited therein). See also [86].

2.5. FEMmethods

Someof the first studies of numerical approximation of conformal invariants are probably due toGaier [42, 43] andHenrici [69].
For a comprehensive survey of conformal invariants, see Kuz′mina [91]. In his PhD thesis, Samuelsson [142, 143] implemented
his AFEM method in the C++ language, a variant of the adaptive FEM method. He applied AFEM to study, among other things,
the Grötzsch capacity γ3(r) (some of the results of [143] are given also in [10, pp.244-245]). This capacity computation was
reduced to numerical solution of the Dirichlet-Neumann problem of a PDE, which for dimensions n ≥ 3 is non-linear and for
n = 2 the linear Laplace equation. Later on, Betsakos-Samuelsson-Vuorinen [21] used AFEM to approximate the capacities of
several polygonal planar condensers with simple geometry. The authors of [132] compared these results to the results obtained
by other authors [132, pp.100-103] and reported a 10−6 agreement of the results. Further work was carried out by Hakula, Rasila,
and Vuorinen in [60–62], now using Hakula’s Mathematica implementation of the hp-FEM method. Later on, Hakula-Nasser-
Vuorinen [56–58] carried out numerical studies on conformal invariants with a systematic comparison between the hp-FEM
method and the boundary integral equation method, and again, the numerical agreement of the results was very good, in some
cases of the order 10−13 [56].

2.6. Extremal problems of Grötzsch and Teichmüller

For a proper subdomain G of R
n
and for x ∈ G, we define Cx = γx ([0, 1)) where γx : [0, 1) → G is a curve such that

γx (0) = x and γx (t) → ∂G when t → 1. Then, for x, y ∈ G with x �= y, we define

λG(x, y) = inf
Cx ,Cy

M
(
�(Cx ,Cy;G)

)
(2.6)

where �(Cx ,Cy;G) is the family of all curves joining Cx and Cy in G. Further, for all x, y ∈ G, we define

μG(x, y) = inf
Cxy

M
(
�(Cxy, ∂G;G)

)
(2.7)
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where the infimum is taken over all continua Cxy such that Cxy = γ ([0, 1]) and γ : [0, 1] → G is a curve with γ (0) = x and
γ (1) = y. Because the modulus is conformally invariant, it is clear that λG and μG are invariant under conformal mappings of
G. That is,

λ f (G)( f (x), f (y)) = λG(x, y) and μ f (G)( f (x), f (y)) = μG(x, y),

if f : G → f (G) is conformal and x, y ∈ G are distinct. It is easy to verify that μG is a metric if cap(∂G) > 0. If cap(∂G) > 0,
μG is called the modulus metric in G. It is also true, but not trivial, that λ1/(1−n)

G is a metric [66, Thm 10.3] in G.

In two special cases, these functions were studied by Grötzsch and Teichmüller [5, p.72]. In the caseG = B
2, explicit formulas

for μG and λG in terms of the hyperbolic metric are given in [66, Thm 10.4]. In the case G = R
2 \ {0}, the formula for λG is

given in [91, p.72] and [10, pp.313-315]. See also Solynin-Vuorinen [149].

3. The boundary integral equation with the generalized Neumann kernel

The boundary integral equation with the generalized Neumann kernel method has been proposed in [108, 117, 170, 171]
to solve the Riemann-Hilbert problem in simply and multiply connected domains. This method has then been used to solve
several problems in complex analysis and potential theory that can be reformulated as a Riemann-Hilbert problem. One of the
novel applications of the integral equation method is the numerical computation of conformal mappings of simply and multiply
connected domains. It has been used to compute the conformal mapping from multiply connected domains onto more than forty
canonical slit domains [96, 109–111, 113–115]. Only the right-hand side of the integral equation is different from one canonical
domain to another. Further, the integral equation has been used effectively to numerically compute several objects in potential
theory such as capacities and conformal invariants [49, 50, 56–58, 74, 98, 118–124].

A fast and accurate numerical method for solving the integral equation, based on using the fast multipole method (FMM) and
the generalized minimal residual (GMRES) method, has been presented in [112]. The MATLAB implementation of this method
can be easily modified for a wide range of domains, including domains with close-to-touching boundaries, non-convex domains,
domains with piecewise smooth boundaries, and domains of high connectivity.

In this paper, we review the applications of the boundary integral equation method with the generalized Neumann kernel to
compute capacities and several conformal invariants.

3.1. The integral equation

Assume G is a given bounded or unbounded multiply connected domain bordered by m + 1 smooth Jordan curves �k ,
k = 0, 1, . . . ,m. If G is bounded, then we assume that �0 is the external boundary component and encloses all the other
boundary components �k , k = 1, . . . ,m. The total boundary

� = ∂G =
m⋃

k=0

�k,

is oriented such that G is on the left of �.
Each boundary component �k is parametrized by a 2π-periodic complex function ηk(t) such that η′

k(t) �= 0, t ∈ Jk = [0, 2π],
k = 0, 1, . . . ,m. The total parameter domain J is the disjoint union of the m + 1 intervals J0, J1, . . . , Jm ,

J =
m⊔

k=0

Jk =
m⋃

k=0

{(t, k) : t ∈ Jk}.

That is, the elements of J are ordered pairs (t, k) where k is an auxiliary index indicating which of the intervals contains the
point t . A parametrization of the whole boundary � is then defined by

η(t, k) = ηk(t), t ∈ Jk, k = 0, 1, . . . ,m. (3.1)

For a given t , the value of an auxiliary index k such that t ∈ Jk will always be clear from the context. So we replace the pair
(t, k) on the left-hand side of (3.1) by t [112, 171]. Thus, the function η in (3.1) is written as

η(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

η0(t), t ∈ J0,
η1(t), t ∈ J1,

...

ηm(t), t ∈ Jm .

(3.2)
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Let A : J → C \ {0} be the complex function

A(t) =
{

η(t) − α, if G is bounded,
1, if G is unbounded,

(3.3)

where α is a given point in the domain G. The generalized Neumann kernel N (s, t) is defined for (s, t) ∈ J × J by [108, 170,
171]

N (s, t) = 1

π
Im

(
A(s)

A(t)

η′(t)
η(t) − η(s)

)
. (3.4)

The kernel N (s, t) is continuous with [171]

N (t, t) = 1

π

(
1

2
Im

η′′(t)
η′(t)

− Im
A′(t)
A(t)

)
. (3.5)

The integral equation with the generalized Neumann kernel also involves the following kernel

M(s, t) = 1

π
Re

(
A(s)

A(t)

η̇(t)

η(t) − η(s)

)
, (s, t) ∈ J × J , (3.6)

which has a singularity of cotangent type. When s, t ∈ Jk are in the same parameter interval Jk , the kernel M(s, t) has the
representation

M(s, t) = − 1

2π
cot

(
s − t

2

)
+ M1(s, t), (3.7)

with a continuous kernel M1(s, t), which takes the values on the diagonal [171]

M1(t, t) = 1

π

(
1

2
Re

η′′(t)
η′(t)

− Re
A′(t)
A(t)

)
. (3.8)

Let H be the space of all real Hölder continuous functions defined on the boundary �. We define the integral operators N and
M on H by

Nρ(s) =
∫
J
N (s, t)ρ(t)dt, s ∈ J , (3.9)

and

Mρ(s) =
∫
J
M(s, t)ρ(t)dt, s ∈ J . (3.10)

The integral operator N is compact, and the integral operator M is singular. Both operators N and M are bounded on H and
both operators map H into H . Further details can be found in [170, 171].

Theorem 3.1 ([121]) For a given function γ ∈ H, there exist a unique function ρ ∈ H and a unique piecewise constant function

ν(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ν0, t ∈ J0,
ν1, t ∈ J1,

...

νm, t ∈ Jm,

(3.11)

with real constants ν0, ν1, . . . , νm, such that the formula

f (η(t)) = γ (t) + ν(t) + iρ(t)

A(t)
, t ∈ J , (3.12)

defines the boundary values of an analytic function f in G with f (∞) = 0 for unbounded G. The function ρ is the unique
solution of the integral equation

(I − N)ρ = −Mγ (3.13)

and the piecewise constant function ν is given by

ν = (Mρ − (I − N)γ )/2. (3.14)
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For simplicity, the function ν(t) in (3.11) will be denoted by

ν(t) = (ν0, ν1, . . . , νm), t ∈ J .

This notation will be adopted for any piecewise constant function defined on J .

Remark 3.1 Doubly connected domains and simply connected domains are particular cases of the above domain G whenm = 1
and m = 0, respectively. Thus, Theorem 3.1 is valid for doubly connected and simply connected domains. In this paper, the
integral equation (3.13) will be used to solve problems in simply, doubly, and multiply connected domains. Note that, in the case
of a simply connected domain, � = �0, η(t) = η0(t), the function ν(t) = ν0 in (3.14) is a constant function.

3.2. Numerical solution of the integral equation

The integral operators N and M can be best discretized by the Nyström method with the trapezoidal rule since the integrals
in (3.13) and (3.14) are over 2π -periodic functions [11]. The smoothness of the integrands in (3.13) and (3.14) depends on the
smoothness of the boundary �. Further, the function Mγ on the right-hand side of the integral equation (3.13) is continuous
if the function γ is Hölder continuous. The stability and convergence of the Nyström method are based on the compactness of
the operator N in the space of continuous functions equipped with the sup-norm, on the convergence of the trapezoidal rule for
all continuous functions, and on the theory of collectively compact operator sequences (cf. [11]). The numerical solution of the
integral equation will converge with a similar rate of convergence as the trapezoidal rule [11, p. 322]. For smooth boundaries of
class Cq+2 and smooth integrand of class Cq , the trapezoidal Nyström method converges with order O(1/nq) where n is the
number of mesh points [81]. If the parametrization of the boundary � is of the class C∞, then the rate of the convergence of the
numerical solution of the integral equation is O(e−cn) where c is a positive constant.

AMATLAB function fbie for solving the integral equation (3.13) and computing the piecewise constant function ν in (3.14)
is presented in [112]. This MATLAB function is based on discretizing the integrals in (3.13) and (3.14) by the Nyström method
with the trapezoidal rule. For a multiply connected domain G of connectivity m + 1, discretizing the integral equation (3.13)
yields an (m + 1)n × (m + 1)n linear system where n is the number of mesh points on each boundary component of G. The
linear system is then solved by the generalized minimal residual (GMRES) method using the MATLAB function gmres where
the matrix-vector product in gmres is computed by the fast multipole method (FMM) via the MATLAB function zfmm2dpart
from the MATLAB toolbox FMMLIB2D [52] (see also [53]). The computational cost of the method is O((m + 1)n log n).
See [112] for details.

In the numerical computations presented in this paper, the GMRES method is used without restart, with tolerance 10−14, and
with 100 as the maximal number of allowed iterations. The tolerance of the FMM in zfmm2dpart is chosen to be 0.5× 10−15.

3.3. Domains with corners

The integral equation with the generalized Neumann kernel (3.13) can be used for domains with piecewise smooth boundaries
without cusps [117]. In this case, the integral operator N is not compact, but this operator can be written as a sum of a compact
operator and a bounded non-compact operator with norm less than one in suitable function spaces [117]. Hence, we can apply the
Fredholm theory to the integral equation with the generalized Neumann kernel (3.13) although the operatorN is not compact [81].

For domains with corners, the solution of the integral equation has a singularity in its derivative in the vicinity of the corner
points [11, p. 390], and this causes the equidistant trapezoidal rule to yield only poor convergence [81]. To achieve a satisfactory
accuracy, we discretize the integral equation using a graded mesh quadrature and then apply the Nyström’s method [11, 81, 82].
To use such a graded mesh method, we assume that the boundary � is parametrized by a function η̂(t), t ∈ J . The function η̂(t) is
assumed to be smooth with η̂′(t) �= 0 for all values of t ∈ J such that η̂(t) is not a corner point. We assume that η̂′(t) has only the
first kind discontinuity at these corner points. If η̂(t̂) is a corner point, we define η̂′(t̂) = η̂′(t̂ − 0). Then, as noted in [82], using
the graded mesh method suggested in [81] for discretizing the integral equation is equivalent to parameterizing the boundary� by

η(t) = η̂(δ(t)), t ∈ J ,

where the function δ(t) is defined in [98, pp. 696–697] which is chosen to remove the discontinuity in the derivatives of the
solution of the integral equation at the corner points. To compute discrete parameterizations of the boundaries of polygonal and
polycircular domains, we can use the two MATLAB functions polygonp.m and plgcirarcp.m, respectively, which are
based on the method described above. These two functions are available in https://github.com/mmsnasser/polycircular. With the
parametrization η(t) = η̂(δ(t)), the integral equation can be solved using the MATLAB function fbie as in the case of smooth
domains. For the numerical computations presented in this paper, the grading parameter p in Kress’s method [81] is chosen to

https://github.com/mmsnasser/polycircular
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be p = 3. In this case, the numerical results presented in [56, 119] and the numerical results presented in this paper illustrate
that the rate of convergence is O(n−q) with q ≤ p.

4. Computation of the capacity of generalized condensers

4.1. Capacity of generalized condensers

The conformal capacity of a condenser is one of the key notions of potential theory of elliptic partial differential equations
[47, 68], and it has numerous applications to geometric function theory, both in the plane and in higher dimensions [38, 47, 66,
68]. For the basic facts about capacities, the reader is referred to [38, 47, 66, 68].

Consider the generalized condenser C = (
, E, δ) where 
 ⊂ C is a bounded domain, E = ∪m
j=1E j where E1, . . . , Em

are m compact disjoint non-empty subsets of 
, δ = {δk}mk=1 is a collection of m real numbers. The conformal capacity of this
generalized condenser is defined as [38, 47, 66, 68]

cap(C) = inf
u∈A

∫



|∇u|2dm, (4.1)

where A is the class of C∞
0 (G) functions u : 
 → R with u(x) ≥ δk for all x ∈ E and dm is the 2-dimensional Lebesgue

measure. This is a special case of the generalized condenser defined in [38] (see also [121]). Further, when δ1 = · · · = δm = 1,
the generalized condenser C is the classical condenser defined in Section 1 above [38, 47, 66, 68]. For this case, we will denote
the condenser by C = (
, E).

Here, we assume that �1 = ∂E1, . . . , �m = ∂Em and �0 = ∂
 are piecewise smooth Jordan curves. Hence, G = 
\E is a
multiply connected domain of connectivity m + 1 with � = ∂G = ∪m

k=0�k and the infimum in (4.1) is attained by a harmonic
function u. This extremal function u is the unique solution of the Laplace equation in G with boundary values given by u = δk
on �k , k = 1, . . . ,m, and u = 0 on �0 [38]. The capacity can then be expressed in terms of the extremal function u as

cap(C) =
∫∫

G

|∇u|2dxdy, (4.2)

which, using Green’s formula [38, p. 4], implies that

cap(C) =
∫

�

u
∂u

∂n
ds (4.3)

where ∂u/∂n denotes the directional derivative of u along the outward normal. Since theDirichlet integral is conformally invariant,
the cases for which E1, . . . , Em are slits can be handled with the help of auxiliary conformal mappings which transform the slits
to smooth Jordan curves.

4.2. The numerical method

A boundary integral equation with the generalized Neumann kernel has been presented in [121] for the numerical computation
of the capacity cap(C) as well as the values of the potential function u(z) for z ∈ G. The harmonic function u is the real part of
an analytic function F in G which is not necessarily single-valued. Assume that αk is an auxiliary point in the interior of �k for
each k = 1, 2, . . . ,m, and then the function F can be written as [44, 45, 104]

F(z) = g(z) −
m∑

k=1

ak log(z − αk) (4.4)

where g is a single-valued analytic function in G and a1, . . . , am are undetermined real constants such that [104, §31]

ak = 1

2π

∫
�k

∂u

∂n
ds, k = 1, 2, . . . ,m. (4.5)

Since u = 0 on �0 and u = δk on �k for k = 1, 2, . . . ,m, then in view of (4.3) and (4.5), we have

cap(C) =
m∑

k=1

∫
�k

δk
∂u

∂n
ds = 2π

m∑
k=1

δkak . (4.6)
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Equation (4.6) gives us a simple formula for computing the capacity of the generalized condenser C = (
, E, δ) in terms of
the values of the constants a1, . . . , am and δ1, . . . , δm . The constant 2πδkak can be considered the contribution of the compact
set Ek to the capacity cap(C) for k = 1, 2, . . . ,m.

The function g(z) can be written as
g(z) = (z − α) f (z) + c

where α is a given point in the domain G, f (z) is a single-valued analytic function in G, and c is an undetermined constant.
Without loss of generality, we can assume that c is a real constant. Then, the function F can be written as

F(z) = (z − α) f (z) + c −
m∑

k=1

ak log(z − αk), (4.7)

and hence, the function u(z) is given for z ∈ G by

u(z) = Re[(z − α) f (z)] + c −
m∑

k=1

ak log |z − αk |. (4.8)

For each k = 1, 2, . . . ,m, let the function γk be defined by

γk(t) = log |η(t) − αk |. (4.9)

Since u = 0 on �0 and u = 1 on �k for k = 1, 2, . . . ,m, the function f (z) is the solution of the Riemann-Hilbert problem

Re[A(t) f (η(t))] = ν̂(t) − c +
m∑

k=1

akγk(t), (4.10)

where ν̂(t) = (0, δ1, . . . , δm). For the coefficient function A given by (3.3), the solution of the Riemann-Hilbert problem (4.10)
is unique [112].

Assume that the boundary � is parametrized by the function η(t) in (3.2) and assume the function A(t) is defined by (3.3),
i.e., A(t) = η(t) − α since G is bounded. Let the kernels N (s, t) and M(s, t) of the integral operators N andM, respectively, be
formed with these functions η(t) and A(t). For k = 1, . . . ,m, it follows from Theorem 3.1 that the integral equation

μk − Nμk = −Mγk, (4.11)

has a unique solution μk , the function νk given by

νk = [Mμk − (I − N)γk]/2 . (4.12)

This is a piecewise constant function, i.e., νk(t) = (ν0,k, ν1,k, . . . , νm,k) where ν0,k, ν1,k, . . . , νm,k are real constants, and

A(t) fk(η(t)) = γk(t) + νk(t) + iμk(t), t ∈ J , (4.13)

are boundary values of an analytic function fk(z) in G. Then, the function

f (z) =
m∑

k=1

ak fk(z), z ∈ 
 ∪ �, (4.14)

is the unique solution of the Riemann-Hilbert problem (4.10) in G if and only if

ν̂(t) − c =
m∑

k=1

akνk(t), t ∈ J . (4.15)

It follows from (4.15) that the values of the m + 1 unknown real constants a1, . . . , am, c can be computed by solving the
(m + 1) × (m + 1) linear system ⎡

⎢⎢⎢⎣

ν0,1 ν0,2 · · · ν0,m 1
ν1,1 ν1,2 · · · ν1,m 1
...

...
. . .

...
...

νm,1 νm,2 · · · νm,m 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

a1
a2
...

am
c

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

0
δ1
...

δm

⎤
⎥⎥⎥⎦ . (4.16)

The linear system (4.16) has a unique solution [121]. The size of the system (4.16) is usually small and hence can be solved
by the MATLAB “\” function.
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By computing the functions μk and νk for k = 1, . . . ,m numerically, we obtain approximations of the boundary values of the
analytic function fk(z) through (4.13). We also obtain the entries of the coefficient matrix of the linear system (4.16). By solving
the linear system (4.16) for the m + 1 real constants a1, . . . , am, c, the value of the capacity cap(C) can be computed by (4.6)
and the boundary values of the function f (z) can be computed through

A(t) f (η(t)) =
m∑

k=1

ak (γk(t) + νk(t) + iμk(t)) , t ∈ J .

Then, the values of f (z) for z ∈ G can be computed by the Cauchy integral formula. A MATLAB function fcau for fast and
accurate computation of the Cauchy integral formula is presented in [112]. Then, the values of u(z) can be computed for z ∈ G
by (4.8).

Example 4.1 (Circular ring) For a ∈ (0, 1), let 
 = B
2 and E = {z ∈ C : |z| ≤ a}. The exact formula for the capacity of the

condenser C = (
, E) is given by

cap(C) = 2π

log(1/a)
.

We use the above integral equation method to compute the approximate values of cap(C) for several values of n where n is
the number of mesh points on each boundary component of G = 
\E . The relative error in the computed values is presented in
Fig. 2 (left). It is clear that the method converges exponentially as the boundary of the domains is C∞-smooth.

Example 4.2 [Square in square: [21, 129, 132]] For a ∈ (0, 1), let 
 = (−1, 1) × (−1, 1) and A = [−a, a] × [−a, a] (see
Fig. 1 (left)). The exact formula for the capacity of the condenser C = (
, A) is given in [21] as

cap(C) = 4π

μ(r)
= 4

π
μ((u/v)2)

where the second equality follows from [66, Exer. 7.33(3)] and (2.4), and where

c = 1 − a

1 + a
, u = μ−1(

πc

2
) , v = μ−1(

π

2c
) , r =

(
u − v

u + v

)2

.

We use the above integral equation method, and the relative error in the computed approximate values is presented in Fig. 2
(right). The boundary of the domain has corners, and the method converges algebraically with O(n−3).

Example 4.3 [Disk with a polygonal hole] For a ∈ (0, 1), let 
 = B
2 and E be the closure of the set of points interior to the

regular polygon with the � vertices (see Fig. 1 (right))

zk = a ei(k−1)θ , θ = 2π

�
, k = 1, 2, . . . , �, � ≥ 3.

The area of E is 1
2�a

2 sin θ , and the perimeter of E is 2�a sin(θ/2). Let r1 be such that the area of the disk B2(0, r1) is equal
to the area of E , and let r2 be such that the perimeter of the disk B2(0, r2) is equal to the perimeter of E , i.e.,

r1 = a
√
sin θ

√
�

2π
, r2 = �a

π
sin

θ

2
.

Fig. 1 The domains of the condensers considered in Examples 4.2, 4.4, and 4.3
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Fig. 2 The relative error in the
computed values of the capacities
of the condensers in
Examples 4.1 (left) and 4.2
(right), where n is the number of
mesh points on each boundary
component of G

The exact value of the capacity of the condenser Ck = (
, B2(0, rk)) is cap(Ck) = 2π/ log(1/rk), k = 1, 2. The exact
formula for the capacity of the condenser C = (
, E) is unknown. We compute the values of cap(C) using the integral equation
method for 0.05 < a < 0.95, and the obtained numerical results are presented in Fig. 3. It is clear that the condenser with an
inner disk will always have a larger capacity than the condenser with an inner polygon with the same area and smaller capacity
than the polygon with the same perimeter. Further, the capacity of a condenser with an inner disk can be considered a good
approximation for the capacity of a condenser with an inner regular polygon with the same area as the inner disk.

Example 4.4 (Lens shaped plate: [56, 106]) For a ∈ (0, 1), let 
 = B
2 and E be the closure of the lens domain bordered by the

two circular arcs, the first one passes through the points a, −is, −a, and the second one passes through the points −a, −is, a
(see Fig. 1 (center)). In [56], the capacity of this condenser was computed with the integral equation and hp-FEM methods, and
in [56, (5.1), (5.2)], upper and lower bounds were given in terms of the hyperbolic perimeter of the lens-shaped set.

The exact value of the capacity of the condenser C = (
, E) for s = 0 is cap(C) = 2π/μ(2a/(1 + a2)) and for s = a is
cap(C) = 2π/ log(1/a). The exact formula for the capacity is unknown for 0 < s < a. We compute the values of cap(C) for
0 < s < a, and the obtained numerical results are presented in Fig. 4 (left) for a = 0.5. Assume that the circular arc passes
through the points −a, is, a is on a circle with radius r , then the values of cap(C) are approximated in [106] by

cap(C) ≈ 2π

log
(
2(π−θ)

πa

) , θ = arctan

(
a

r − s

)
. (4.17)

The values of these estimations are also presented in Fig. 4 (left), and the differences between the estimations and the computed
values of the capacity are presented in Fig. 4 (right). The estimated values agree with the computed values of the capacity, in
particular when s is close to a.

Fig. 3 The computed values of
the capacity of the condenser
(
, E) in Examples 4.3 and the

capacities of (
, B2(0, rk )),
k = 1, 2
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Fig. 4 Left: The computed values
of the capacity of the condenser
in Examples 4.4. Right: absolute
values of the differences between
the computed values of the
capacity and the estimate (4.17)

Example 4.5 (A disk with 7 circular holes) Let 
 = B
2 and E = ∪7

k=1Ek where Ek = {z ∈ C : |z − ak | ≤ r},

ak = (0.1 + k/10)ei(k−1)π/2, k = 1, 2, . . . , 7,

and 0 < r <
√
0.0325 ≈ 0.18 (see Fig. 5 (left) for r = 0.1). We also choose δ1 = · · · = δ7 = 1, and hence, by (4.6), the capacity

of the condenser C = (
, E) is given by cap(C) = 2π
∑7

k=1 ak where ak are defined by (4.5). The exact value of the capacity
of the condenser C is unknown.

We use the above integral equation method to compute the approximate values of cap(C) for several values of r and the
computed values of the constants a1, . . . , a7 are presented in Fig. 5 (right). The constant 2πak is the contribution of the compact
set Ek to the capacity of the generalized condenser C = (
, E). It is clear that the values of a1, . . . , a7 depend on the location
of the disk Ek as well as on its radius.

5. Computation of logarithmic capacity

5.1. Logarithmic capacity

Let E be a compact set (E is not a single point) whose complement G = C\E is an unbounded multiply connected domain
of connectivity m + 1 bordered by m + 1 piecewise smooth Jordan curves �0, �1, . . . , �m , and let � = ∪m

k=0�k . Let gG(z)

Fig. 5 Left: The domain of the
condenser in Examples 4.5.
Right: The computed values of
the constants a1, . . . , a7 for
0.01 ≤ r ≤ 0.17
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be the Green function of G with pole at infinity. Then, the logarithmic capacity of E , denoted here by capl(E), is defined
by [98, 138]

capl(E) = lim
z→∞ exp (log |z| − gG(z)) . (5.1)

IfG is simply connected, then its Green’s function is given by gG(z) = log |�(z)|, wherew = �(z) is the uniquely determined
conformal map from G onto the unbounded domain {z ∈ C : |z| > 1} exterior to the unit circle with normalization �(∞) = ∞
and �′(∞) > 0.

Walsh [167] proved a direct generalization of the classical Riemann mapping theorem in which he replaced the exterior of the
unit circle by a lemniscatic domain of the form


 = {z ∈ C : |U (z)| > κ},
where

U (z) =
m∏
j=0

(z − β j )
� j ,

β0, β1, . . . , βm ∈ C are pairwise distinct, �0, �1, . . . , �m are positive real numbers with
∑m

j=0 � j = 1, and κ > 0. Then, [98]

gG(z) = log |U (z)| − log(κ),

which implies that
capl(E) = lim

z→∞ exp (log |z| − log |U (z)| + log(κ)) = κ. (5.2)

Analytic formulas of logarithmic capacity are known only for a few cases. For example, the logarithmic capacity of a disk of
radius r is r and the logarithmic capacity of an ellipse with semi-axes a and b is (a + b)/2 (see [98, Table 1], [93, pp.172-173]
for more examples).

5.2. The numerical method

The integral equation (4.11) has been used in [98] to develop a fast and accurate numerical method for computing the
logarithmic capacity. Let � be parametrized by the function η(t) in (3.2), let the function A(t) be defined by (3.3), i.e., A(t) = 1
since G is unbounded, and let the kernels N (s, t) and M(s, t) of the integral operators N and M, respectively, be formed with
these functions η(t) and A(t). For each j = 0, 1, . . . ,m, we choose an auxiliary point α j in the interior of the Jordan curve � j

and define the function γ j (t) by
γ j (t) = − log |η(t) − α j |, t ∈ J .

Let ρ j be the unique solution of the integral equation (4.11), and let the piecewise constant function ν j (t) =
(ν0, j , ν1, j , . . . , νm, j ) be given by (4.12), j = 0, 1, . . . ,m. Then, log(κ) is computed by solving the following uniquely solvable
linear system [98] ⎡

⎢⎢⎢⎢⎢⎣

ν0,0 ν0,1 · · · ν0,m −1
ν1,0 ν1,1 · · · ν1,m −1
...

...
. . .

...
...

νm,0 νm,1 · · · νm,m −1
1 1 · · · 1 0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

�1
�2
...

�m
log(κ)

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

0
0
...

0
1

⎤
⎥⎥⎥⎥⎥⎦

. (5.3)

By computing log(κ), we obtain the logarithmic capacity by (5.2).

Example 5.1 (Circular domain) Let E be the union of the five disjoint disks E1 = {z ∈ C : |z| ≤ 0.8}, E2,3 = {z ∈ C : |z±r | ≤
1}, and E4,5 = {z ∈ C : |z±r i| ≤ 1}, r > 1.8. The disks are close to each other for small values of r and far apart for large values
of r . Then, G = C\E is an unbounded multiply connected domain G of connectivity 5. We use the integral equation method
with n = 210 to compute the values of the logarithmic capacity capl(E) for several values of r , 2 ≤ r ≤ 8. The obtained values
of capl(E) vs. r are shown in Fig. 6. Since capl(E1) = 0.8 and capl(Ek) = 1 for k = 2, . . . , 5, then

∑5
k=1 capl(Ek) = 4.8. It

is clear from Fig. 6 that capl(∪5
k=1Ek) <

∑5
k=1 capl(Ek) for small values of r and capl(∪5

k=1Ek) >
∑5

k=1 capl(Ek) for large
values of r , i.e., the logarithmic capacity is not subadditive (see also [136]).



Journal of Mathematical Sciences

Fig. 6 The values of capl (E) for
the compact set E in Example 5.1
for several values of r

6. Hyperbolic and elliptic capacities

In this section, we assume that G is a doubly connected domain, i.e., m = 1 in Section 3. We assume that G is bordered by
the piecewise smooth Jordan curves �0 and �1 and � = �0 ∪ �1. We also assume that � is parametrized by the function η(t)
in (3.2), the function A(t) is defined by (3.3), and the kernels N (s, t) and M(s, t) of the integral operatorsN andM, respectively,
are formed with these functions η(t) and A(t).

6.1. Conformal mapping onto an annulus

The conformal mapping w = �(z) from the doubly connected domain G onto the annulus {w ∈ C : q < |w| < 1} can be
computed using the following method from [109, §4.1].

For bounded G, let w = �(z) be the unique conformal mapping with the normalization

�(α) > 0,

where α is a given auxiliary point in G. Let z1 be a given point in the simply connected domain interior to �1, and let the function
γ be defined by

γ (t) = − log

∣∣∣∣η(t) − z1
α − z1

∣∣∣∣ , t ∈ J . (6.1)

Let also ρ(t) be the unique solution of the integral equation (3.13), and let the piecewise constant function ν(t) = (ν0, ν1) be
given by (3.14). Then, the function f with the boundary values (3.12) is analytic in the domain G, and the conformal mapping
� is given by

�(z) = c

(
z − z1
α − z1

)
e(z−α) f (z), z ∈ G ∪ �, (6.2)

where c = e−ν0 = �(α) > 0 and the modulus q is given by

q = eν1−ν0 . (6.3)

For unbounded G, let w = �(z) be the unique conformal mapping with the normalization

�(∞) > 0.

Let z0 be a given point in the simply connected domain interior to �0, let z1 be a given point in the simply connected domain
interior to �1, and let the function γ be defined by

γ (t) = − log

∣∣∣∣η(t) − z1
η(t) − z0

∣∣∣∣ , t ∈ J . (6.4)
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Let also ρ(t) be the unique solution of the integral equation (3.13), and let the piecewise constant function ν(t) = (ν0, ν1) be
given by (3.14). Then, the function f with the boundary values (3.12) is analytic in the unbounded domain G with f (∞) = 0,
and the conformal mapping � is given by

�(z) = c

(
z − z1
z − z0

)
e f (z), z ∈ G ∪ �, (6.5)

where c = e−ν0 = �(∞) > 0 and the modulus q is given by

q = eν1−ν0 . (6.6)

By computing the functions ρ and ν, we obtain approximations of the boundary values of the analytic function f (z) by (3.12).
Then, the boundary values of the mapping function �(z) can be computed from (6.2) for bounded domains and from (6.5) for
unbounded domains. The values of �(z) for z ∈ G can be computed by the Cauchy integral formula.

6.2. Hyperbolic capacity

Let E be a compact and connected set (not a single point) in the unit disk B
2. The hyperbolic capacity of E , caph(E), is

defined by [163, p. 19]

caph(E) = lim
n→∞

⎡
⎣ max
z1,...,zn∈E

∏
1≤k< j≤n

∣∣∣∣ zk − z j
1 − zk z j

∣∣∣∣
⎤
⎦

2
n(n−1)

. (6.7)

For the hyperbolic capacity, we assume G is the bounded doubly connected domain defined by G = B
2\E . The domain G

can be mapped conformally onto an annulus q < |w| < 1. Hence, the hyperbolic capacity caph(E) is given by [39]

caph(E) = q. (6.8)

The hyperbolic capacity is invariant under conformal mappings.

Example 6.1 (Hyperbolic capacity of an ellipse) Let E be the closed region bordered by the ellipse

η1(t) = 0.75 cos t − i0.5 sin t, 0 ≤ t ≤ 2π.

Let G = B
2\E , α = 0.75i, and z1 = 0. Then, we used the above method to compute the conformal mapping from G

onto the annulus q < |w| < 1, and hence caph(E) = q . The obtained approximate results (with n = 210) of caph(E) are
0.634497711721981.

6.3. Elliptic capacity

Let E be a compact and connected set (not a single point) in the unit diskB2.We define the antipodal set E∗ = {−1/a : a ∈ E}.
Since we assume E ⊂ B

2, we have E ∩ E∗ = ∅ (in this case, the set E is called “elliptically schlicht” [39]). The elliptic capacity
of E , cape(E), is defined by [39]

cape(E) = lim
n→∞

⎡
⎣ max
z1,...,zn∈E

∏
1≤k< j≤n

∣∣∣∣ zk − z j
1 + zk z j

∣∣∣∣
⎤
⎦

2
n(n−1)

. (6.9)

To compute the elliptic capacity, we assume G is the doubly connected domain between E and E∗. Such a domain G can be
bounded (if 0 ∈ E) or unbounded (if 0 is in the exterior of E). For both cases, the domain G can be mapped conformally onto
an annulus r < |w| < 1/r . Then, the elliptic capacity is given by [39]

cape(E) = r .

We can use the method described above to map the domain G onto an annulus q < |w| < 1 which is conformally equivalent
to the annulus r < |w| < 1/r with r = √

q. Thus, we have

cape(E) = √
q. (6.10)
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Remark 6.1 For a closed and connected subset E of the unit disk B2, Duren and Kühnau [39] have proved that

cape(E) ≤ caph(E),

with equality if and only if E = −E .

Example 6.2 (Elliptic capacity of an ellipse) Let E be the closed region bordered by the ellipse

η1(t) = 0.75 cos t − i0.5 sin t, 0 ≤ t ≤ 2π,

which is oriented clockwise. By the symmetry of E , the boundary of E∗ can be parametrized by

η0(t) = 1

0.75 cos t − i0.5 sin t
, 0 ≤ t ≤ 2π,

which is oriented counterclockwise. LetG be the bounded doubly connected domain in the exterior of the curve with parametriza-
tion η1(t) and in the interior of the curve with the parametrization η0(t). Let also α = 0.75i and z1 = 0. Then, we used the above
method to compute the conformal mapping from G onto the annulus q < |w| < 1, and hence cape(E) = √

q. The obtained
approximate results (with n = 210) of cape(E) is 0.634497711721982.

Remark 6.2 Note that E = −E in Examples 6.1 and 6.2 which implies that the hyperbolic and elliptic capacities must be equal.
For the numerically computed values in Examples 6.1 and 6.2, note that

| caph(E) − cape(E)| = 9.99 × 10−16,

which could be considered an estimation of the error in the computed values of the hyperbolic and elliptic capacities.

7. Reducedmodulus

7.1. Conformal mappings of simply connected domains

Assume that G is a simply connected domain, i.e., m = 0 in the notation of Section 3. We assume that G is bordered by
the piecewise smooth Jordan curve � = �0 which is parametrized by the function η(t) = η0(t) in (3.2). Assume also that the
function A(t) is defined by (3.3), and the kernels N (s, t) and M(s, t) of the integral operators N andM, respectively, are formed
with these functions η(t) and A(t). In this subsection, we review a numerical method based on using the integral equation (3.13)
for computing a conformal mapping w = �(z) from a simply connected domain G onto the unit disk B

2 [113, 119]. Some
applications of the reduced modulus to geometric function theory are discussed in [13].

For a bounded domain G, the mapping function � is unique if we assume that

�(α) = 0, �′(α) > 0 (7.1)

where α is a given auxiliary point in the domain G. Let

γ (t) = − log |η(t) − α|, t ∈ [0, 2π], (7.2)

let ρ be the unique solution of the integral equation (3.13), and let the constant ν be given by (3.14). Then, the mapping function
� with normalization (7.1) can be written for z ∈ G ∪ � as

�(z) = c(z − α)e(z−α) f (z), (7.3)

where the function f (z) is analytic in G with the boundary values (3.12) and c = e−ν = �′(α) > 0.
For unbounded G, the mapping function � is unique if we assume that

�(∞) = 0, �′(∞) > 0. (7.4)

Let
γ (t) = log |η(t) − z0|, t ∈ [0, 2π], (7.5)
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where z0 is a given auxiliary point in the bounded domain interior to �, let ρ be the unique solution of the integral equation (3.13),
and let the constant ν be given by (3.14). Then, the mapping function � with normalization (7.4) can be written for z ∈ G ∪� as

�(z) = c

z − z0
e f (z) (7.6)

where the function f (z) is analytic inG with f (∞) = 0, the boundary values of f are given by (3.12), and c = e−ν = �′(∞) > 0.
By computing the function ρ and the constant ν numerically, we obtain approximations of the boundary values of the analytic

function f (z) through (3.12), and hence, the boundary values �(η(t)) of the mapping function �(z) can be computed by (7.3)
for bounded G and by (7.6) for unbounded G. The values of the mapping function w = �(z) can be then computed for z ∈ G
using the Cauchy integral formula

�(z) = 1

2π i

∫
�

�(η)

η − z
dη = 1

2π i

∫ 2π

0

�(η(t))

η(t) − z
η′(t)dt = 1

2π i

∫ 2π

0

ζ(t)

η(t) − z
η′(t)dt . (7.7)

The function ζ(t) = �(η(t)), t ∈ [0, 2π ], is a parametrization of the unit circle. Thus, for computing the values of the inverse
mapping function, we first compute the derivative ζ ′(t) numerically by interpolating both Re[ζ(t)] and Im[ζ(t)] by trigonometric
interpolating polynomials and then differentiating the interpolating polynomials. These polynomials can be computed with
FFT [169]. Then, for a bounded domain G, the values of the inverse mapping function z = �−1(w) for w ∈ B

2 can be computed
using the Cauchy integral formula,

�−1(w) = 1

2π i

∫
∂B2

�−1(ζ )

ζ − w
dζ = 1

2π i

∫ 2π

0

�−1(ζ(t))

ζ(t) − w
ζ ′(t)dt = 1

2π i

∫ 2π

0

η(t)

ζ(t) − w
ζ ′(t)dt . (7.8)

For unbounded G, note that the function �−1(w) has a simple pole at w = 0 and the function g(w) = w�−1(w) is analytic
in B

2. Thus, the values of the inverse mapping function z = �−1(w) for w ∈ B
2 can be computed using the Cauchy integral

formula,

�−1(w) = 1

w
g(w) = 1

w

1

2π i

∫
∂B2

ζ�−1(ζ )

ζ − w
dζ = 1

w

1

2π i

∫ 2π

0

ζ(t)η(t)

ζ(t) − w
ζ ′(t)dt . (7.9)

7.2. Reducedmodulus of simply connected domains

If G is a bounded simply connected domain and w = �(z) is the conformal mapping from G onto the unit disk B
2 with the

normalization (7.1), then the conformal radius of G with respect to the point α is defined by [105]

R(G, α) = 1

�′(α)
. (7.10)

The reduced modulus of the domain G with respect to the point α is then given by [163, p. 16]

m(G, α) = 1

2π
log R(G, α) = − 1

2π
log�′(α). (7.11)

Remark 7.1 Vasil’ev [163, Section 2.2.1] assumed that the mapping function w = �̂(z) from G onto B
2 satisfies the normal-

ization �̂(α) = 0 and �̂′(α) = 1. Hence, w = �̂(z) maps the domain G onto the disk |w| < R where R = R(G, α) is the
conformal radius of G with respect to the point α. This is equivalent to the above definition (7.10) since �̂(z) = R �(z).

For unbounded simply connected domain G, the reduced modulus of the domain G with respect to the point ∞ is defined
by [163, p. 17]

m(G,∞) = − 1

2π
log�′(∞), (7.12)

where w = �(z) is the conformal mapping from G onto the unit disk B2 with the normalization (7.4).
For both bounded and unbounded simply connected domain G, it follows from Section 7.1 that m(G, α) = ν/2π and

m(G,∞) = ν/2π where the constant ν is given by (3.14).

Example 7.1 (Domain interior to an ellipse) We consider the simply connected domain G in the interior of the ellipse

η(t) = cosh(r + it) = cosh r cos t + i sinh r sin t, 0 ≤ t ≤ 2π, 0 < r .

Let w = �(z) be the unique conformal mapping from the interior of the ellipse onto the interior of the unit circle with
the normalization �(0) = 0 and �′(0) > 0. The exact form of the inverse conformal mapping z = �−1(w) is given in [75].



Journal of Mathematical Sciences

Fig. 7 The relative error in the
computed values of the reduced
modulus vs. r for Example 7.1
(left) and Example 7.2 (right)
obtained with n = 28 where n is
the number of mesh points on the
boundary of G

In particular, it was shown in [75] that (�−1)′(0) = π/(2
√
sK(s)) where s = μ−1(2r). Hence, �′(0) = 2

√
sK(s)/π . Thus,

R(G, 0) = 1/�′(0) = π/(2
√
sK(s)), and hence

m(G, 0) = 1

2π
log

π

2
√
sK(s)

, s = μ−1(2r).

Figure 7 (left) shows the relative error in the numerically computed values using the integral equation method presented
in Section 7.1 with n = 28 . To study the effect of the location of α on the values of m(g, α), we define the function u(x, y) for
all x and y such that x + iy ∈ G by

u(x, y) = m(G, x + iy).

We use the integral equation method with n = 212 to compute the values of the function u(x, y). The level curves for the
function u(x, y) corresponding to the several levels are shown in Fig. 8. Each of these level curves describes the locations of the
point α for which the values m(G, α) are a constant. The maximum value of m(G, α) occurs when α = 0.

Example 7.2 (Domain exterior to an ellipse) Consider the simply connected domain G in the exterior of the ellipse

η(t) = cosh(r − it), 0 ≤ t ≤ 2π, 0 < r < 1.

We can easily show that the function

z = �(w) = 1

2

(
e−rw + 1

e−rw

)
,

maps the unit disk onto the domain exterior of the ellipse. Hence, the inverse mapping

w = �(z) = er

z
(
1 + √

1 − 1/z2
) , (7.13)

Fig. 8 The contour lines of the
function u(x, y) in Example 7.1
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maps the domain exterior to the ellipse onto the unit disk, where the branch of the square root is chosen such that
√
1 = 1.

The function �(w) is a simple modification of the Joukowski map [69]. It is clear that the function � satisfies �(∞) = 0 and
�′(∞) = er/2. Hence,

m(G,∞) = − 1

2π
log

er

2
= 1

2π
(log 2 − r) .

The relative error in the numerically computed values using the method presented in Section 7.1 with n = 28 is presented in
Fig. 7 (right).

7.3. Generalized reducedmodulus

A generalization of the reduced modulus to multiply connected domains has been proposed by Mityuk [105]. For multiply
connected domains, several canonical domains are available, and two of these canonical domains have been considered in [105].
The boundary integral equation with the generalized Neumann kernel has been used in [74] to compute the generalized reduced
module for these two canonical domains. Here, we consider one of these canonical domains, namely, the unit disk with circular
slits.

Let G be a given bounded multiply connected domain of connectivity m + 1, let � = ∂G = ∪m
k=0�k be parametrized by the

function η(t) in (3.2), and let the function A(t) be defined by (3.3), i.e., A(t) = η(t)−α. Let also the kernels N (s, t) and M(s, t)
of the integral operators N andM, respectively, be formed with these functions η(t) and A(t).

For the given domain G, there exists a conformal mapping w = �(z) from the domain G onto the canonical domain D
obtained by removing m concentric circular slits from the unit disk. We assume that these slits are subarcs of circles centered at
0 with radii R1, . . . , Rm which are undetermined real constants. With the normalization

�(α) = 0, �′(α) > 0, (7.14)

this conformal mapping is unique. Hence, the definition (7.11) of the reduced modulus of bounded simply connected domains can
be generalized to the bounded multiply connected domain G. That is, the generalized reduced modulus of the bounded multiply
connected domain G with respect to the point α and the canonical domain D can be defined by

m(G, α) = − 1

2π
log�′(α). (7.15)

Let
γ (t) = − log |η(t) − α|, t ∈ [0, 2π], (7.16)

let ρ be the unique solution of the integral equation (3.13), and let the piecewise constant function ν(t) = (ν0, ν1, . . . , νm) be
given by (3.14). Then, the mapping function � with normalization (7.14) can be written for z ∈ G ∪ � as

�(z) = c(z − α)e(z−α) f (z) (7.17)

where the function f (z) is analytic in G with the boundary values (3.12), c = e−ν0 = �′(α) > 0, and Rk = eνk−ν0 for
k = 1, . . . ,m. Then, it follows from (7.14) and (7.15) that

m(G, α) = ν0/2π.

See [109, §4.2] for details. Several numerical examples using this integral equation method are presented in [74].

Example 7.3 (Circular domain) We consider the multiply connected domain G of connectivity 5 in the interior of the unit circle
and in the exterior of the circles |z| = 0.25, |z − 0.6| = 0.2, |z − (−0.3+ 0.5i)| = 0.2, and |z − (−0.3− 0.5i)| = 0.2. We define
the function v(x, y) for all x and y such that x + iy ∈ G by

v(x, y) = m(G, x + iy).

We use the integral equation method with n = 211 to compute the values of the function v(x, y). The level curves for the
function v(x, y) corresponding to the several levels are shown in Fig. 9. Each of these level curves describes the locations of the
point α for which the values m(G, α) are a constant. It is clear from this figure that there are three locations of the point α at
which m(G, α) has a local maximum.
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Fig. 9 The contour lines of the
function v(x, y) in Example 7.3

8. Moduli of quadrilaterals

8.1. Quadrilaterals

For a given bounded simply connected domain G and for a quadruple {z1, z2, z3, z4} of its boundary points, we call
(G; z1, z2, z3, z4) a quadrilateral if the points z1, z2, z3, z4 occur in this order when the boundary curve is traversed in the
positive direction. The points z1, z2, z3, z4 are called the vertices, and the part of the oriented boundary between two successive
vertices such as z1 and z2 is called a boundary arc and denoted (z1, z2). By Riemann’s mapping theorem, there is a conformal
mapping w = ψ(z) of G onto a rectangle R with vertices 0, 1, 1 + hi, hi, h > 0, such that [132, p.52], [97]

ψ(z1) = 0, ψ(z2) = 1, ψ(z3) = 1 + hi, ψ(z4) = hi. (8.1)

Then, the value h is called the conformal modulus of G:

h = mod(G; z1, z2, z3, z4) ≡ M(�([0, 1], [hi, 1 + hi];G)).

An alternativemethod to find themodulus is to solve the followingDirichlet-Neumann boundary value problem for the Laplace
equation [5]. Suppose that ∂G = ∪4

k=1∂Gk ; all the four boundary arcs ∂Gk between vertices are assumed to be non-degenerate.
This problem is ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

�u = 0, on G,

∂u/∂n = 0, on ∂G1 = (z1, z2),
u = 1, on ∂G2 = (z2, z3),

∂u/∂n = 0, on ∂G3 = (z3, z4),
u = 0, on ∂G4 = (z4, z1).

(8.2)

In terms of a solution function u to the above problem, the modulus can be computed as

h =
∫∫

G
|∇u|2dm . (8.3)

It is an obvious fact that
mod(G; z1, z2, z3, z4)mod(G; z4, z1, z2, z3) = 1 . (8.4)

In the case of numerical computations, the difference

|mod(G; z1, z2, z3, z4)mod(G; z4, z1, z2, z3) − 1|. (8.5)

can be used as an experimental error characteristic if no other error estimates are available. This method was used in [67], and as
later work in [60–62] showed, it is often compatible with other error estimates.
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8.2. The numerical method

To compute the modulus h of the quadrilateral (G; z1, z2, z3, z4), we first compute the conformal mapping ŵ = �1(z) from
the simply connected domain G onto the unit disk B2 such that �1(α̂) = 0 and �′

1(α̂) > 0 for some point α̂ in G. The mapping
function ŵ = �1(z) maps the positively oriented points z1, z2, z3, z4 on ∂G onto positively oriented points ŵ1, ŵ2, ŵ3, ŵ4 on
∂B2. An exact formula for computing the modulus of the quadrilateral (B2; ŵ1, ŵ2, ŵ3, ŵ4) is known in literature [132, (2.6.1)].
Thus, by the conformal invariance of the modulus, we have

h = mod(G; z1, z2, z3, z4) = mod(B2; ŵ1, ŵ2, ŵ3, ŵ4) = 2

π
μ

(
1/

√
k
)

,

where k is given by the absolute (cross) ratio

k = |ŵ1, ŵ2, ŵ3, ŵ4| = |ŵ1 − ŵ3||ŵ2 − ŵ4|
|ŵ1 − ŵ2||ŵ2 − ŵ4| . (8.6)

By the definition of h = mod(B2; ŵ1, ŵ2, ŵ3, ŵ4), there exists a conformal mapping

w = �2(ŵ)

from the unit disk B2 onto the rectangle R such that

�2(ŵ1) = 0, �2(ŵ2) = 1, �2(ŵ3) = 1 + hi, �2(ŵ4) = hi.

To compute such a conformal mapping �2, we first compute the unique conformal mapping

w̃ = �1(w)

from the domain R onto the unit disk B2 with the normalization

�1(α̃) = 0, � ′
1(α̃) > 0 (8.7)

where α̃ is an auxiliary point in R, say α̃ = (1+ ih)/2. This conformal mapping �1 can be computed by the method presented in
Section 7.1. The mapping function w̃ = �1(w) maps the vertices 0, 1, 1 + ih, ih of ∂R onto four points w̃1, w̃2, w̃3, w̃4 ∈ ∂B2.
These points are in general different from the points ŵ1, ŵ2, ŵ3, ŵ4. Let

ŵ = �2(w̃) = ŵ3 + (ŵ3 − ŵ1)(ŵ2 − ŵ3)(w̃2 − w̃1)(w̃ − w̃3)

(ŵ2 − ŵ1)(w̃2 − w̃3)(w̃ − w̃1) − (ŵ2 − ŵ3)(w̃2 − w̃1)(w̃ − w̃3)
,

then �2 maps the unit disk B2 onto itself such that �2(w̃1) = ŵ1, �2(w̃2) = ŵ2, and �2(w̃3) = ŵ3. Thus, the function

w = (�−1
1 ◦ �−1

2 )(ŵ)

maps the unit diskB2 onto the rectangle R and takes the three points ŵ1, ŵ2, ŵ3 to the three points 0, 1, 1+hi, respectively. Since
the function �2 is also a conformal mapping from the unit disk B2 onto the rectangle R and maps the three points ŵ1, ŵ2, ŵ3 to
the three points 0, 1, 1 + hi, respectively, then we have

�2 = �−1
1 ◦ �−1

2 .

This is due to the fact of the uniqueness of the conformal mapping that maps the unit disk B
2 onto the domain R and maps

three points on ∂B2 to three points on ∂R when h is fixed. Thus, the function

w = ψ(z) = (�2 ◦ �1)(z) = (�−1
1 ◦ �−1

2 ◦ �1)(z)

is the required unique conformal mapping from the simply connected domain G onto the rectangle R = {w : 0 < Rew <

1, 0 < Imw < h} which satisfies (8.1), and the harmonic function u(z) = Re[ψ(z)] is then the unique solution of the boundary
value problem (8.2).

Example 8.1 [Trapezoid: [56, 132]] Consider the trapezoid T with the vertices z1 = 0, z2 = 1, z3 = 1 + iL , z4 = i(L − 1).
The exact value of the modulus mod(T ; z1, z2, z3, z4) is given for L > 1 by [132, p. 82]

mod(T ; z1, z2, z3, z4) = π

2μ(k)
, (8.8)

where

k = 1 − 2λλ′

1 + 2λλ′ , λ = μ−1
(

π

2(2L − 1)

)
, λ′ =

√
1 − λ2.
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Fig. 10 The level curves of the
potential function u for the
trapezoid in Example 8.1 with
L = 1.5 (left) and the gear
domain in Example 8.2 (right)

The approximate values of the modulus mod(T ; z1, z2, z3, z4) have been computed in [56] for several values of L . The
relative error in the approximate value of mod(T ; z1, z2, z3, z4) computed using the above method for L = 1.5 with n = 212 is
5.47 × 10−14. The level curves of the potential function u are shown in Fig. 10 (left).

Example 8.2 (Gear domain) We consider a gear domain G with one tooth which is a polycircular domain whose boundary
consists of the segment [−i,−2i], the semicircular arc connecting the points −2i and 2i on the right half plane, the segment
[2i, i], and the semicircular arc connecting the points i and −i on the left half plane [56]. The approximate values of the
modulus mod(G;−i,−2i, 2i, i) are computed using the above method with n = 212, and the obtained approximate value is
1.76445071147738. The level curves of the potential function u are shown in Fig. 10 (right).

Example 8.3 (Amoeba-shaped domain) Consider the simply connected domain G in the interior of the curve � (amoeba-shaped
boundary) with the parametrization

η(t) = (
ecos t cos2(2t) + esin t sin2(2t)

)
eit , 0 ≤ t ≤ 2π.

The approximate values of the modulus mod(G; e, i,−e−1,−i) are computed using the above method with n = 210, and the
obtained approximate value is 1.20089247845316. The level curves of the potential function u are shown in Fig. 11.

8.3. Convex polygonal quadrilateral

A look at the literature [92] shows that there are very few non-trivial domains for which a quadrilateral can be analytically
handled. In the following theorem, an analytic formula is given for the modulus of a bounded convex polygonal quadrilateral G
in the upper-half plane with vertices 0, 1, A, B.

Fig. 11 The level curves of the
potential function u for the
amoeba-shaped domain in
Example 8.3
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Fig. 12 The level curves of the
function v (left) and the relative
error (right) in Example 8.4

Theorem 8.1 ([67]) Choose a, b, c such that 0 < a, b < 1 and max{a + b, 1} ≤ c ≤ 1 + min{a, b}. Let G be a polygonal
quadrilateral in the upper half-plane with interior angles bπ , (c − b)π , (1 − a)π and (1 + a − c)π at the vertices 0, 1, A, B,
respectively. Then, the conformal modulus of (G; 0, 1, A, B) is given by

mod(G; 0, 1, A, B) = 2

π
μ(r),

where 0 < r < 1 fulfills the equation

A − 1 = L(1 − r2)c−a−bF(c − a, c − b; c + 1 − a − b; 1 − r2)

F(a, b; c; r2) (8.9)

with

L = B(c − b, 1 − a)

B(b, c − b)
e(b+1−c)π i (8.10)

where B(z, w) = �(z)�(w)/�(z + w) is the beta function.

A Mathematica code for the implementation of the method in Theorem 8.1 is presented in [67], and a MATLAB code is
presented in [120].

Example 8.4 (Convex domain) Consider the polygonal domain G with the vertices 0, 1, x + iy, i with x > 0, y > 0, and
x + y > 1. We define the function

v(x, y) = mod(G; 0, 1, x + iy, i)

for 0.1 ≤ x ≤ 3, 0.1 ≤ y ≤ 3, and x + y > 1. We use the presented numerical method with n = 212 to compute approximate
values vn(x, y) of the function v(x, y). The level curves of the function vn(x, y) are shown in Fig. 12 (left). The relative error
|v(x, y) − vn(x, y)|/|v(x, y)| in the computed values vn(x, y) is shown in Fig. 12 (right) where v(x, y) are the exact values
computed using the method presented in Theorem 8.1. It is clear from Fig. 12 that v(x, y) = 1 for y = x , v(x, y) < 1 for y < x ,
and v(x, y) > 1 for y > x .

8.4. Unbounded quadrilaterals

The above presented method can be extended to compute the modulus of unbounded quadrilaterals, i.e., when G is an
unbounded simply connected domain [118]. Because harmonic functions satisfy the maximum principle, there is a unique level
set of u corresponding to the level value u(∞), which passes through ∞. Numerical methods for computing the value of the
potential function at ∞ are given in [61, 118]. In [118], for the polygonal quadrilateral of Theorem 8.1, the value of the potential
function u(∞) was also found in terms of an algorithm for the exterior modulus, implemented in [125].

In the following example, we consider an unbounded quadrilateral with a known exact modulus. For the numerical
implementation of the boundary integral equation method to compute the modulus of an unbounded quadrilateral, see [118,
119].
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Example 8.5 (The exterior of a rectangle) Let R be the unbounded simply connected domain in the exterior of the rectangle with
the vertices 1, 0, ik, 1+ ik, and k > 0. Then, the exterior modulus h of the quadrilateral (R; 1, 0, ik, 1+ ik) can be expressed as

h = 1

π
μ(ψ−1(1/k)),

where the function ψ(r) is defined by Duren and Pfaltzgraff [40] as

ψ(r) = 2(E(r) − (1 − r)K(r))

E(r ′) − rK(r ′)
, r ′ =

√
1 − r2.

Using the numericalmethod presented abovewith n = 212, the obtained approximate value of themodulusmod(R; 1, 0, ik, 1+
ik) for k = 2 is 1.154924858699863 and the relative error in this approximate value is 1.31 × 10−13.

9. Harmonic measure

9.1. Harmonic measure for simply connected domains

The harmonic measure is one of the key notions of potential theory, and it has numerous applications to geometric function
theory [45]. Assume thatG is a simply connected domain, i.e.,m = 0 in Section 3.We assume thatG is bordered by the piecewise
smooth Jordan curve � = �0 which is parametrized by the function η(t) = η0(t) in (3.2). Let L be a nonempty subset of �

such that �\L �= ∅. The harmonic measure of L with respect to G is the C2(G) function u : G → (0, 1) satisfying the Laplace
equation

�u = 0

in G and the boundary conditions u(z) = 1 when z ∈ L and u(z) = 0 when z ∈ � \ L . For unbounded G, we assume that u(z)
is bounded at ∞. The harmonic measure of L with respect to G will be denoted by ω(z, L,G) (see, e.g., [10, p. 123], [45, Ch
I], and [161, p. 111]).

We assume that L is a union of � nonempty connected and disjoint arcs L1, . . . , L� such that the two end points of L j are
z2 j−1 and z2 j , j = 1, . . . , �. That is, the value of the harmonic measure ω(z, L,G) is 1 when z is on the arc between the two
points z2 j−1 and z2 j , and 0 when z is on the arc between the two points z2 j and z2 j+1, j = 1, . . . , �, where z2�+1 = z1. We
assume that z1, z2, . . . , z2� are oriented in the direction of �. Let w = �(z) be the unique conformal mapping from G onto the
unit disk B

2 (with the normalization (7.1) or (7.4)). Then, � maps the boundary � onto the unit circle and maps the point z j on
� onto the point w j = �(z j ) on the unit circle, j = 1, . . . , 2�. The points w1, w2, . . . , w2� are oriented counterclockwise.

Let θ j = arg(w j ) such that β < θ1 < θ2 < · · · < θ2� < β + 2π for some real number β. Then, the Möbius transformation

ζ = �(w) = i
eiβ + w

eiβ − w

maps the unit disk |w| < 1 onto the upper half plane Im ζ > 0 and maps the unit circle onto the real line such that �(eiβ) = ∞.
It maps also the points w1, w2, . . . , w2� on the unit circle onto the points x1, x2, . . . , x2� on the real line such that −∞ < x1 <

x2 < · · · < x2�−1 < x2� < ∞. It is clear that the function [174, p. 421]

ψ(ζ ) = 1

π

2�∑
j=1

(−1) j arg(ζ − x j ) (9.1)

is harmonic in the upper half plane Im ζ > 0, ψ(x) = 1 when x is real with x2 j−1 < x < x2 j for j = 1, 2, . . . , �, and ψ(x) = 0
when x is real with x < x1, x > x2�, or x2 j < x < x2 j+1 for j = 1, 2, . . . , � − 1. The branch of arg is chosen such that
arg(1) = 0.

Since w j = eiθ j for j = 1, 2, . . . , 2�, then

x j = �(w j ) = i
eiβ + eiθ j

eiβ − eiθ j
= i

ei(β−θ j )/2 + e−i(β−θ j )/2

ei(β−θ j )/2 − e−i(β−θ j )/2
= cot

(
β − θ j

2

)
.

Note also that

ζ = i
eiβ + w

eiβ − w
= i

eiβ + �(z)

eiβ − �(z)
= i

1 + e−iβ�(z)

1 − e−iβ�(z)
.
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Then, it follows from (9.1) that the harmonic measure ω(z, L,G) is given by

ω(z, L,G) = 1

π

2�∑
j=1

(−1) j arg

(
i
1 + e−iβ�(z)

1 − e−iβ�(z)
+ cot

(
θ j − β

2

))
. (9.2)

The conformal mapping �(z) will be computed by the method presented in Section 7.1.

9.2. Harmonic-measure distribution function

For a given basepoint z0 in a given simply connected domain G, the harmonic-measure distribution function h(r), or the
h-function, is the piecewise smooth, non-decreasing function, h : [0,∞) → [0, 1], defined by

h(r) = ω(z0, � ∩ B(z0, r),G),

i.e., h(r) is the value of the harmonic measure of � ∩ B(z0, r) with respect to G at the point z0. The h-function was first studied
in depth by Walden and Ward [166]. An overview of the main properties of h-functions is given in the survey paper [148].

The value of h(r) is the probability that a Brownian particle reaches a boundary component of G within a certain distance r
from its point of release z0. The properties of two-dimensional Brownian motions were investigated extensively by Kakutani [73]
who found a deep connection between Brownian motion and harmonic functions (see also [148]). Han-Rasila-Sottinen [64] also
studied harmonic measure using random walk simulations.

Explicit formulas of h-functions for several simply connected domains are given in [100, 101, 148]. In [51], explicit formulas
of h-functions for a class of multiply connected symmetrical slit domains were derived in terms of the Schottky-Klein prime
function [30, 31]. A numerical method for computing the h-functions for such symmetric slit domains with high connectivity is
presented in [49] (see also [50]). The method is based on using the boundary integral equation with the generalized Neumann
kernel.

Example 9.1 (Domain interior to an ellipse) We consider the simply connected domain G in the interior of the ellipse

η(t) = cosh(τ + it), 0 ≤ t ≤ 2π,

for τ = 0.5 and z0 = 0.
The values of h(r) are computed using the above method with n = 212, and the obtained results are presented in Fig. 13 (left).

It is clear that h(r) = 0 for r ≤ sinh(τ ) ≈ 0.5211 and h(r) = 1 for r ≥ cosh(τ ) ≈ 1.1276.

Example 9.2 (Domain exterior to an ellipse) Consider the simply connected domain G in the exterior of the ellipse

η(t) = cosh(τ − it), 0 ≤ t ≤ 2π,

for τ = 0.9 and z0 = 1 + cosh τ .

Fig. 13 The graphs of the
h-function h(r) for Example 9.1
(left) and Example 9.2 (right)
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The values of h(r) are computed using the above method with n = 212, and the obtained results are presented in Fig. 13
(right). It is clear that h(r) = 0 for r ≤ 1 and h(r) = 1 for r ≥ 1 + cosh(τ ) ≈ 3.8662 (see also [100, Figure 5.7]).

9.3. Harmonic measure for multiply connected domains

Let G be a given bounded multiply connected domain of connectivity m + 1, let � = ∂G = ∪m
k=0�k be parametrized by the

function η(t) in (3.2), and let the function A(t) be defined by (3.3), i.e., A(t) = η(t)−α. Let also the kernels N (s, t) and M(s, t)
of the integral operators N andM, respectively, be formed with these functions η(t) and A(t).

For k = 0, 1, . . . ,m, let ω(z, �k,G) be the harmonic measure of �k with respect to G, i.e., ω(z, �k,G) = σk(z) where σk(z)
is the unique solution of the Dirichlet problem:

∇2σk(z) = 0 if z ∈ G, (9.3a)

σk(z) = δk, j if z ∈ � j , j = 0, 1, . . . ,m, (9.3b)

where δk, j is the Kronecker delta function. It is clear that
∑m

k=0 σk(z) = 1 and hence

σ0(z) = 1 −
m∑

k=1

σk(z).

Thus, it is enough to compute the functions σ1(z), . . . , σm(z).
For each j = 1, 2, . . . ,m, let the function γ j (t) be defined by (4.9), let ρ j (t) be the unique solution of the integral

equation (4.11), and let the piecewise constant function ν j (t) = (ν0, j , ν1, j , . . . , νm, j ) be given by (4.12). Then, it follows
from Section 4 that the function f j (z) with the boundary values

A(t) f j (η(t)) = γ j (t) + ν j (t) + iμ j (t), t ∈ J ,

is analytic in G. Then, the function σk(z) is given for z ∈ G by

σk(z) = Re[(z − α)gk(z)] + ck −
m∑
j=1

akj log |z − α j |, k = 1, . . . ,m, (9.4)

where

gk(z) =
m∑
j=1

akj f j (z)

and the real constants ck and ak,1, . . . , ak,m are computed by solving the uniquely solvable linear system

⎡
⎢⎢⎢⎣

ν0,1 ν0,2 · · · ν0,m 1
ν1,1 ν1,2 · · · ν1,m 1
...

...
. . .

...
...

νm,1 νm,2 · · · νm,m 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

ak,1
ak,2
...

ak,m
ck

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

δk,0
δk,1
...

δk,m

⎤
⎥⎥⎥⎦ . (9.5)

By computing the functions ρ j and ν j , and the constants ck and ak, j for j, k = 1, . . . ,m, we obtain approximations of the
boundary values of the analytic function gk(z) by

A(t)gk(η(t)) =
m∑
j=1

akj (γ j (t) + ν j (t) + iρ j (t)), t ∈ J .

Then, the values of gk(z) for z ∈ G can be computed by the Cauchy integral formula, and hence, the values of σk(z) can be
computed for z ∈ G by (9.4).
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Fig. 14 The contour lines of the
functions σ1(z) (left) and σ2(z)
(right) in Example 9.3

Example 9.3 (Circular domain). We consider the multiply connected domain G of connectivity 5 in the interior of the unit circle
and in the exterior of the circles |z| = 0.25, |z−0.6| = 0.2, |z− (−0.3+0.5i)| = 0.2, and |z− (−0.3−0.5i)| = 0.2. We use the
integral equation method with n = 211 to compute the values of the functions σ1(z) = ω(z, �1,G) and σ2(z) = ω(z, �2,G).
The level curves for these functions are shown in Fig. 14.

10. Hyperbolic distance

Assume that G is a given bounded simply connected domain and α is a given point in G. Let w = �(z) be the conformal
mapping from the bounded simply connected domain G onto the unit disk B

2 with the normalization (7.1). By (2.1), one can
define the hyperbolic metric on the Jordan domain G in terms of the conformal mapping function w = �(z) as follows:

ρG(x, y) = ρB2(�(x),�(y)) .

In hyperbolic geometry, the boundary ∂G has the same role as the point of {∞} in Euclidean geometry: both are like
“horizons”; we cannot see beyond the horizon. Due to conformal invariance, the hyperbolic geometry is more useful than the
Euclidean geometry when studying the inner geometry of domains in geometric function theory.

Fig. 15 The contour lines of the
function u(x, y) in Example 10.1
for z0 = 0 (left) and z0 = 1
(right)
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Fig. 16 The hyperbolic
geodesics pass through the
middle of each boundary segment
(marked with a red dot) and the
point α (marked with a red
square) for the two polygons

Example 10.1 We consider the simply connected domain G in the interior of the curve � with the parametrization

η(t) = (2 + cos(5t))eit , 0 ≤ t ≤ 2π.

Then, for a given point z0 in G, we define the function u(x, y) for all x and y such that x + iy ∈ G by

u(x, y) = ρG(z0, x + iy).

We use the method presented in Section 7.1 with n = 212 and α = z0 to compute the conformal mapping w = �(z) with the
normalization (7.1) and hence to compute the values of the function u(x, y) in the domain G. We plot the contour lines for the
function u(x, y) corresponding to several levels in Fig. 15 for z0 = 0 (left) and z0 = 1 (right). Each of these level curves is a
hyperbolic circle in G with center z0.

Example 10.2 We consider two simply connected polygonal domains G as in Fig. 16. For each of these two polygons, we use
the method presented in Section 7.1 with n = 3 × 214, α = 0.5 − 1.5i for the graph in the left and n = 7 × 213, α = −i for
the graph in the right to compute the conformal mapping w = �(z) with the normalization (7.1). Then, we use this conformal
mapping to compute the hyperbolic geodesics starting at the middle point of each boundary segment of these polygons, passing
through the point α and continuing to the boundary of the polygon. We plot the computed hyperbolic geodesics in Fig. 16 where
the middle point of each boundary segment is marked with a red dot and the point α is marked with a red square. In Tables 1 and 2,
we choose five points in the interior of the domain G in Figs. 16 (left) and 16 (right), respectively, and compute the hyperbolic
distance between all possible pairs of points from these five points.

Table 1 The hyperbolic distance ρG (zk , z j ) between the five points z1 = −1 + 2.5i, z2 = −1.5, z3 = 0.5 − 1.5i, z4 = 2.5 − 0.5i, and z5 = 1 + 0.5i
in the interior of the domain G in Fig. 16 (left)

k\ j 1 2 3 4 5

1 0 8.211957028453 17.82130682562 25.86706921787 32.31461859625

2 8.211957028453 0 9.609696981382 17.65545939223 24.10300877075

3 17.82130682562 9.609696981382 0 8.045817781269 14.49336799127

4 25.86706921787 17.65545939223 8.045817781269 0 6.477277067630

5 32.31461859625 24.10300877075 14.49336799127 6.477277067630 0
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Table 2 The hyperbolic distance ρG (zk , z j ) between the five points z1 = −2 + i, z2 = i, z3 = −i, z4 = −2i, and z5 = 2 + i in the interior of the
domain G in Fig. 16 (right)

k\ j 1 2 3 4 5

1 0 7.522231288671 5.153143098454 5.612327759939 10.30445568667

2 7.522231288671 0 3.103715005941 4.095139688250 7.522231288628

3 5.153143098454 3.103715005941 0 0.991424682309 5.153143098413

4 5.612327759939 4.095139688250 0.991424682309 0 5.612327759898

5 10.30445568667 7.522231288628 5.153143098413 5.612327759898 0

11. Conclusions

We have seen in this paper that the boundary integral equation method can be efficiently applied for numerical approximation
of a great variety of conformal invariants. Comparison to the other methods we are familiar with suggests that:

• The accuracy of the results is carefully compared in our papers to the literature and to the results provided by hp-FEM
computations. The conclusion is that the same accuracy is attained.

• The speed of computation in the cases tested is usually significantly faster than other methods.
• The flexibility to modify the method from case to case makes the method the preferred one in many cases.

In the case of simply connected polygonal domains, the SCToolbox of Driscoll [36] seems to be the most widely used. For
such domains, the boundary integral method presented in this paper produces results with accuracy almost comparable to the
popular SCToolbox (see, e.g., [114]).

The classic book of Pólya-Szegö [133] has inspired several generations of mathematicians to study isoperimetric problems.
This indeed is pioneering work which has also inspired our work in the past. They produced numerous tables with numerical data
at a pre-computer time which was remarkable and formulated several problems which are open even now. One of these problems
was to find the fundamental frequency of the Laplace operator in polygonal plane domains, discussed recently in [70].

11.1. Topics for future work

In our papers, we have mentioned many open problems, specific to the topics discussed. The following two topics seem to
offer many challenges for later research.

As far as we know, very little is published about the concrete estimates of the principal frequency of the Laplace operator in
a bounded polygonal domain. Such an estimate is expected to depend on the geometry of the domain [70, 133].

The classical problems of Grötzsch and Teichmüller discussed at the end of Section 2 could also be studied in polygonal planar
domains.

12. Topicwise guides to literature

Numerical methods for conformal mappings have applications to many areas of science and technology, from physics and
engineering to computer graphics and fluid dynamics. We give here a list of literature on the mathematical aspects of the topic,
based on well-known sources.

The bibliographies of Gaier [42] (ca. 300 items), Wegmann [169] (ca. 300 items), Kythe [92] (ca. 1000 items), Ivanov-
Trubetskov [71] (ca. 170 items), Papamichael-Stylianopoulos [132] (ca. 200 items), and the books listed below in Section 12.5
and their bibliographies provide information about the literature before the year 2000. See also the bibliography of the most
recent book on the topic by D. Crowdy [30] (ca. 120 items).

12.1. Books on complex analysis

Ahlfors [5], Sansone-Gerretsen [144], Ablowitz-Fokas [1], Goluzin [48], Volkovyskiǐ, Lunts, and Aramanovich [164], Nehari
[126], Tsuji [161], Shaw [147], Dovbush-Krantz [35].
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12.2. Books on numerical conformal mappings

Gaier [42], Henrici [69], Driscoll-Trefethen [37], Crowdy [30], Papamichael-Stylianopoulos [132], Kythe [92], Wen [172].

12.3. Formulas for conformal mappings, tables

Abramowitz-Stegun [6], Kythe [92], von Koppenfels-Stallmann [165], Lavrik-Savenkov [94], Dalischau [32], Schintzinger-
Laura [146], Ivanov-Trubetskov [71].

12.4. Elliptic functions and integrals

Akhiezer [7], Lawden [95], Anderson-Vamanamurthy-Vuorinen [10], Borwein-Borwein [25].

12.5. Collections of papers, computational complex analysis

Beckenbach [17], Todd [153], Trefethen [154], Papamichael-Saff [131], Kühnau [88, 90].

12.6. Canonical domains

Koebe [85], Kühnau [89], Tsuji [161], Nehari [126], Wen [172], Bergman [20].

12.7. Potential theory, capacity

– Popular surveys: Hardin-Saff [65]
– Capacity of condensers: Pólya-Szegö [133], Landkof [93], Ransford [138], Tsuji [161], Garnett-Marshall [45], Gol’dshteǐn-

Reshetnyak [47], Heinonen-Kilpeläinen-Martio [68], Kirsch [80], Ohtsuka [127]
– Generalized condenser: Dubinin [38]
– Logarithmic capacity: Saff-Totik [141], Borodachov, Hardin, and Saff [24], Liesen-Sète-Nasser [98, 99], Ransford-Rostand

[139]
– Analytic capacity: Younsi-Ransford [173], Nasser-Green-Vuorinen [116]

12.8. Mathematical analysis, tools for constructive complex analysis

Atkinson [11], Gakhov [44], Mikhlin [104], Kress [83], Wen [172], Crowdy [30], Baernstein [15], Trefethen [156, 157].

12.9. Surveys and comparisons of methods for numerical conformal mappings

Gaier [42], Papamichael-Stylianopoulos [132], [133, pp.13-16], Papamichael [128], Trefethen [156–158], Trefethen-Driscoll
[159], Kythe [92, pp.3-12], Papamichael [130], Porter [134, 135], Wegmann [169], Gutknecht [55], Driscoll-Trefethen [37],
Badreddine, DeLillo, and Sahraei [14], Ivanov-Trubetskov [71, pp.1-4].

– Popular surveys: Bishop [23], Crowdy [28], Porter [134], Trefethen [158], Trefethen-Driscoll [159], Gu, Luo, and Yau [54],
Stephenson [151]

– Koebe method: Nasser et al. [96, 113]
– SC methods: Driscoll-Trefethen [37], DeLillo, Elcrat, Kropf, and Pfaltzgraff [33]
– Circular domain: Badreddine, DeLillo and Sahraei [14], Benchama et. al [19], DeLillo, Horn and Pfaltzgraff [34], Nasser [113,

114], Wegmann [168]
– Integral equation methods: Wegmann-Nasser [171], Nasser [109–111], Nasser and Al-Shihri [115], Kerzman-Stein [78],

Kerzman-Trummer [79], Henrici [69, p. 560], Bell [18], Abzalilov-Ivanshin-Shirokova [3], Abzalilov-Shirokova [4], Razali-
Nashed-Murid [140], Murid-Nashed-Razali [107]

– Charge simulation method: Amano et al. [8, 9], Liesen, Sète, and Nasser [98]
– Zipper method: Kühnau [87], Marshall-Rohde [103]
– Conjugate function method: Hakula-Rasila [59], Hakula-Rasila-Zheng [63]
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– FEM methods (AFEM, hp-FEM): Samuelsson-Vuorinen [143], Betsakos-Samuelsson-Vuorinen [21], Hakula-Rasila-
Vuorinen [60–62], Hakula-Rasila [59]

– Complexity of numerical conformal mapping: Bishop [22]
– Circle packing: Stephenson [150–152]

12.10. Conformal invariants, applications to geometric function theory

Ahlfors [5], Bishop [23], Garnett-Marshall [45], Lehto-Virtanen [97], Anderson-Vamanamurthy-Vuorinen [10], Hariri-Klén-
Vuorinen [66], Kuz′mina [91], Dubinin [38], Väisälä [162], Gehring-Martin-Palka [46], Avkhadiev [12], Avkhadiev-Kayumov-
Nasyrov [13].

12.11. Applications (conformal mappings on Riemann surfaces, image processing)

Kropf-Yin-Yau-Gu [86], Choi [26], Hakula-Rasila [59], Hakula-Rasila-Zheng [63], Rainio-Nasser-Vuorinen-Klén [137].

12.12. Software for computational complex analysis

Driscoll [36], Greengard-Rokhlin [52, 53], Nasser [114], Trefethen [156, 157].
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