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Abstract

The classical ARCH model together with its extensions have been widely applied in
the modeling of financial time series. We study a variant of the ARCH model that
takes account of liquidity given by a positive stationary process. We provide minimal
assumptions that ensure the existence and uniqueness of the stationary solution for
this model. Moreover, we give necessary and sufficient conditions for the existence
of the autocovariance function. After that, we derive an AR(1) characterization for
the stationary solution yielding Yule—Walker type quadratic equations for the model
parameters. In order to define a proper estimation method for the model, we first
show that the autocovariance estimators of the stationary solution are consistent under
relatively mild assumptions. Consequently, we prove that the natural estimators arising
out of the quadratic equations inherit consistency from the autocovariance estimators.
Finally, we illustrate our results with several examples and a simulation study.
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1 Introduction

The ARCH and GARCH models have become important tools in time series analysis.
The ARCH model was introduced in Engle (1982) and then it has been generalized
to the GARCH model by Bollerslev (1986). Since, a large collection of variants and
extensions of these models has been produced by many authors. See for example
Bollerslev (2008) for a glossary of models derived from ARCH and GARCH. On a
related work we also mention (Han 2013), where GARCH-X model with liquidity
arising from a certain fractional ARMA process is considered.

In this work, we also focus on a generalization of the ARCH model, namely the
model (1). Our contribution proposes to include in the expression of the squared
volatility 0,2 a factor L,_1, which we will call liguidity. The motivation to consider
such a model comes from mathematical finance, where the factor L;, which constitutes
a proxi for the trading volume at day 7, has been included in order to capture the
fluctuations of the intra-day price in financial markets. A more detailed explanation
can be found in Bahamonde et al. (2018) or Tudor and Tudor (2014). In the work
(Bahamonde et al. 2018) we considered the particular case when L, is the squared
increment of the fractional Brownian motion (fBm in the sequel), i.e. L; = (Bf|r =
B}")?, where B is a fBm with Hurst parameter H € (0, 1).

In this work, our purpose is twofold. Firstly, we enlarge the ARCH with fBm
liquidity in Bahamonde et al. (2018) by considering, as a proxi for the liquidity, a
general positive (strictly stationary) process (L;);cz. This includes, besides the above
mentioned case of the squared increment of the fBm, many other examples.

The second purpose is to provide a method to estimate the parameters of the model.
As mentioned in Bahamonde et al. (2018), in the case when L is a process without
independent increments, the usual approaches for the parameter estimation in ARCH
models (such as least squares method and maximum likelihood method) do not work,
in the sense that the estimators obtained by these classical methods are biased and not
consistent. Here we adopt a different technique, based on the AR(1) characterization
of the ARCH process, which has also been used in Voutilainen et al. (2017). The
AR(1) characterization leads to Yule—Walker type equations for the parameters of the
model. These equations are of quadratic form and then we are able to find explicit
formulas for the estimators. We prove that the estimators are consistent by using
extended version of the law of large numbers and by assuming enough regularity for
the correlation structure of the liquidity process. We also provide a numerical analysis
of the estimators.

The rest of the paper is organised as follows. In Sect. 2 we introduce our model
and discuss the existence and uniqueness of the solution. We also provide necessary
and sufficient conditions for the existence of the autocovariance function. We derive
the AR(1) characterization and Yule—Walker type equations for the parameters of the
model. Section 3 is devoted to the estimation of the model parameters. We construct
estimators in a closed form and we prove their consistency via extended versions of the
law of large numbers and a control of the behaviour of the covariance of the liquidity
process. Several examples are discussed in details. In particular, we study squared
increments of the fBm, squared increments of the compensated Poisson process, and
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the squared increments of the Rosenblatt process. We end the paper with a numerical
analysis of our estimators. All the proofs and auxiliary lemmas are postponed to the
appendix.

2 The model

Our variant of the ARCH model is defined for every t € Z as
X; = o01€4, UtZ =0t0+a1Xt271 + L1, (1)

where o9 > 0, aq,/1 > 0, and (¢;),e7z is an i.i.d. process with E(ep) = 0 and
E(eg) = 1. Moreover, we assume that (L;);c7 is a positive process and independent
of (€1)rez.

Remark 1 By setting L;_| = cril in (1) we would obtain the defining equations of the
classical GARCH(1, 1) process. However, in this case, the processes L and € would
not be independent of each other.

In Sect. 3, in the estimation of the model parameters, we further assume that (L;);c7
is strictly stationary with E(Lg) = 1. However, we first give sufficient conditions to
ensure the existence of a solution in a general setting where L is only assumed to
be bounded in L2. This allows one to introduce ARCH models that are not based on
stationarity.

Note that we have a recursion

0’ =ap+are o +1iLi_y. 2)

Let us denote
A = oqet2 and B; =g+ 1[1L; foreveryt € Z.
Using (2) k 4 1 times we get

2 2
0[+1 = AIO‘I + B[

= AtAtflUt{l + ABi—1 + By

—_ ... (3)

k k i—1
(l_[ Ati) 0;2_/( + Z l_[ Air—j | Bi—i,
i=0

i=0 \j=0

with the convention [y = 1.
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2.1 Existence and uniqueness of the solution

In the case of strictly stationary L, the existence and uniqueness of the solution is
studied in Brandt (1986) and Karlsen (1990). However, in order to allow flexibility
and non-stationarity in our class of ARCH models, we present a general existence
and uniqueness result. Furthermore, our result allows one to consider only weakly
stationary sequences. In addition, our proof is based on a different technique, adapted
from Bahamonde et al. (2018).

We start with the following theorem providing the existence and uniqueness of a
solution under relatively weak assumptions (we only assume the boundedness of L in
L? and the usual condition ¢ < 1 [see e.g. Francq and Zakoian (2010)].

Theorem 1 Assume that sup, .y E(Ltz) < oo and oy < 1. Then (1) has the following
solution

00 i—1
ol = Z ]_[ Ar—j | Bioi. 4)
i=0 \j=0

Moreover, the solution is unique in the class of processes satisfying sup; .z, E(O’lz) < 0.

The following result provides us a strictly stationary solution provided that L is
strictly stationary. While the result is a special case of Karlsen (1990), for the reader’s
convenience we present a different proof that can be applied to the case of weak
stationarity as well (see Corollary 2).

Corollary 1 Let oy < 1. If L is strictly stationary with E(L%) < 00, then the unique
solution (4) is strictly stationary.

In the sequel, we consider a strictly or weakly stationary liquidity (L;);c7 and the
corresponding unique solution given by (4). Therefore, we will implicitly assume that

IE(L%) <ooanday < 1.

In order to study covariance function or weak stationarity of the solution (4), we
require that the moments IEI(G,4 ) exist. Necessary and sufficient conditions for this are
given in the following lemma.

Lemma 1 Suppose E(eg) < 0o and L is strictly stationary. Then IE(J(;‘ ) < oo ifand
1

only if a1 < .
VEED

Remark 2 As expected, in order to have finite moments of higher order we needed to
pose a more restrictive assumption ¢ < 1 < 1, since E(e%) = 1. For example,
VEED

in the case of Gaussian innovations we obtain the well-known condition «; <

1
/3
[see e.g. Francq and Zakoian (2010) or Lindner (2009)]. An explicit expression of the
fourth moment can be obtained when L is the squared increment of fBm [see Lemma

4 in Bahamonde et al. (2018)].
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We end this section with the following result similar to Corollary 1 on the existence
of weakly stationary solutions.

1

Corollary 2 Suppose that o) < and L is weakly stationary. Then the unique

=
=2

€0
solution (4) is weakly stationary.

2.2 Computation of the model parameters

In this section we consider the stationary solution and compute the parameters «g, o1,
I1 in (1) by using the autocovariance functions of X2 and L. To this end, we use an
AR(1) characterization of the ARCH process. From this characterization, we derive,
using an idea from Voutilainen et al. (2017), a Yule—Walker equation of quadratic
form for the parameters, that we can solve explicitly. This constitutes the basis of the
construction of the estimators in the next section. From (1) it follows that if (0,2) teZ,
is stationary, then so is (X ,2)162- In addition

X2 =02 —o? +ag+ar X2 + 1L

=ag+ a1 X;_ + o7 — 1)+ 1Ly,

Now
E(X}) = ao + o E(X2 ) + 1
and hence
E(X?) = Ollo_—zll‘ )

Let us define an auxiliary process (Y;);cz by

g+ 1

Y, = X2 - p——

Now Y is a zero-mean stationary process satisfying

l l
oo + 11 ta oo+ 11

Yi =Yy +ag+ o€l — 1)+ 1Ly — 1
l—Oll 1—0(1

=Y g4+ 02(€ = 1)+ (L —1).
By denoting
Zi =02 — 1)+ 11 (Li—y — 1)
we may write

Yi=a1Y 1+ 27,
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corresponding to the AR(1) characterization (Voutilainen et al. 2017) of ¥; for 0 <
o) < 1.

In what follows, we denote the autocovariance functions of X% and L with y(n) =
E(X?X2,,) — (0‘0”l y2 and s(n) = E(L,Li4,) — 1 respectively.

Lemma 2 Suppose E(eo) < ooand oy < \/7 Then for any n # 0 we have
E(ep)

Ayn) —ai(ymn+ 1)+ ym—1)+yn) —Bsn) =0

and for n = 0 it holds that

E(X%)Var(e?
o2y (0) = 21y (1) + 7 (0) - % ~5(0) = 0.
0
Now, let first n € Z with n # 0. Then
E(X4)V
a2y (0) — 21y (1) + 1 (0) — % 250 =0
(€g)
afy(m) —a1(y(n+1) +y(n — 1)+ y®) —Fs(n) = 0. 6)

From the first equation we get

E(X, )Var(eg))

2 1
I = 50) (0‘13/(0) 201y (1) +y(0) — Ee)

Substitution to (6) yields

s(n) s(n)
(V( )—WV(O)) (261/(1)—()/(714-1)—#)/(11—1)))
s(n) ( E(X$)Var(ed) B B
+y(m + s(0) ( E(eé) rO) =

Letus denote yo = [y (n + 1), y(n), y(n — 1), y(1), ¥ (0), E(X})] and

s(n)

ao(yo) =y ) — WY( )

bo(yo) =2 E;y(l)—(y(n+1)+y(n—1)) 7)
s(n) (E(Xg)Var(e)

co(yo) = y(n) + S0) (—E(ES) y©)].

@ Springer



On the ARCH model with stationary liquidity

Assuming that ap(y () # 0 we have the following solutions for the model parameters
o and [q:

—bo(y o) £ /bo(y()? — 4ao(yo)co(y)
2a0(yo)

ai(yo) = ®)

and

5(0)

1 E(X3)Var(e?
lityy) = J — <011(70)27/(0) —2a1(yo)y (1) +y(0) — %) )
0

Finally, denoting u = E(Xé) and using (5) we may write
a0y, ) = p(l —ai(yo)) —Li(yo)- (10)
Now, let ny, np € Z with ny # ny and ny, np # 0. Then

aty(nn) —ai(y(ni +1) +y(ni — 1) + y (1) — is(n1) =0 (1)
@ty (n) — iy (2 + 1) + y (2 = 1) + v (n2) — l}s(n2) = 0.

Assuming that n, is chosen in such a way that s(n2) 7 0 we have

2 @}y (n2) —ai(y(ny + 1)+ y(na — 1) + y(n2)
s(n2) '

Substitution to (11) yields

of (V(nl) - —S(nl)y(nz))

s(n2)

s(ny)
—ay |y +1D+ymn—1) — S012) (y(ma+ 1D +ym—1))

+y(n1) —

s(”;) y(n2) = 0.

s(ny)

Letusdenote y = [y(ny + 1), y(na + 1), y(n1), y(n2), y(n1 — 1), y(n2 — 1)] and

s(ny)
aW)=yOn)—SmﬁVMﬁ
(12)
b(y) = % (ym2+D+yma—1) =y + 1) +yn — D).
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Assuming a(y) # 0 we obtain the following solutions for the model parameters o
and [y:

_ —by) £Vb(y)? —4a(y)?

aj(y) = 2a(y) (13)
and
2 _ _
Ly) = \/al(y))/(nz) arP)y(ma+ 1) +ym— D)+ V(nz)_ (14)
s(n2)
Again, o is given by
ao(y, w) = pn(l —ai(y)) —Ly). (15)

Remark 3 Note that here we assumed s(ny) # 0 and a(y) # 0 which means that
we choose n1, n; in a suitable way. Notice however, that these assumptions are not a
restriction. Firstly, the case where s(ny) = 0 for all np # 0 corresponds to the more
simple case where L is a sequence of uncorrelated random variables. Secondly, if
s(ny) # 0and a(y) = 0, the second order term vanishes and we get a linear equation
for o1 . For detailed discussion on this phenomena, we refer to Voutilainen et al. (2017).

Remark 4 At first glimpse Egs. (8) and (13) may seem useless as one needs to choose
between signs. However, it usually suffices to know additional values of the covariance
of the noise [see Voutilainen et al. (2017)]. In particular, it suffices that s(n) — 0 [see
Voutilainen et al. (2019)].

3 Parameter estimation

In this section we discuss how to estimate the model parameters consistently from
the observations under some knowledge of the covariance of the liquidity L. At this
point we simply assume that the covariance structure of L is completely known.
However, this is not necessary, as discussed in Remarks 5 and 6. As mentioned in
the introduction, classical methods like maximum likelihood (MLE) or least squares
method (LSE) may fail in the presence of memory. Indeed, while MLE is in many cases
preferable, it requires the knowledge of the distributions so that the likelihood function
can be computed. Compared to our method, we only require certain kind of asymptotic
independence for the process L in terms of third and fourth order covariances (see
Lemma 3). Unlike MLE, the LSE estimator does not require distributions to be known.
However, in our model it may fail to be consistent. Indeed, this happens already in
the case of squared increments of the fractional Brownian motion (Bahamonde et al.
2018).

Based on formulas for the parameters provided in Sect. 2.2, it suffices that the
covariances of X2 can be estimated consistently. For simplicity, we assume that the
liquidity (L;);e7 is a strictly stationary sequence. The main reason why we prefer to
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keep the assumption of strict stationarity is that it simplifies the third and fourth order
assumptions of Lemma 3 and also because our main examples of liquidities are strictly
stationary processes (see Sect. 3.3). Nevertheless, the results either hold directly or can
be modified with only a little effort to cover the case of weakly stationary sequences.
We leave the details to the reader.

3.1 Consistency of autocovariance estimators

Assume that (X2, X%, e, XIZ\,) is an observed series from (X;);cz that is given by
our model (1). We use the following estimator of the autocovariance function of X tz

N-—n

1 _ _
v = (X,2 - x2) (x,2+n - X2) forn > 0,
=

where X2 is the sample mean of the observations. We show that the estimator above
is consistent in two steps. Namely, we consider the sample mean and the term

1 N—n
2y2
N Z X; Xt+n
t=1

separately. If the both terms are consistent, consistency of the autocovariance estimator
follows. Furthermore, if this holds for the lags involved in Theorems 2 and 3, also the
corresponding model parameter estimators are consistent.

Lemma 3 Suppose E(Lg) < 00 and E(eg) < oo. In addition, assume that for every
fixed n,ny and ny it holds that Cov(Lg, L;) — 0, Cov(LoL,,L+;) — 0 and
Cov(LoLy,, LiLi4p,) = Oast — oo. If a1 < % then

E(ed)#
1 N—n
2v2
N —-n Xt Xt+n

converges in probability to ]E(X%X%)for everyn € Z.

The next lemma provides us the missing piece of consistency of the covariance esti-
mators. It can be proven similarly as Lemma 3, but as it is less involved, we leave the
proof to the reader.

1

VE@ED

Lemma4 Suppose ]E(eg) < ooandCov(LoL;) — Oast — oo. Ifa; < , then

the sample mean
X
A - 2
MUN = N th
=1
converges in probability to ]E(X(%).
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Remark5 As one would expect, the assumptions of Lemma 4 are implied by the
assumptions of Lemma 3, which on the other hand are only sufficient for our purpose.
Indeed, it suffices that ¥, = X?X?7,, is mean-ergodic for the relevant lags n (see
Theorems 2 and 3 , and Remark 6). This happens when the dependence within the
stationary process Y vanishes sufficiently fast. The condition oy < E(eg)’% ensures
the existence of an autocovariance function of Y. Furthermore, the assumptions made
related to the asymptotic behavior of the covariances of L guarantee that the depen-
dence structure of Y (measured by the autocovariance function) is such that the desired
consistency of the autocovariance estimators follows. Finally, the assumptions related
to the liquidity are very natural. Indeed, we only assume that the (linear) dependen-
cies within the process L; vanish over time. Examples of L satisfying the required
assumptions can be found in Sect. 3.3.

3.2 Estimation of the model parameters

Set, for N > 1,

N
N _ 4
M2.N = N th
=1
and
20(¥o) = bo()” — 4ao(¥o)co(¥y),
where ap(y (), bo(y ) and co(y ) are as in (7). In addition, let
Yon =[Pn(+ 1), pn(n), Py (n — 1), py (1), Pn (0), 12, N]

and€ y = [P v, An] for some fixed n # 0. The following estimators are motivated
by (8), (9) and (10).

Definition 1 We define estimators &1, [ 1 and &g for the model parameters a1, /1 and
a respectively through

—bo(Po.n)EA/80P0.N) (16)

ar=a (Yo n) = 2a0(Fo.n) ’

Iy = Lh@Pon)

. . . . . iy, y Var(e?
= \/ i (m(yo,N)ZyN(m — 201 (oI (D) + I (0) — —“Zg(jfff’)) (7
0
and

& = apEoy) = in(l —a1Po ) —hFon), (18)

where n # 0.
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Theorem 2 Assume that ao(y o) # 0and go(yy) > 0. Let the assumptions of Lemma 3
prevail. Then a1, 1) and Qg given by (16), (17) and (18) are consistent.

Remark 6 In addition to the mean-ergodicity discussed in Remark 5, it suffices that
the autocovariance function s(-) of the liquidity L is known for the chosen lags 0 and
n. Furthermore, if we can observe L, which is often the case, these quantities can also
be estimated.

Let us denote
g(v) =b(y)’ —4ay)’,
where a(y) and b(y) are as in (12). In addition, let
Yy =nGn+ D, Py (2 + D, Py (n1), Py (n2), Py (n1 — 1), Py (n2 — 1]

andéN = [y n, n]forsomefixedni, ny # Owithn; # nj. The following estimators
are motivated by (13), (14) and (15).

Definition 2 We define estimators &1, ] 1 and &g for the model parameters a1, /] and
a respectively through

f=a1(Py) = _b(f'gi;{)m, (19)
=Ly
_ \/a%@mm(m) —a @ NN+ D+ v D)+ )
s(n2)
and
G0 =aoEy) = N1 —a1(Py) — LT y). @1)

where ny,ny # 0 and ny # ns.
The proof of the the next theorem is basically the same as the proof of Theorem 2.

Theorem 3 Assume that s(n2) # 0,a(y) # 0and g(y) > 0. Let the assumptions of
Lemma 3 prevail. Then &1, 1} and &g given by (19), (20) and (21) are consistent.

Remark7 - Statements of Theorems 2 and 3 hold true also when go(y) = 0 and
g(y) = 0, but in these cases the estimators do not necessarily become real valued
as the sample size grows.

— The estimators from Definitions 1 and 2 are of course related. In practice (see the
next section) we use those from Definition 1 while those from Definition 2 are
needed just in case when we need more information in order to choose the correct
sign for &1, see Remark 4.
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— Note that here we implicitly assumed that the correct sign can be chosen in &;.
However, this is not a restriction as discussed.

The approach of Voutilainen et al. (2017) was motivated by the classical Yule—
Walker equations of an AR(p) process, for which the corresponding estimators have
the property that they yield a causal AR(p) process agreeing with the underlying
assumption of the equations [see e.g. Brockwell and Davis (2013)]. In comparison,
with finite samples, the above introduced estimators may produce invalid values, such
as complex numbers or negative reals. Moreover, for & we may obtain an estimate
ay > E(eg)_% violating assumptions of Lemma 3. However, we would like to empha-
size that, as discussed before, the assumptions of the lemma are not necessary for
a consistent estimation procedure. It may also happen that &; > 1 and in this case,
Theory 1 does not guarantee the existence of the unique solution for (1) together with
its stationarity. However, even in this case, there might still exist a (unique) stationary
solution (cf. AR(1) with |¢| > 1). A further analyze of properties of (1) could be
a potential topic for future research. The above described unwanted estimates are of
course more prone to occur with small samples, although the probability of producing
such values depends also on the different components of the model (1), such as the
true values of the parameters. In practice, the issue can be avoided e.g. by using indi-
cator functions as in Voutilainen et al. (2017) forcing the estimators to the demanded
intervals. We also refer to our simulation study in Sect. 4 and Appendix B, which show
that with the largest sample size we always obtained valid estimates.

3.3 Examples

We will present several examples of stationary processes for which our main result
stated in Theorem 2 apply. Our examples are constructed as

Ly = (Yiy1 — Y,)z, foreveryt € Z
where (Y;):er is a stochastic process with stationary increments. We discuss below
the case when Y is a continuous Gaussian process (the fractional Brownian motion),

a continuous non-Gaussian process (the Rosenblatt process), or a jump process (the
compensated Poisson process).

3.3.1 The fractional Brownian motion
Let Y; := BZH for every t € R where (BtH )teRr 1S a two-sided fractional Brownian

motion with Hurst parameter H € (0, 1). Recall that BH is a centered Gaussian
process with covariance

1
E(B,By) = 5<|r|2H + s — 1t —s?"), s,teR.

Let us verify that the conditions from Lemma 3 and Theorem 2 are satisfied by L; =

(B, — B)?. First, notice that [see Lemma 2 in Bahamonde et al. (2018)] that for
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r>1
Cov(Lo, L;) = E ((B{I)Z(B,"_’H - B,H)2) —1 =205 (1)
with
() = % [(r 2 o —1)2H 2t2H] a0 0 22)

since rg (¢) behaves as 127 =2 for ¢ large.

Let us now turn to the third-order condition, i.e. Cov(LoL,, L;) = E(LoL,L;) —
E(LoL,) — 0 ast — oo. We can suppose n > 1 is fixed and t > n. For any
three centered Gaussian random variables Z, Z», Z3 with unit variance we have
E(Z3Z3) = 1+ 2(E(Z1Z»))? and

BZZ32) = 2 (B(Z122)" + B(Z125) + (E(Z:25))°)
+8E(Z1 22)E(Z1Z3)E(Z22Z3) + 1
= E(Z373) +2 (21 25)° + (E(2223))?)
+8E(Z122)E(Z1Z3)E(Z,73).

— Bl 73 = BH

H, —Bf, wefind

By applying this formulato Z; = BIH, Zy = Bﬁ]

Cov(LoLy, Ly) = 2ry(t)* + 2ry (t — n)? + Sry(n)ry ()ry (t — n)

where rg is given by (22). By (22), the above expression converges to zero as t — 00.

Similarly for the fourth-order condition, the formulas are more complex but we
can verify by standard calculations that, for every ni,n; > 1 and for every ¢ >
max(ny, ny), the quantity

IE(LOLm LtLt+n2) - ]E(LOLnl)E(LtLH-nz)

can be expressed as a polynomial (without term of degree zero) in g (¢), ry(t —ny),
ry(t +n2), ry(t +ny —ny) with coefficients depending on n1, ny. The conclusion is
obtained by (22).

3.3.2 The compensated Poisson process

Let (N;);er be a Poisson process with intensity A = 1. Recall that N is a cadlag
adapted stochastic process, with independent increments, such that for every s < ¢,
the random variable N; — N follows a Poisson distribution with parameter ¢ — s.
Define the compensated Poisson process (N))ier by N, = N, —1 for every t € Rand
let L; = (N;41 — N;)2. Clearly EL; = 1 for every ¢ and, by the independence of the

increments of N, we have that for ¢ large enough

Cov(Lg, L) = Cov(LoLy, Ly) = Cov(LoLy,, LiLiyn,) =0,
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so the conditions in Theorem 2 are fulfilled.
3.3.3 The Rosenblatt process

The (one-sided) Rosenblatt process (ZIH )i>0 is a self-similar stochastic process with
stationary increments and long memory in the second Wiener chaos, i.e. it can be
expressed as a multiple stochastic integral of order two with respect to the Wiener
process. The Hurst parameter H belongs to (%, 1) and it characterizes the main prop-
erties of the process. Its representation is

zl' = / / T, y2)dW (y1)dW (y2)
RJR

where (W (y))yer is Wiener process and fp is deterministic function such that
Jr J& fr 1. ¥2)?dyidy, < oc. See e.g. Tudor (2013) for a more complete exposition
on the Rosenblatt process. The two-sided Rosenblatt process has been introduced in
Coupek (2018). In particular, it has the same covariance as the fractional Brownian
motion, so E(L;) = IE(ZII:IH - ZIH)2 = 1 for every t. The use of the Rosenblatt
process can be motivated by the presence of the long-memory in the emprical data for
liquidity in financial markets, see Tsuji (2002).

The computation of the quantities Cov(Lg, L;), Cov(LoL,, L;) and
Cov(LoLp,, L;L;1y,) requires rather technical tools from stochastic analysis includ-
ing properties of multiple integrals and product formula which we prefer to avoid here.
We only mention that the term Cov(Lg, L;) can be written as
P(ru(t), rm.1(t)) where P is a polynomial without term of degree zero, ry is given
by (22), while

1 pl ptdl prtl o e
VH,1(t)=/ / / / durdusduzdugluy — uz|” ™ |lup — uz|” ™
o Jo Ji ‘

H-1 H-1
luz — ugl™ ™ ug —ur|” .

Note that
o (0) =f durdusdusdugluy — usl?'~uy — uz + 17!
[0,114
H—1 H-1
luz — ual™ ™ ug —uy + 177,
Since |u; — ua| ¥ Vus — w3 + t17 " uz — ug|" Y ugy — uy + 1/%-1 converges to
zero as t+ — oo for every u; and since this integrand is bounded for ¢ large by
lug —u2 |7 Vus —u3|H_1|u3 —uy|H-1 |u4—u1|H_1, which is integrable over [0, 174,
we obtain, via the dominated convergence theorem, that Cov(Lg, L;) —;— 0 0. Sim-

ilarly, the quantities Cov(LoL,, L;) and Cov(LoL,,, L;L;tn,) can be also expressed
as polynomials (without constant terms) of rg, rg &, kK = 1, 2, 3, 4 where

H—1 H—1 H—1
rH,k(t)=/ duy ...duyi|uy — uy| oo luog—1 — uok [upg —ur|” 7,
A X... A
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(a) Estimates of aq. (b) Estimates of o1 . (¢) Estimates of /7.

Fig. 1 Fractional Brownian motion liquidity with H = % and N = 100

where at least one set A; is (¢, t 4+ 1). Thus we may apply a similar argument as above.

4 Simulations

This section provides a visual illustration of convergence of the estimators (16), (17)

and (18) when the liquidity process L is given by L, = (BfH — BZH )? with H = %‘.
The simulation setting is the following. The i.i.d. process (€;);c7 is assumed to be

a sequence of standard normals. In this case the restriction given by Lemma 3 reads

a; < —+ ~ 0.31. The used lag is n = 1 and the true values of the model parameters
1054
are g = 1, oy = 0.1 and /1 = 0.5. The used sample sizes are N = 100, N = 1000

and N = 10000. The initial X% is set equal to 1.7. After the processes L; with
t=0,1,...N —2and ¢ witht = 1,2, ... N — 1 are simulated, the initial is used
to generate 012 using (1). Together with €; this gives X7, after which (1) yields the
sample {X%, X%, e, X,z\,fl}.

We have simulated 1000 scenarios with each sample size and the corresponding
histograms of the model parameter estimates are provided in Figs. 1, 2 and 3. Our
simulations show that the behaviour of the limit distributions are close to Gaussian
ones, as N increases. We also note that, since the estimators involve square roots,
they may produce complex valued estimates. However, asymptotically the estimates
become real. In the simulations, the sample sizes N = 100 and N = 1000 resulted
complex valued estimates in 47.9% and 4.3% of the iterations respectively, whereas
with the largest sample size all the estimates were real. For the histograms the complex
valued estimates have been simply removed. Some illustrative tables are given in
Appendix B.

It is straightforward to repeat the simulations with other Hurst indexes, or with
completely different liquidities such as squared increments of the compensated Poisson
process. In these cases, we obtain similar results.

The simulations have been carried out by using the version 1.1.456 of RStudio
software on Ubuntu 16.04 LTS operating system. Fractional Brownian motion was
simulated by using circFBM function from the package dv£Bm.
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Fig.2 Fractional Brownian motion liquidity with H = % and N = 1000
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Fig.3 Fractional Brownian motion liquidity with H = % and N = 10000
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Appendix A: Auxiliary lemmas and proofs
The following lemma ensures that we are able to continue the recursion in (3) infinitely

many times.

Lemma5 Suppose o) < 1 andsup,y E(cr,z) < My < o0. Then, as k — o0, we have

k
<1_[ A,_i) O-tsz — 0

i=0

L and Sup,¢7, E(O,“) < M, < oo, then the conver-

in L. Furthermore, if o <
()
gence holds also almost surely.

Proof By independence of €, we have

k
(1_[ Ati) otz—k
i=0

proving the first part of the claim.
For the second part, Chebysev’s inequality implies

k
P ( (H At,-) ol — B2 ))
i=0
Var <(]_[sz At_i> 0’,271()
<

E =o' E(o ) <efT' My — 0

- 2

3
2%k+2 ko4 g4 %k+2m 2 2
ap R ((FL-:o Et—i) Uz—k) —ap TE(y)
&2
2T 4y FHL 2k+2 42
(«iB(eg)) Mz — oy Mj

&2

’

which is summable by assumptions. Borel-Cantelli then implies

k
<1_[ A,_i) atz_k — alfHIE(atz_k) —0
i=0

almost surely proving the claim. O

Proof of Theorem 1 We begin by showing that (4) is well-defined. That is, we prove
that

k

i—1
limz HAt_j B[_,'

k—o00 4 .
i=0 \j=0
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defines an almost surely finite random variable. First we observe that the summands
above are non-negative and hence, the pathwise limits exist in [0, co]. Write

[ee) i—1 [ee) i—1 o0 i—1
Do\ ITA- ) Boi=aod [ TTA—s |+ [[TA-i |2 @3
i=0 \j=0 i=0 \j=0 i=0 \ j=0

and denote

n—1 n—1
an = l_[ At—j Li—y, by= l_[ At—j
j=0 j=0

By the root test it suffices to prove that

1

lim sup al <1 (24)
n—>oo

1
limsupb,; < 1. (25)
n—oo

Here

1 1 1 1 n—1 .
ay = enlogan L en Yz IOgAt*I7

where

1 n—1 . s. 2
e ijologA,,j a.s eIElogAO — aleElogeo

by the law of large numbers and continuous mapping theorem. By Jensen’s inequality
we obtain that

2 2
o”eIElogeO < (xlelogE(so) = < 1.

That is

1 -l .
lim en 2j=0108Ari
n—oo

almost surely. This proves (25) which implies that the first series in (23) is almost
1

surely convergent. To obtain (24), it remains to show lim sup,,_, », L/, < 1 almost

t—n
surely. We have

1 1 1 1
Ltn—n = ]lLI—n<1LIn—n + ﬂLt—nZILtn—n = 1 + HL[—nZILln—n - ]lLl—nZI (26)
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where we have used

1
]lLt—n<1Ltn—n = ]lLt—n<1 =1- ]lLt—nzl'

Now
1 2
1 E ]lLtfnzlLln—n - ﬂsznZI
]P)< ]lLtfnzlLlnfl’l - ]]'Ltfnzl Z 8) S 82
1 2
E (ﬂL,_nzl <Ltn—n - 1) )
= 82 .

Consider now the function fy(a):=x? for x > 1 and a > 0. Since f/(a) = x?logx
we obtain by the mean value theorem that

| fx(a) — fx(O)] = max. | fi(b)|a = ax“log x.

Hence

1

2
1 1 2
Lr, =1 <Ltn—n - 1) < JlLtfnzln—sz”_n (log Li—n)*.

On the other hand, for n > 2 and L;_, > 1 it holds that

2
Li_y (ogLi-n)® _ (logLin)® _
Ltz_n N Liy

L,

since for x > 1, the function g(x):= (log x)2 x~! has the maximum g(ez) = 4e7 2.
Consequently,

1 2
ol
( AN E(lL z1Li,) _E(Li,) _ C

< .
g2 e2n? — &2p2 T g2p2

Hence Borel-Cantelli implies

1
- a.s.
11L[—nzll‘tn—n - ]lLr—nzl - 0
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which by (26) shows (24). Let us next show that (4) satisfies (2):

00 i o0 i—1
Aot +B =Y |[]Aj|B-icv+B. =) |[]A-i]|B-i+B
i=0 \j=0 i=1 \j=0
00 i—1
= H At—j B = Utz_H-
i=0 \j=0

This shows that (4) is a solution.

Itremains to prove the uniqueness. By (3) we have foreveryt € Zandk € {0, 1, ..

that

UI—H <1_[Af I)Ut k+2 HAI j | Bi—i-

i=0 \j=0

3

Suppose now that there exists two solutions o> and &7 satisfying sup,.; E(0%) < 0o

and sup, .y, E(57) < 0o. Then

k k
2 2 2 )
lo 1 — 0l = (H Ari) o+ (1_[ A,,-) O
i=0 i=0

As both terms on the right-side converges in L! to zero by Lemma 5, we observe that

]E|Uz2+1 Uz+1| =0
for all t+ € Z which implies the result.

Proof of Corollary 1 Let k be fixed and define

k i—1
Hk,t = Z l_[ At—j B, ;.

i=0 \j=0

If L is strictly stationary, then so is (A;, B;). Consequently, we have

k k i—1
> ]_[A, ; B,,-ﬂvz []A-)] B
i=0 \j=0 i= j=0
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. 1 . .. . .
for every t. That is, Hy ; = Hy . Since the limits of the both sides exist as k — oo
we have

00 i—1 . o0 i—1
2 aw 2
Gt+1:Z l_[A[_j Bt_,' = HA_]' B_,‘=O‘l.
i=0 \j=0 i=0 \j=0
Treating multidimensional distributions similarly concludes the proof. O

Proof of Lemma 1 The ”if” part follows from Theorem 3.2 of Karlsen (1990). For the
converse, denote E(eg) = C¢ and ]E(L(z)) = Cr. By (4) we have

00 i—1 2
Ee ) =E(Y | [TA-|B-i]| -
i=0 \j=0

and since all the terms above are positive, both sides are simultaneously finite or
infinite. Note also that, as the terms all positive, we may apply Tonelli’s theorem to
change the order of summation and integration obtaining

0 i—1 2
Eef) =) E| | [T | BL
i=0 Jj=0
o0 i—1 k-1
+ Z E 1_[ Ar—j | Bi—i 1_[ Ar—j | Bi—k
i, k=0 j=0 j=0
i#k

Consider now the first term above. By independence, we obtain

oo i—1 oo i—1
SE((TTAY, | B2 | =D | []eice | BB
i=0 j=0 i=0 \j=0
oo
=E(B}) Y (aiCe)'.

i=0
Consequently, E(og ) < oo implies o1 < %, since it is the radius of convergence of

the series above. O

Proof of Corollary 2 Let Hy ; be defined by (27). By the proof of Lemma 1 we get

2
2
i—1

0
Z E l_[ Atfj Btfi < OQ.

i=0 j=0
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Thus H ; converges to 012+ | in L?. To conclude the proof, it is straightforward to
check that weak stationarity of L implies weak stationarity of Hy ; for every k. O

Proof of Lemma 2 First we notice that
E(X]) = E(oges) = E(of)E(ed) < o0 (28)

by Lemma 1. Hence, the stationary processes Y and Z have finite second moments.
Furthermore, the covariance of ¥ coincides with the one of X2. Applying Lemma 1
of Voutilainen et al. (2017) we get

aty(m) —ai(y(n+ D) +y@m—1)+ym) —rn) =0

for every n € Z, where r(-) is the autocovariance function of Z. For r(n) withn > 1
we obtain

r(n) =E(Z; Zn-H)
=El(of(ef — D) +1(Lo — D) (0py (2 — D+ 1Ly — 1] (29)
= I{E[(Lo — (L, — D] = I}s(n),

since the sequences (€;);cz and (L;);cz are independent of each other, and ¢, is
independent of oy for s < t. By the same arguments, for n = 0 we have

r0) =E [(af(e% )41 (Lo — 1))2}

—F [of‘(e% - 1)2] +PE [(10 - 1)2]
= E(o})Var(ed) + 135(0).

Now using (28) and y (—1) = y (1) completes the proof. O

In the remaining we denote
ft—s)=E(L,Ls) =Cov(L;, Ly) + 1 =s(t —5) + 1.
Lemma6 Lett,s € Z. Then

o0

E@7L) = 7= -

oo
+h Y el ft—s—i—1)
i=0
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Proof By (4) and Fubini-Tonelli

oo
E(/Ls) =Y | [[enB(e? ) | E (o +hLi—i-i)Ls)
i=0 \j=0

o0 o

=ao) o)+ ) oiE(Li-1Ly)
i=0 i=0
o0 o0

=a02a’1 + 1 Za‘lf(t—s—i— 1),
i=0 i=0

where the series converges since «; < 1 and IE(L%) < Q. O

We use the following variant of the law of large numbers for consistency of the
covariance estimators. The proof based on Chebyshev’s inequality is rather standard
and hence omitted. In the case of a weakly stationary sequence, a proof can be found
from (Kreifl and Neuhaus 2006, p. 154), or from (Lindgren 2012, p. 65) concerning
the continuous time setting.

Lemma?7 Let (Uy, Ua,...) be a sequence of random variables with a mutual expec-
tation. In addition, assume that Var(U ;) < C and |COV(Uj, Uk)| < g(lk—jl|), where
g@i) - 0asi — oo. Then

1 n
=Y Ur — E(U))
n k=1

in L.

Proof of Lemma 3 By Lemma 7 it suffices to show that Cov(X} X2, X?X?, ) con-
verges to zero as ¢ tends to infinity. Hence we assume that ¢ > n. By (4)

E(X{X2X2X7.,)
00 00 0 00 i1—1 ir—1
=EY > 2 > ([1A--i) Bor-ined HAn )
i1=0i2=0i3=0i4=0 \ j=0 (3())

iz—1 ig—1
Armi—j | Bimi—iy€? A | B €7
r—1—j t—1—iz€; t+n—1—j t+n—1—is€ 4 p-
j=0 j=0

Since the summands are non-negative, we can take the expectation inside. Furthermore,
by independence of the sequences €, and L; we observe

oo (0.¢] oo o0
E(X(%XI%XIZX12+n)= Z Z Z Z B 1—iy By_1- lZBt 1- 13Bt+n 1- 14)
i1=0i=0i3=0i4=0
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i1—1 ir—1 iz—1 ig—1

(5(2)62512€z2+n1_[‘4 1- /HAn 1- /HAt 1- /HAH" 1= J)

Next we justify the use of the dominated convergence theorem in order to change the
order of the summations and taking the limit. Consequently, it suffices to study the
limits of the terms

i1—1 ir—1 iz—1 ig—1

E | epenereiin ]_[ Ay [T A TT A TT Avenr)
-0 =0 =0 =0
E (B—l—i1Bn—l—ith—l—i3Bt+n—l—i4) . (31)

Step 1: finding summable upper bound.
First note that the latter term is bounded by a constant. Indeed, by stationarity of
(B;);cz We can write

E (B—i, Bu—iy Bi—i Bin—i,)
= o + 4ol + odlF(E(L—i, Ly—i,) + E(L_i,Li—i3)
+EWL i Liyn—iy) Y EWLp—inLi—iz) + E(Ly—iy Liyn—iy)
+ E(Li—is Litn—iy)) + aol] (B(L_i, Lu—i, Li—i)
+E(L i Li—isLiyn—iy) + E(L_;; Ly—is Li4n—iy)
+E(Ln—iyLi—isLi4n—iy)) + W E(L—i, Ln—iy Li—i Li4n—i,).

(32)

which is bounded by a repeated application of Cauchy-Schwarz inequality and the
fact that the fourth moment of L is finite.
Consider now the first term in (31). First we recall the elementary fact

1 =E() < /E(e}) < E(ed)’ < E(ed) < oo. (33)

Next note that the first term in (31) is bounded for every set of indices. Indeed, this
follows from the independence of € and the observation that we obtain terms up to
power 8 at most. That is, terms of form e, and by assumption, E(e ) < oo. Let now
n > 0. Then

i1—1 ir—1 iz—1 ig—1

2222
E | eoenerersn l_[ A [T Ana1=s [T A1 [T Avnei
=0 j=0 j=0 j=0

i1—1 ir—1 iz—1 ig—1

E<6t+n>E 6(%6 etzl_[A 1- jHAn 1— ]HAt 1- jl_[At+n 1—j
<E <€t2+n> E <e;‘>
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i1—1 ir—1 iz—1 ig—1

E | efé? l_[ Ay l_[ Ap—1-j l_[ A1 l—[ Attn—1-j
j=0 =0 j=0 _;01
Jj#n—
<E () E(e)E (<)

i1—1 ir—1 iz—1 ig—1

E ngA—l—jHAn—l—j 1_[ A1 1_[ Arin—1-j
=0 =0 =0 i=0

j;t{:l—n j#En—1
j#1-1
=5 () E(e) B (1) 2 (<)
i1—1 ir—1 iz—1 ig—1
E l_[A—l—j l_[ Ap—1-j 1_[ A1 l_[ Artn—1-j
j=0 j=0 j=0 j=0
Jj#n—1 Jj#Et—1—n Jj#n—1
-1 -1
J#Ft+n—1

By computing similarly for n = 0, using stationarity of A and Eq. (33), we deduce
that

i1—1 ir—1 iz—1 ig—1
2222
E(epenerern [ [ A-1—j [T Av-1oy [T A1 [T Avvn1—j
j=0 j=0 j=0 =0
i1—1 ir—1 iz—1 ig—1

<CE H A_j l_[ An—j l_[ A l_[ Arin—j | >
Jj=0 j=0 Jj=0 j=0

where C is a constant. Moreover, by using similar arguments we observe

i1—1 ir—1 iz—1 ig—1

E{J]A- [TA [TA— [] A
j=0  j=0 j=0 j=0

i1—1 ir—1 iz—1 ig—1

<E l_[A_j HA_jl_[A_j HA_j
Jj=0 Jj=0 Jj=0 Jj=0

@ Springer



M. Voutilainen et al.

Combining all the estimates above, it thus suffices to prove that

00 00 o0 00 i1—1 ir—1 iz—1 ig—1

2.2.2.2.F l_[Aﬂl_[Affl_[Aﬁl"[Aﬁ

i1=0i2=0i3=0i4=0 j=0

oo Qg I3 in i1—1 ir—1 iz—1 ig—1

LIS ]_[A,,]_[A,,]_[A,,]_[A,, < oo

i4=0i3=0i=0i;=0
Now fori; < iy < i3 <i4q we have

i1—1 ir—1 iz—1 ig—1

[TasTTas T4 T4

j=0 j=0 j=0 j=0

O(lil+i2+i3+i4E(Eg)il E(Eg)iz—il E(G(é)l)i3—i2
which yields

oo iy I3 02 i1—1 ir—1 iz—1 ig—1

D303 3p3L1 11 ER1 1 C8 1 KNI 8

i4=0i3=0i>=0i;=0 j=0

oo i4 i3 I

— 4! Z Z Z Z Ollil+i2+i3+i4E(€g)il]E(Eg)iz_il]E(Eg)iS_iz

i4=0i3=0i=0i1=0

o iy i i E 2 E
—a Z o't Z (mE(ES)) ' Z ( EE€4;> Z ( ]EEZ%)
i

ig=0 i3=0 ir=0 =0

Denote

E(e) _E()

, ady) =0 and az = 051E(€4).
E(ed) E(el) 0

a; = oy

Then we need to show that
o) i4 i3
i i
Doy a Y ay ch < 0. (34)
iy=0 i3=0 i»=0 i1=0

For this suppose first that 1 ¢ S:={ay, as, a3, a1az, azasz, ajazaz}. Then we are able
to use geometric sums to obtain

i2
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Continuing like this in the iterated sums in (34) we deduce

i3 i3 i3
i ir+1 i ;
E ay (I —a™) = E ay —ai E (arap)™?

ir»=0 ir=0 i»=0
il .
1—ay" . (a1az)t!
= —a
1-— an 1-— ayar

iy is+1 ig+1
i isr1, 1 —a3 1 — (a2a3)
Z a7 (1—ay") = a

: 1 —a3 1 —ara3
i3=0
and

is ig+1 ig+1
; ; l—a 1 — (ar1aza3)*
l 1 3 142d3

E ai (1 —(@a)™)y = —— —aqjeg————.

1—a3 1 —ajaras

i3=0
Consequently, it suffices that the following three series converge
o o0 o
is is+1 i ig+1 i jg+1
Z afas™, Z o) (azaz)**! and Z o) (a1azaz)™™
i1=0 is=0 i4=0

yielding constraints

1
o] < ,a1<7 anda1<7.
1/IE(E(‘)‘) E(ep)3 E(ep)?
However, these follow from the assumption o1 < 18 r. Finally, if 1 € S it simply
E(e) 4

suffices to replace ay, az, az with

E(e} E(ef
oo () e () = et

such that
1 ¢ {ay, az, az, araz, araz, aya2as}.

Choosing § < 0 small enough the claim follows from the fact that the inequality
o] < —— is strict.
E(eg) 4
Step 2: computing the limit of (30).
By step 1 we can apply dominated convergence theorem in (30). For this let us
analyze the limit behaviour of (31). For the latter term we use (32). By assumptions,
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we have e.g. the following identities:

lim E(L;_ 5Ly yn—iy) =1
—o0
tl_lfgo E(L—j\ Li—isLitn—iy) = f(n+i3 —is)
tlglolo E(L_iyLn—isLt—isLivn—iy) = f(n+i1 —i2) f(n + i3 —ig).

Therefore the limit of the latter term of (31) is given by

lim E(B_lan 1th 13Bt+n 14)

11— 00
=g +4agl +odlf (4 + f(n+it — i)+ f(n+i3 —is))
+aoli (f(n+iy— i) + f(n+iz—is) + fln+i1 —i2)
+ fn+iz—in)) + I fn+ip —id) f(n+i3 — is)
= (ag + 20l + 17 f(n + iy — i2)) (e + 2000]y + I f (n + i3 — ia)).

The first term of (31) can be divided into two independent parts whenever ¢ is large
enough. More precisely, for > max{n + i3, i1}, we have

i1—1 ir—1 iz—1 ig—1
E | ejereerin 1_[ Acimj [T An=i [T A1—5 [T Arn1-j
=0 j=0 j=0 j=0
i1—1 ir—1 iz—1 ig—1
=E|eer [[ A [] Anrj | E| el 1_[ A [ Avenar
Jj=0 j=0 =0 j=0
i1—1 ir—1 iz—1 ig—1

=E 63631_[14_1_]'1_[14"_1_1‘ E 60621_[14 1— ]HA" 1-j |
=0 =0

where the last equality follows from stationarity of A;. Hence

: 2vy2vy2
lim E(X3X3X7X7,,)
0O o0 00 00 i1—1 ir—1

m2 22 2 Elda [ A [T 4

i1=0i2=0i3=0i4=0

iz—1 ig—1

E 6362 l_[ A—l—j 1_[ An—l—j
j=0 j=0
(@3 + 2a0ly + 3 f(n 4 i1 — i) (@3 + 20ly + 13 f (n + i3 — ia)).
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Table 1 Table of means and

standard deviations N *0 o h

C‘?Eeigond}‘ng to fBm liquidity 09 1068 (0.322) 0.090 (0.139) 0.535 (0.336)

wi =3z

3 1000 1.042 (0.163) 0.098 (0.052) 0.467 (0.180)

10000 1.009 (0.059) 0.099 (0.018) 0.491 (0.064)

Table 2 Table of percentages of N o o |

the estimates lying on their 0 ! !

theoretical intervals 100 52.0 65.2 52.1

corresponding to fBm liquidity

with H = % 1000 95.7 98.5 95.7
10000 100 100 100

On the other hand, by (4)

i1—1 ir—1

o o
EX5XD =Y > Efleger [TA1-; [] A1y
j=0 j=0

i1=0 =0
E ((eto + 11 L—1—i}) (@0 + [ Lu—1—i»))

i1—1 ir—1

o0 o0
= Z Z]E 6(%63 1_[ A—l—j 1_[ An—l—j
Jj=0 j=0

i1=0i=0
(g + 2a0ly + 3 f(n 4 i1 — in)).

Consequently, we conclude that
: 2v2y2vy2 2y 252
tli)rgoE(XOXnXt X7 = E(X5X;)

proving the claim. O

Proof of Theorem 2 Since the assumptions of Lemma 3 are satisfied, so are the assump-
tions of Lemma 4 implying that the autocovariance estimators, the mean and the second
moment estimator of X? are consistent. The claim follows from the continuous map-
ping theorem. O

Appendix B: Tables

In Table 1 we have presented means and standard deviations of the estimates with
different sample sizes. In addition, we have provided Table 2 demonstrating how the
estimates match their theoretical intervals 0 < «g, 0 < @] < 105_% and 0 < [;. We
can see that multiplying the mean squared error (RMSE) provided by Table 1 with
NH the power H of the sample size, gives us evidence of the convergence rates of
the estimators.
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