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Abstract

Quantum reservoir computing (QRC) is a machine learning paradigm in which a quantum system
is used to perform information processing. A prospective approach to its physical realization is a
photonic platform in which continuous variable quantum information methods are applied. The
simplest continuous variable quantum states are Gaussian states, which can be efficiently simulated
classically. As such, they provide a benchmark for the level of performance that non-Gaussian
states should surpass in order to give a quantum advantage. In this article we propose two methods
to increase the information processing capacity of QRC with Gaussian states compared to previous
QRC schemes. We consider better utilization of the measurement distribution by sampling its
cumulative distribution function. We show it provides memory in areas that conventional
approaches are lacking, as well as improving the overall processing capacity of the reservoir. We
also consider storing past measurement results in classical memory, and show that it improves the
memory capacity and can be used to mitigate the effects of statistical noise due to finite
measurement ensemble.

1. Introduction

Quantum reservoir computing (QRC) is a quantum machine learning paradigm in which the dynamics of a
generic quantum system are harnessed for information processing [1]. Unlike in the more common models
for neural networks where the weights of connections in the network are trained to optimize performance, in
reservoir computing the system playing the role of the network is fixed. The training only happens at a
classical linear readout layer, which gets its inputs from measurements of the reservoir state. In QRC the data
is thus processed by the quantum system only once, leading to faster training and relying less on the stability
of the quantum layer, compared to other quantum machine learning models. This a significant trainability
advantage over, e.g quantum neural networks where training requires adjusting the parameters of a quantum
circuit [2]. This necessitates processing the input many times to check the effect, and the process is also
vulnerable to stalling [3] or converging to a poor local minimum [4, 5]. When utilizing quantum systems as
the reservoir, the exponentially growing Hilbert space dimension could in principle allow a handful of qubits
to compete with hundreds of classical neurons [6]. All in all, quantum reservoir computers boast a unique
combination of amenability to custom hardware implementations, extremely rapid and robust training, and
high computational power. These favorable features have led QRC to enjoy a steadily growing interest as a
candidate for a future quantum technology [7-9].

QRC generally faces a few significant obstacles [1]: the measurement of the systems collapses their state,
leading to loss of information about the past state of the reservoir. Weak measurements [10] or feeding the
measured values back to the reservoir [11-13] have been proposed to alleviate this issue. Similarly,
decoherence-induced noise and loss of memory are problems particularly in noisy intermediate scale
quantum era qubit based approaches. Continuous-variable QRC implemented in quantum optical platforms
presents a promising alternative: its extreme robustness to decoherence gives it improved scalability, and it
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can naturally facilitate coherent feedback while evading measurement back-action [14]. As drawbacks,
current continuous-variable platforms are mostly limited to Gaussian resources which have limitations in
their nonlinear capacity [15, 16] and only a quadratic increase in the state space dimension over comparable
classical alternatives [15]. Additionally, QRC in general is limited by statistical noise arising from finite
ensemble effects.

Here we address the main weaknesses of continuous-variable QRC by introducing a novel computational
resource which is experimentally convenient and unique to CV platforms. We show how even with only
Gaussian resources it leads to a vastly increased computational power and lifts the limitations on nonlinear
capacity. We also show how to alleviate the detrimental effects of finite ensemble effects by using past
measurement results stored in classical memory as additional output features. Our results push the limits of
what can be easily achieved with just Gaussian resources, establish a new benchmark that any non-Gaussian
generalizations should beat, and are readily applicable beyond Gaussian states.

Specifically, we go beyond the conventionally used moments of the measurement outcome distribution.
Many schemes rely on means and covariances [14—17] which indeed completely determine a Gaussian state.
Using higher order moments has been proposed to introduce the nonlinear capacity missing from the lower
moments [18]. This amounts to introducing nonlinearity in the classical post-processing phase. We will
instead use the cumulative distribution function (CDF), which is sampled by simply tallying the proportion
of the measurement outcomes below a given threshold value. Another key strength of using the CDF is that
extracting more computational power out of a single observable can now be achieved by simply changing the
threshold value rather than computing nonlinear functions of increasing degree. Importantly, for discrete
variables the CDF is linear in the probabilities of individual measurement outcomes and consequently does
not constitute a source of additional computational power.

The use of classical memory as extra computational nodes has been studied in classical reservoir
computing literature to reduce the size of the reservoir while retaining computational capabilities [19, 20],
whereas here we introduce it for the purpose of reducing the size of the measurement ensemble needed to
extract meaningful information from the quantum reservoir. It can be readily used in conjunction with
previously introduced means such as utilizing squeezing for noise reduction [18], or applying standard signal
processing methods [21].

The rest of this article is structured as follows. Section 2 introduces the scheme for photonic reservoir
computing with Gaussian states. In section 3 we present our results. We conclude with discussion about the
results in section 4.

2. Methods

2.1.QRC
2.1.1. Photonic platform
We adopt the photonic platform introduced in [14]. In this setup, the reservoir consists of a pulse of N
optical modes traveling in a loop of optical fiber, coupled with a nonlinear x(®) crystal. The inputs are
encoded into N ancillary modes, which couple to the reservoir modes through a beam splitter with
reflectivity R. One output of the beam splitter is sent to a detector through another nonlinear crystal, and the
other is fed back to the loop of fiber to keep a recurrent pulse traveling in the loop. To create an ensemble of
reservoirs, the input pulses are repeated M times. Figure 1 shows a schematic of the platform. In this article
we fix the number of modes to N = 7 and the reflectivity of the beam splitter to R = 0.75, in line with values
used in [14]. In said reference it was shown that the fading memory property is satisfied for all values of R,
and thus any value is valid for QRC. Therefore all results obtained here should be applicable to any values of
R on a qualitative level. Similarly, while increasing the number of modes N increases the processing capacity
of the system due to an increase in the number of possible observables, it should not change the qualitative
nature of the results.

The Hamiltonian for the x(®) crystal is

N
1 .
H = ij <a;faj + 2) + Z (gjka;rak + 1h]-ka;ra;£ —|—h.c.> , (1)

j=1 j>k

where gj and hj; are random real constants defining the couplings between modes in the crystal, and a]T and
a; are the creation and annihilation operators for each mode. We set g € [0.1,0.3] and h € [0.2,0.4]
following [14].

We restrict the discussion to zero mean Gaussian states. They are fully described by their covariance
matrix (o(x))y = (XX +x%t) /2 — (x3)(x;), where x = {x1,p1,%,,p2,... } | is the vector of quadrature
operators of each mode. The quadrature operators are defined as x = a' +aand p = i(a’ — a). As such, the
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Figure 1. Schematic of the photonic reservoir computer and its use. The reservoir is a physical ensemble of optical modes
circulating in a fiber loop. The classical input modulates squeezed vacua which are injected through a beam splitter, which is also

responsible for output extraction. x(2)-crystals are responsible for creating correlations. Conventionally, homodyne
measurements of the x-quadratures of each mode are used to estimate the expected variance (x*) of the normally distributed
measurement outcomes which become the computational nodes. Here we introduce the use of the CDF to form the nodes. It can
be sampled for each measured observable at various points ¢ by evaluating the probability that a measurement outcome is at most
c. In both cases tasks are accomplished as is typically done, i.e. by forming the optimal linear combination of the computational
nodes.

covariance matrix of the vacuum is equal to the identity. Going forward, we drop the dependence from x
from the notation and denote o = o (x). Since we only consider Gaussian initial states and Hamiltonians
which are quadratic in the creation and annihilation operators, the states remain zero mean and Gaussian
throughout [22]. Details of Gaussian states and operations are presented in appendix A.

On each time step k, the input sy is encoded into the N ancillary modes as a product state of Gaussian
states (oi"). The precise form of the covariance matrix is given in equation (A1). We consider encoding the
inputs in the squeezing magnitude r, such that r, = (s, + 1)/2 which leads to r € [0,1]. The total covariance
matrix is (0i")®N, from which we drop the exponent for clarity. The reservoir’s state has the covariance
matrix o_,. Thus the initial state of the combined system of the ancillae and the reservoir is
a,((R T oR | @ ol because there are no correlations between the reservoir and the input modes. The
action of the beam splitter and the two nonlinear crystals on the covariance matrix can be represented by a
symplectic matrix S(At), with which the state at the end of the step is

oRrom — §(AN RS (AN (2)

The reservoir dynamics create correlations between the reservoir and the output modes, and thus the
. : (R + out) .
covariance matrix o has the block matrix form

R corr

e — (25 ). ®)
Tk Tk

The reservoir state is updated to o}

Meanwhile, the output modes are sent to a homodyne detector which measures the x-quadratures of
o, This amounts to extracting the corresponding N x N submatrix from the covariance matrix. In [14] it
was shown that the measurement back action on the reservoir state averages out and can be neglected. Due to
the symmetry of the covariance matrix, the measurements yield a total of N(N + 1)/2 unique values to form
the output vector o of the reservoir.

In the ideal case of an infinite number of measurements, the covariances in U,‘C’“t can be measured exactly.
In reality, however, there is a finite number of samples M in the ensemble, from which a maximum
likelihood estimate for U](()ut must be calculated. This estimate, 52“‘, can be modeled by the Wishart
distribution W(o ™, M) [23], such that

1
Gt = i W (o™, M). (4)

out

In the limit M — oo, the ideal covariance matrix o"" is recovered.
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2.1.2. Reservoir computing
Reservoir computers are especially suitable for time series processing, where tasks consist of an input
sequence s and a target sequence y. The reservoir processes the input such that O = f{s), where f is a function
mapping the input sequence s to O, which is the output matrix of reservoir observables. The output matrix
can be written as O = (0;, 0;, 03,... )T where 0; are vectors of the reservoir observables of each time step.
The sequence s is divided into three parts: preparation, training and testing. The preparation period (also
called wash-out) guarantees that the echo state property is fulfilled for the training and testing data, i.e. they
are independent of the initial state of the reservoir. During the training and testing periods the reservoir
observables are collected to two matrices Oyin and Oy Training the reservoir computer is done by
calculating the weight matrix W which minimizes the squared error between the prediction y,, ;. = WOain
and the target y, ... The optimal weights are easily found with

— 0ot T
W= OtrainYtrain (5)
where OtJrrairl is the Moore—Penrose pseudoinverse of Oip,.

Performance of the reservoir is then evaluated by comparing the predicted outputs in the testing phase
Viest = WOqeq to the target y, .. As the figure of merit we use normalized mean square error (NMSE),
defined as

- 2
>y

NMSE (y,y) = Ty (6)

so that the reservoirs ability to recreate the target sequence is given by NMSE(Y,, Vs )- Further, the capacity
of a reservoir on a task is defined as

Cy = max[0,1 — NMSE(y,y)]. (7)

When the reservoir perfectly replicates the target sequence, C; = 1, and when the output and target have no
correlation, Gy = 0.

2.2. Tasks
We consider some standard figures of merit used in the reservoir computing literature to quantify the
information processing capabilities of the reservoir. As an example of a task which is difficult to handle with
the chosen reservoir scheme, we use the nonlinear autoregressive moving average (NARMA) task [24]. As a
measure for the system’s computational capacity we employ the information processing capacity (IPC),
which can quantify both the linear and nonlinear processing capacity [25]. For each task the input sequence s
consists of random numbers drawn uniformly from [—1,1].

NARMA® is a nonlinear task where the reservoir has to process cross terms of inputs at different delays.
The target ¥, given input sequence s = {s;}, is given by

n—1

Vet = O+ B Y Freer + Vskenr1se+ 0, )

T=0

with the parameters fixed as « = 0.3, 8 = 0.05, v = 0.0375 and § = 0, following [16]. It consists of the
moving average of the past n output values, and an auto-regression term of the product of the input at time k
and time k — n + 1. The output covariance matrices have been shown to lack cross terms of inputs at different
times, and thus any NARMA# task is impossible to solve with the standard approach of CV-QRC [16].

Performance in NARMA# is a showcase of the cross terms and nonlinear processing. For a more precise
quantification of a reservoir’s capacity we employ the IPC. It quantifies the processing done by the reservoir
by testing its ability to recall past inputs and their powers and products. It is defined as

IPC = Y G, 9)

ye{v}

where {y} is chosen to be a complete set of orthogonal functions [25]. One such set is formed by taking
products of normalized Legendre polynomials

Vidy = dei (Sk—i), (10)
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where P, is the Legendre polynomial of degree d;, and si_; is the input delayed by i. The sequences are
labeled by {d;}, which denotes which degree polynomial is taken of which delayed input. Some details on the
calculation of the IPC are included in appendix B.

Theoretically, computing the IPC requires an infinite input sequence. However, in practice this is
infeasible due to finite available computing time. We fix the length of the input sequence to be 10500 steps,
which is divided into wash-out (500), training (8000) and testing (2000). This wash-out period is sufficiently
long to remove the influence of the initial state of the reservoir with the chosen reservoir parameters [14].

3. Results

When the observables of the reservoir are measured, a distribution of measurement results is received. For
Gaussian states the distribution is completely defined by its first two moments, covariance and mean (or
covariance matrix and vector of means in the multimode case). Therefore the reservoir outputs are often
reduced to just these two quantities [15]. Higher order moments can also be used [14, 18], but for Gaussian
states they are merely polynomial in the covariances and thus provide limited nonlinearity.

While the Gaussian distribution is defined by the moments, other measurement statistics can also be
considered. Here we show that the experimentally simple statistic of the CDF provides greatly increased
nonlinear capacity even for Gaussian states. Let us consider the measurement distribution for the
x-quadrature of a Gaussian state. The CDF of the distribution is defined as the probability that a
measurement X falls below a given value ¢, i.e. Fx(c) = Pr(X < c¢). For measured data this corresponds to
calculating the fraction of observations that fall below ¢, making the CDF simple to calculate from
experimental data. Analytically the CDF of a Gaussian distribution is slightly more complicated: while it is
completely determined by the mean (X) and variance (X?), it has no closed form expression. However, it can
be expanded into a series, such that

E (0 1+1 z3+25 27Jr (11)
O=-+—4—z—"5+———7%+...
* 2 T 310 42 ’

—(X)

with z = e It is then clear that the CDF is nonlinear in the variances. Taking into account that the

covariances at each time step are of the form (X?) = > rsofr(sm—r), with f - being functions of the past
inputs, it can be seen that the CDF contains cross terms of inputs at different delays. It should also be noted
that the nonlinearity and cross terms in the CDF are not as dependent of the chosen input encoding as in the
covariance matrix approach [16]. Some more details about the CDF for Gaussian distributions are found in
appendix C.

Since the output states of the reservoir are multimode Gaussian states, it is natural to also consider the
multivariate CDE It is defined as Fx(c) = Pr(X < ¢) = P(X; < ¢1;X5 < ;... ), with X; being the
measurement results of the individual modes. Although the multivariate CDF can be formally written as an
integral of the joint probability density, for a Gaussian distribution the integral cannot be solved analytically
and the CDF cannot be expressed as elementary functions.

In addition to being nonlinear in the covariance, the values of the CDF at two different points Fx(a) and
Fx(b) are not linearly dependent. The CDF can thus be sampled at multiple points to increase the number of
outputs from the reservoir. This leads us to using the CDF as an output of the reservoir: first, we fix a set of
points {c,}%, at which the CDF is to be sampled. For each observable’s measurement distribution at each
time step, the CDF Fx,(c,) is then sampled at these points. This yields N x nyy outputs in addition to the
N(N+1)/2 outputs from the covariance matrix. Similar procedure applies when multivariate CDFs are
considered: the function Fx(c) is sampled at points {c, },,. For example, for a bivariate CDF the set {c,}
can be chosen to be a grid of points [¢],¢;,...] X [c1,¢2,. . .]. The bivariate CDF yields N(N — 1) /2 x npy
outputs since the CDF of each pair of modes can be separately sampled.

Multivariate CDFs of more than two observables could also be considered. However, since for an
m-variate CDF the number of outputs scales as N, the numerical calculations become significantly more
time consuming: even with only bivariate CDFs our simulation runs some orders of magnitude slower than
with univariate CDFs. Since the bivariate case already proves that this approach gives a boost in performance,
we do not study higher multivariate CDFs.

In an experiment calculating the values of the CDF simply amounts to evaluating the fraction of
observations for which X; < ¢, (or X < ¢,). However, since the simulations involve only the covariance
matrices, the CDFs must be numerically calculated from the covariances. In the univariate case we simply
take the diagonal entries of the N x N covariance matrices, while for the bivariate CDF we extract all 2 x 2
submatrices which are the covariance matrices for each pair of modes. With these (co-)variances, the values
of the CDFs are calculated using the SciPy-library for the Python programming language [26].
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Another approach to improving the performance of the reservoir, inspired by the consideration that
classical processing and data storage is cheap compared to operating the quantum reservoir, is to utilize past
measurement results in the predictions. Instead of forming the matrix of observables O from the outputs at
each individual time step k such that the rows are of the form o0y & oy, some number P of past observations
are used. The matrix O now has rows of 0g @ 0x @ 0x_1 D - - - ® 0x_p. As long as sequential measurements are
linearly independent of each other, each included step should increase the capacity. Due to the nonlinear
x®-crystal in the setup and the measurements only extracting the x-quadratures—i.e. only a quarter of the
total covariance matrix—it should be expected that the sequential measurements are not linearly dependent.
This approach has been used in classical reservoir computing to decrease the size of the reservoir while
retaining similar levels of performance as larger reservoirs [19, 20]. In the quantum context it can similarly
help against the statistical noise from the finite ensemble size, effectively increasing the size of the ensemble.

In the numerical results for the following section, we take for the univariate CDF nyy = 10 uniformly
spaced points from the interval [0.1,2.0], and for the bivariate CDF we consider a uniform grid of points
[0.1,0.6,1.1,...] x [0.1,0.6,1.1,...] for a total of ngy = 4,9, 16 points. We have checked that the actual
values are less important than the number of sampling points, and for example sampling the univariate CDF
at points from [1.1,3.0] results in similar performance as the chosen interval. However, if a limited number
of samples is considered, care must be taken to choose the points so that they can be distinguished; if for
example for some distribution F,(2) = 0.998 and F,(2.2) = 0.999, with less than 1000 samples these cannot
be reliably distinguished.

3.1. Processing capacities in the ideal case

Here we focus on the theoretical performance limits attainable in the case of infinite number of
measurements, M — oo, where the observables have zero statistical noise and can be measured exactly. As
discussed above, CDF contains cross terms of inputs at different delays, which lack from the covariance
matrix approach. Therefore, using CDF should improve performance in the NARMA task. An example
realization of the NARMA task is shown in figure 2(a), along with predictions using covariances and using
bivariate CDF. It is clearly visible that the covariance matrices cannot predict the behavior at all but with the
CDF the predictions match the target relatively well.

This point is expanded upon in figure 2(b), in which NMSEs in the NARMAn task with different n are
presented. The covariance matrices fail to predict even NARMAZ2, thus having NMSE = 1, while sampling
the bivariate CDF results in almost perfect predictions with lower values of n and non-vanishing prediction
success with n up to 15. Using the univariate CDF leads to partial success, which implies that the necessary
terms may be present but are not easily separated by a linear readout. Figure 2(b) also highlights the fact that
sampling more points from the CDF improves the performance, although with diminishing returns.

While success in the NARMA task confirms that there are cross terms in the output, to fully quantify the
performance gains from the CDF we study the the information processing capacities. Figure 3 shows the IPC
separated by degree for the schemes. For all schemes the linear capacity remains the same. Sampling from the
univariate CDF adds some nonlinear capacity to the reservoir, and the bivariate CDF increases the nonlinear
capacity significantly. Sampling more points from the bivariate CDF particularly improves the higher degree
capacities.

It should be noted that while the theoretical upper bound for IPC is equal to the number of
computational nodes, the CDF schemes do not reach this bound in our numerical experiments. For example,
with 9 samples from the bivariate CDFs of N = 7 modes, the number of computational nodes is 217, while
from figure 3 we see that IPCpyy =~ 170. However, the rank of the observable matrix does equal the number
of computational nodes, which means that theoretically the bound should be saturated were we to consider
infinite input sequences and all possible tasks. Since that is not practically feasible, the underestimation is to
be expected. We explain this in more detail in appendix B.

Similarly the effect of using past observations on the IPC of the reservoir may be quantified. In figure 4
the IPC of the classical memory augmented scheme with only covariance matrices is presented up to P = 4.
The processing capacity of the covariance matrices is limited to only degree 2 tasks with the chosen encoding.
We see that with P < 3 the IPC bound is nearly achieved, while from P = 3 to P = 4 the improvement in
capacity is marginal. This can be explained by looking at the rank of the output matrix O: for P < 3 the rank
is equal or almost equal to the number of columns, meaning that the output features are linearly
independent. When P increases to 4, the rank barely increases, meaning that almost all information in the
outputs of step k — 4 is contained in the outputs of the later steps. This also means that not reaching the IPC
bound is not merely due to numerical limitations.
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Figure 2. Performance in the NARMA task using the CDE.
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Figure 3. IPC of the CDF schemes by degree. Compared to the covariances-only approach the CDF schemes lead to substantially
higher values in terms of the degree reached as well as higher overall capacity. The black stars indicate the number of
computational nodes, corresponding to the theoretical IPC bound. For the BV-16-case, the bound is 364, which is cut off from
the figure for visual clarity. Averaged over 50 realizations, with the error bars showing the standard deviation in each ensemble.

3.2. Finite ensemble
The results of the previous section consider the limiting case of M — oo measurements, which is not
experimentally realistic. Here we move to the more realistic scenario of a finite measurement ensemble and
consider how the statistical noise from a finite number of measurements affects the capacity of the reservoir.
In figure 5 the effect of a finite ensemble is considered by sampling the covariance matrices according to
equation (4). The performance drops as the ensemble gets smaller, as expected. A notable feature is that even
with such a limited number of measurements as 10*, the IPC of the bivariate CDF method surpasses the ideal
case limit for only covariances. Comparing the loss of performance in the ‘covariances only’-approach to the
CDF-based approaches, the scaling looks to be quite similar, although less severe; with only covariance
matrices the ratio of IPCs for M = 10° versus the ideal case is around 0.6, while for the bivariate CDF the
ratio is around 0.8.
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black line shows the covariances-only performance when M — co. Averaged over 50 realizations, with the error bars showing the
standard deviation in each ensemble.

Therefore it appears that the CDF is slightly more resistant towards statistical noise than the covariance
matrices. While we have no rigorous explanation for why this is the case, we can offer intuitive speculation.
Consider the way observations with extreme values affect the sample CDF versus the sample variance. For
the CDF F,(c) with a fixed c, any observation is given a binary value for whether it is larger or smaller than c.
Thus, a single extreme observation affects the CDF the same amount as an observation close to the mean. In
contrast, extreme observations affect the sample variance significantly by definition.

We may also compare how the classical memory augmented scheme compares with finite ensembles.
Figure 6 shows the IPC of various ensemble sizes and values of P compared to the ideal P = 0 performance.
Again we observe that the IPC of the P = 4 scheme beats the ideal performance of P = 0 with M = 10°, and
with a larger ensemble the requirement for P decreases significantly. Compared to the ideal scenario we do
not observe a similar decrease in performance gains going from P = 3 to P = 4. This is due to the
uncorrelated noise between sequential time steps, which erases any linear dependence between sequential
outputs.
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Figure 6. Using observables of past time steps can allow finite measurement ensembles to surpass the performance of the ideal
case. The dashed black line shows the P = 0 performance when M — oo. Averaged over 50 realizations, with the error bars
showing the standard deviation in each ensemble.

4. Conclusions and discussion

In this work we studied QRC with Gaussian states. Our results show that even though the measurement
distributions of Gaussian states are completely determined by their means and variances, other statistical
measures such as the CDF can be used to easily extract additional information from the measurements,
leading to significantly higher nonlinear processing capacity for the reservoir. Importantly this is does not
come at a cost in efficiency compared to the standard approach: sampling from the cumulative distribution is
no more complex than calculating the variance, nor does it require more measurements. We have also shown
that storing past measurement results in classical memory and using them as additional features can be
beneficial in mitigating the effect of a limited ensemble size, potentially even surpassing the ideal
performance of the scheme without classical memory. Depending on the ensemble size, this can be achieved
even by using just the previous time step.

More concretely, in the ideal case of infinite ensemble size M = oo we observed up to an almost ten-fold
increase in total capacity when using the bivariate CDF and also significant improvements when covariances
were boosted by classical memory. In practice, these ideal case results can only serve as theoretical
benchmarks. Considering then for example the capacity provided by covariances at M = oo as a benchmark,
already a modestly sized ensemble of just M = 10* is enough to rival its IPC when using the univariate CDF,
whereas using bivariate CDF achieves more than double this benchmark capacity. Naturally, the advantage
grows more significant at larger ensemble sizes. CDF can also be readily used together with classical memory
for even greater effect; we present some results regarding this in appendix D.

Quantum information processing involving only Gaussian states can be efficiently simulated on a
classical computer, and therefore to achieve quantum advantage non-Gaussian states must be used. This also
means that non-Gaussian states should outperform Gaussian states, and in order to prove this, all possible
performance from Gaussian states should be extracted. While our results do not prove an upper bound for
the performance of Gaussian QRC, they show that a significant improvement over the covariance matrix
approach is possible.

The first of our results also highlights a difference between DV and CV systems—DV measurement
distributions are, as the name implies, discrete, and thus the CDF is merely a sum of probabilities of each
outcome and cannot provide any additional nonlinear capacity. On the other hand, for CV systems with
non-Gaussian states one might expect the CDF to provide even more nonlinear processing than the
moments of the observables.

Application of the classical memory augmented scheme to DV-QRC should presumably be
straightforward, though its usefulness should be studied in more detail. There already exist schemes in which
the past measurement results are utilized in DV-QRC [11, 12]. However, their approach is quite different in
that the measured values are fed back into the reservoir as inputs, rather than being used in training the
classical layer. Our results reveal how they could easily be used to boost the capacity at low cost.

9
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Aside from the mentioned non-Gaussian extension and DV-QRC applications, there are further points of
interest to research. For example, are there other ways to achieve a higher nonlinear capacity with Gaussian
QRC? How well do the presented methods perform in truly quantum tasks such as state preparation or
characterization? We leave these for future work. More generally outside of QRC, it should also be
investigated how the CDF can be harnessed as a valuable computational resource also in, e.g
continuous-variable quantum neural networks and what other non-moment based approaches there could
be for extracting more computational power out of continuous measurement outcome statistics.
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Appendix A. Gaussian states and operations

The covariance matrix for a single mode Gaussian state is of the form

o= (24 +1) ((yJZ:ZC) (yZSZC)) . (A1)

Here ny, is the number of thermal excitations, and y = cosh(2r), z, = sin(y)sinh(2r) and
z, = cos((p) sinh(2r) with r and ¢ being the magnitude and phase of squeezing, respectively. The covariance
matrix is clearly linear in ny,, and nonlinear in r and . In the main text we have chosen to encode the inputs
to the reservoir to r, but ¢ and ny, are also viable options. Especially when one wishes to consider purely the
linear memory capacity of the reservoir, inputs should be encoded to n,.

In the quadrature basis the Hamiltonian can be written in the form

1
H= EXT Mx, (A2)

where x = {x1,p1,%2,p2,...} | is the vector of quadrature operators and M is a real symmetric matrix. The

corresponding symplectic matrix S(¢) that determines the evolution of the covariance matrices through
o(t) = S(t)o(0)(S(t)) T is given by

S(t) = exp (M), (A3)

where Qj = —i[x;,x;] is the symplectic form of commutation relations between the quadrature operators.
Both of the nonlinear crystals, whose Hamiltonians are according to equation (1), have corresponding
symplectic matrices S; (At) and S, (At), where At is the time the pulse spends inside the crystal. The beam

. . , VR V1-R\ . :
splitter is modeled by a symplectic matrix Sgs = < VIR VR ) With these, the total symplectic

matrix corresponding to the evolution of the system over one time step is

([ VRS (A)  V1I—RS; (A1)
S(A1) = <\/1 —RS,(At) VRS, (A1) )¢ (ad)
Considering the covariance matrix of the ancillary modes and the reservoir, which has the general form
R corr
oo — (25 D). (45)
%% %%

it can be seen that the first column of S(Af) acts on the reservoir modes, while the second column acts on the
ancillary modes.

10
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Appendix B. IPC

IPC, introduced in [25], quantifies the capability to process past inputs in nonlinear manner. It can be
calculated by considering as tasks products of different degree Legendre polynomials of inputs at different
delays,

yiay = [1Pa (), (B1)

where all possible sets of degrees and delays should be considered. To evaluate the IPC of a system exactly, the
sequences should be infinite. However, sufficiently long finite sequences suffice to approximate the IPC with
high precision.

Systematically considering all of the possible combinations of degrees and delays requires some care to be
taken—preferably tasks which contribute more to the capacity should be calculated first, and when capacities
for individual tasks fall below a threshold the process is terminated. We adapt the algorithm used in [15] with
slight modifications.

For a given degree d, a non-decreasing list of delays {71, 72,...,74} is considered. The delays run from 0
t0 Tmax, and the lists are ordered such that lists with lower maximum delay are earlier in the order. For
example, with d = 3, the first few lists are {0,0,0},{0,0,1}, {0,1,1}, {1,1,1}, {0,0,2} {0,1,2} .... This
aims to have the tasks which give higher capacity earlier in the order, so that the procedure can be terminated
when a capacity threshold is reached.

For each list of delays, the target is given by y;4 = [, Pu(r,) (sk—i), where m(;) is the multiplicity of ;
in the list. For example, if the delay list is {1,1,2,3,3}, the target is y = Pa(sp—1) X P1(sk—2) X Pa(sk—3),
with total degree of 5.

We fix the maximum degree dy,.x to be 9, and maximum delay Ty,,x to 75. Then, for each degree up to
dmax> delay lists are created as described. The targets are calculated, and in the order of the delay lists the
capacity of the reservoir to match the target is calculated. Similar to [25], we count only those tasks whose
capacity is more than a given threshold; this is designed to counteract the fact that the input sequences are
finite and sometimes—due to the random nature of the process—will give positive capacity on tasks which
in fact cannot be approximated by the system. Using the formula from [25] the threshold would be around
107! to 1072, depending on how many computational nodes there are. For simplicity we fix the threshold for
all cases to 1072,

When a given number of tasks (100) do not contribute to the capacity, the capacity for that degree is
considered to be exhausted and we move on to the next degree. This systematically slightly underestimates
the capacity, as it is not guaranteed that the tasks are in order of difficulty: delay list {5,5,5} might give
higher capacity than {1, 3,5} due to not requiring cross terms, but it is later in the ordering. The effect of this
underestimation may be significant to the total IPC as seen in, e.g figure 3. However, because all higher
degrees are systematically affected, on a qualitative level the conclusions should not change.

Since it is known that when using only covariances the reservoir has no capacity to process tasks
involving cross terms, the calculation is slightly modified for these cases: only delay lists where all entries are
equal are considered. Thus only tasks where the target is a past input or powers thereof are considered.

Appendix C. Gaussian CDFs

The CDF Fx(x) of a random variable X is the probability that X is less than or equal to x, i.e.
Fx(x) = P(X < x). If the random variable has a probability density fx(x), the CDF is given by

Fx(x) = /_x fx (s)ds. (C1)

A Gaussian random variable G with mean p and variance o2 has the probability density

fo(x) = e (C2)

and the CDF

Fc(x)—/;fc(s)ds—;[Herf(:/g)}, (C3)
11
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. 2 . . . . .
where the error function erf(z) = % foze*S ds is a special function which cannot be decomposed into
elementary functions. The error function can however be expanded as a Taylor series

2 (-2t 2 2 2 7

When z = 2;\/’% is plugged into the above expression, terms containing o2, o>, ... (i, ii°, ...) appear.

The CDF is straightforward to extend to multivariate distributions: for n random variables
X = (X1,X,,...,X,) the CDF is defined as Fx(x) = P(X < x) = P(X; < x1;X5 < x2;...; X, < x,,). With the
probability density fx(x) the CDF is

Fx(x)= [ fx(s)d's. (Cs)

s<x
The probability density of a multivariate Gaussian distribution with mean X and covariance matrix ¥ is

1 1 T —1 -
- = o (x®) ET(xx (C6)
X e ,
Jo (x) (27)" det ()

which can be inserted into equation (C5) to in theory calculate the CDF. However, this integral cannot
be analytically solved even for a bivariate distribution, and numerical methods must be used to evaluate
the CDE

Appendix D. Comparison of the different schemes

Table 1. Information processing capacities of the different schemes compared to the covariances-only approach. The IPCs are measured
as multiples of the covariances-only IPC. UV-CDFn (BV-CDFn) stand for univariate (bivariate) CDF with n sampling points, and CMP
stands for classical memory of P past time steps. Averages over 50 realizations.

Scheme IPC/IPCcoy
Cov 1.00
CM1 1.99
CM2 2.99
UV-CDF10 1.90
UV-CDF10 + CM1 3.30
UV-CDF10 + CM2 4.28
BV-CDF9 6.00
BV-CDF9 + CM1 10.86
BV-CDF9 + CM2 14.57

Here we briefly compare the IPC of the different schemes to the covariances-only approach. For
completeness we include the case where both the CDF results and their delayed versions are included, such
that the observable vector at each time step is Oy = o G 01 P ..., with each oy containing both the entries
of the covariance matrix and the CDF results. Table 1 shows the comparison of IPCs in the ideal case of
M — o0, highlighting the compatibility of the two methods introduced in this article: when the bivariate
CDF is used in conjunction with classical memory, the capacities are well over ten times that of the
covariance-only approach.
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