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1. Introduction

A self-avoiding walk (SAW) on a graph is a walk that never visits the same vertex 
more than once. The study of self-avoiding walks originates from statistical physics, 
where they serve as simplified lattice models for linear polymers in dilute solutions [19]. 
Understanding the enumeration and asymptotic behavior of SAWs provides insights into 
polymer configurations, critical exponents, and universality classes in phase transitions. 
Consequently, SAWs have become a fundamental combinatorial object in both mathe
matics and physics. SAWs have been studied most extensively on the integer lattice Zd. 
Determining the number of SAWs of a given length starting from the origin has been an 
open problem for decades. However, numerous results have been achieved under certain 
specific constraints and concerning the asymptotic behavior of SAWs. A comprehensive 
overview of the topic can be found in the book by Madras and Slade [16].

In this paper, we investigate the number of SAWs on finite rectangular subgraphs 
of Zd, with restrictions on the step directions and the length of the walks. We focus 
exclusively on SAWs that start from the origin and end at the opposite corner in a 
rectangular grid. Determining the number of such SAWs of a prescribed length is an 
open problem. However, there are results under certain constraints and concerning the 
asymptotic behavior of SAWs in rectangular grids (see, e.g., [1,5,6,10,15,17,25]).

Consider a d--dimensional rectangular grid graph in Zd determined by a given vector 
n = (n1, n2, . . . , nd) with positive components. The set of vertices in this subgraph 
consists of all vectors v = (v1, v2, . . . , vd) that satisfy 0 ≤ v ≤ n (componentwise partial 
order). Alternatively, the set of vertices can be described as the Cartesian product of finite 
intervals: 

∏︁d
i=1{0, 1, . . . , ni}. In this graph, two distinct vertices u = (u1, u2, . . . , ud) and 

v = (v1, v2, . . . , vd) are connected by an edge if they differ in exactly one coordinate by 
1. Formally, 

∑︁d
i=1 |ui − vi| = 1. We say that the edge {u,v} of a walk on a rectangular 

grid is a wrong step (or error step) if u precedes v in the vertex sequence of the walk 
but v < u, that is, the vertex v is closer to the origin than the vertex u. Obviously, a 
shortest path between the origin and the opposite corner of the grid does not include 
wrong steps. We denote the number of wrong steps in a SAW by w.

In Section 2, we will examine walks on two–dimensional rectangular grids, where only 
three out of the four possible step directions are allowed. They are up (↑), left (←), and 
right (→). Naturally, the step type that can be excluded must be a wrong step; otherwise, 
the opposite corner cannot be reached from the origin. Among the two wrong steps, we 
exclude the down step, as most sources in the literature traditionally discuss SAWs that 
move up and sideways, but not down. Following the terminology of [4,14,21,26], we will 
refer to these walks as up-side self-avoiding walks (up-side SAWs). In the literature, this 
concept also appears as a partially directed self-avoiding walk (see, e.g., [3,7,22]) or ENW 
walk (East–North--West, see, e.g., [9,18]). One such walk is illustrated by Fig. 1. In the 
figures, we denote the wrong steps by (red) arrows. 

Up-side SAWs attract attention not only due to their combinatorial tractability com
pared to unrestricted SAWs, but also because of their practical relevance. The directional 
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Fig. 1. An up-side SAW on a rectangular grid with w = 12 left wrong steps. (For interpretation of the colors 
in the figure(s), the reader is referred to the web version of this article.)

constraints in up-side SAWs are particularly relevant for modeling polymer systems where 
geometric restrictions play a crucial role. For example, as demonstrated in studies of 
interacting self-avoiding walks, such constrained models are essential for investigating 
phase transitions in polymer physics, particularly the collapse transition phenomenon 
(see, e.g., [2,3,7,13]). The partially directed nature of up-side SAWs provides a mathe
matically tractable framework while preserving key physical features such as the excluded 
volume effect. These models bridge the gap between fully directed walks and unrestricted 
SAWs, offering insights into polymer behavior under various physical constraints. The 
requirement that walks terminate at the opposite corner of a rectangular grid adds 
geometric complexity that is relevant for understanding confined polymer systems. Fur
thermore, the exact enumeration properties of up-side SAWs make them valuable for 
rigorous mathematical analysis of polymer statistics, complementing the probabilistic 
approaches used for more general interacting self-avoiding walk models.

The recent work of Beaton and Owczarek [3] also investigates partially directed self
avoiding walks on square lattices through partition functions weighted by walk length, 
providing significant asymptotic results. In contrast, our approach complements their 
contribution by focusing on the explicit, though not closed-form, enumeration of such 
walks for each prescribed length, without introducing weights or asymptotic assumptions. 
Subsequently, we develop an algorithm that allows for faster computation of these quan
tities compared to using the explicit formula. We also present several notable numerical 
results as consequences of our findings.

Higher–dimensional self-avoiding walks are of particular interest both in combinatorics 
and statistical physics, as they help describe critical phenomena and universal properties 
of polymer models (see, e.g., [16,20]). Moreover, high–dimensional SAWs are connected 
to the study of critical exponents and renormalization group techniques (see, e.g., [8,11]). 
In Section 3, we investigate self-avoiding walks with exactly one wrong step (w = 1) in 
a rectangular grid defined by the opposite vertices (0, 0, . . . , 0) and (n1, n2, . . . , nd) in a 
d--dimensional Cartesian system. This extends the results of Theorem 2 in [17], which 
addressed the two–dimensional case, to arbitrary dimensions.
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2. Up-side SAWs crossing an 𝒏 × 𝒎 grid

Let n and m be two positive integers, and fix a planar rectangular grid of size n×m. 
It is a simple task to determine the total number of up-side SAWs that cross this grid. 
(Similar arguments appear elsewhere, e.g., in [3,23].) The following proposition provides 
this number.

Proposition 2.1. Let Tn,m denote the number of up-side self-avoiding walks traversing the 
n×m rectangular grid from the origin to the vertex (n,m). Then

Tn,m = (n + 1)m.

Proof. There is a straightforward bijection between the set of up-side SAWs crossing the 
n×m rectangular grid and the set

ℒn,m := {(l1, l2, . . . , lm) ∈ Zm : 0 ≤ li ≤ n}.

In each up-side SAW, there are exactly m up steps. Associate with each up-side SAW 
the sequence (l1, l2, . . . , lm) ∈ Zm, where li is the first coordinate of the starting vertex 
of the i-th upward step in the given SAW for all 1 ≤ i ≤ m. For example, Fig. 2 shows 
the SAW corresponding to the sequence (1, 6, 3, 4, 7, 5, 7).

Clearly

|ℒn,m| = (n + 1)m,

which completes the proof. □
We also want to count the number of up-side SAWs with a fixed length on an n ×

m rectangular grid. This task is turning out to be significantly more challenging than 
counting the total number of up-side SAWs. In this context, previous work by Nkwanta 
and Shapiro [18] counts up-side SAWs with a predetermined length but does not require 
the SAWs to terminate at the vertex (n,m). The study of Gao and Chen [9] considers 
SAWs that do terminate at (n,m), but does not enforce that the steps of the SAWs 
remain within the interior of the rectangle. Therefore, our result provides a different 
perspective and contributes to the existing literature.

Since the number of upward steps is preset by the height of the rectangle (m), the 
length of an up-side SAW is determined by specifying the number of leftward steps 
(wrong steps), as the number of rightward steps equals the number of leftward steps 
plus n. We fix the number of wrong steps, denoted by w. It is easy to see that w does 
not exceed n · ⌊m/2⌋.

We denote the number of up-side SAWs containing exactly w wrong steps by T (w)
n,m. 

For example, consider a 3 × 3 grid with w = 1 wrong step. In this case, we obtain 18 
possible walks, that is, T (1)

3,3 = 18, as illustrated in Fig. 3.
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Fig. 2. An up-side SAW in the 9 × 7 grid. 

Fig. 3. All the walks in the 3 × 3 grid with w = 1 left wrong step. 

The number Tn,m given by Proposition 2.1 can be interpreted as the sum of the values 
T

(w)
n,m as w ranges over its possible values. Therefore, we have

Tn,m =
∑︂
w≥0

T (w)
n,m = (n + 1)m.

In this section, we first present an explicit formula for T (w)
n,m. Although the formula 

is rather complex, it is based on a natural approach. Next, we develop an algorithm 
to compute T (w)

n,m, which is highly advantageous from a numerical perspective. When we 
compared the results of the two methods for several values of T (w)

n,m, we consistently found 
that they yielded the same results.
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2.1. Explicit form

We present an explicit form for T (w)
n,m assuming 1 ≤ w ≤ n · ⌊m/2⌋ for given n and m. 

Note that if w exceeds the previous upper bound, then there exists no SAW with only 
horizontal wrong steps.

Suppose now that w is fixed. Then we split w into k packages of consecutive left 
error steps ← in all possible ways. One such a decomposition is w = i1 + i2 + · · · + ik
(cf. condition C(5)). Clearly, 1 ≤ k ≤ w, but ⌈w/n⌉ ≤ k ≤ m−1 must also hold (cf. C(3) 
and C(2)). Put k1 = max(1, ⌈w/n⌉) and k2 = min(w,m− 1). Then we choose horizontal 
lines y = y1, y = y2, . . . , y = yk in order to place the wrong step packages i1, i2, . . . , ik
(cf. C(2)). If the beginning of the jth package ij is Mj(xj , yj), then xj satisfies C(3), and 
for Mj+1(xj+1, yj+1) C(4) holds. The choice of (y1, y2, . . . , yk), and then the consecutive 
recordings of (x1, y1), (x2, y2), . . . , (xk, yk) happen again in all possible ways. Finally, the 
error-free paths between the packages are counted (details can be found in the proof).

In accordance with the above, when we compute the number of SAWs, then the 
following conditions must hold:

C(1). Each horizontal line y = yj (0 ≤ yj ≤ m) used for horizontal steps in the n×m

grid can be used for either correct right steps or left wrong steps. Moreover, the 
two boundary lines y = 0 and y = m are only for moving right.

C(2). The locations of the lines for wrong steps are 1 ≤ y1 < · · · < yk ≤ m− 1.
C(3). If the starting point of the j-th error package (1 ≤ j ≤ k) with ij ≥ 1 wrong steps 

is (xj , yj), then 1 ≤ ij ≤ xj ≤ n.
C(4). If yj+1 = yj + 1, then xj+1 = xj − ij ; otherwise, xj+1 ≥ xj − ij .
C(5). The equation w = i1 + i2 + · · · + ik holds for the positive integers i1, i2, . . . , ik.

These properties will be applied in presenting the theorem as the corresponding summa
tions are based on them. We remark that the description before C(1), C(2), . . . , C(5) 
plays a guiding role of the proof.

For convenience, conditions C(3) and C(4) together are denoted by C(3,4).

Theorem 2.2. For any positive integers n,m and w, where 1 ≤ w ≤ n·⌊m/2⌋, the number 
of SAWs from the origin to the point (n,m) with exactly w left wrong steps is

T (w)
n,m =

k2∑︂
k=k1

∑︂
all C(5)

∑︂
all C(2)

∑︂
all C(3,4)

k∏︂
j=0

(︃
(xj+1 − xj) + (yj+1 − yj) + ij − 2 + δyj+1,yj+1

xj+1 − xj + ij

)︃
,

(1)
where δu,v is 1 if u = v and 0 otherwise.

Proof. The proof essentially relies on the explanation before conditions C(1), C(2), . . . , 
C(5), and the following easy observation.
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Consider an n×m grid. Clearly, the number of lattice paths from (a1, b1) to (a2, b2)
with only right steps (→) and up steps (↑) is given by the binomial coefficient

(︃
(a2 − a1) + (b2 − b1)

a2 − a1

)︃
=

(︃
a2 + b2 − a1 − b1

a2 − a1

)︃
.

Assume that the jth left wrong step package (1 ≤ j ≤ k) begins at point Mj having 
coordinates (xj , yj) and length ij . Additionally, we put i0 = 0, x0 = 0, and y0 = −1 to 
represent the starting point of the lattice, further xk+1 = n, yk+1 = m + 1 to represent 
the end point with ik+1 = 0.

The path between the starting point (0, 0) and the destination point (n,m) can be 
considered as a composition of k + 1 sub-paths. More precisely, a given path can be 
decomposed into k+1 distinct sub-paths defined between the points (xj− ij , yj +1) and 
(xj+1, yj+1 − 1) for 0 ≤ j ≤ k. At this point, for any sub-path we need to distinguish 
two cases as follows.

Case 1.
Suppose that the vertical distance between two left wrong packages is at least 2, i.e., 

yj+1 − yj ≥ 2 for some j ∈ {0, 1, . . . , k}. Hence, δyj+1,yj+1 = 0.

• The number of grid paths from (x0, y0 +1) = (0, 0) to (x1, y1−1) is given, via i0 = 0, 
by (see Fig. 4a)

(︃
x1 + (y1 − 1) − x0 − (y0 + 1)

x1 − x0

)︃
=

(︃
(x1 − x0) + (y1 − y0) + i0 − 2

x1 − x0 + i0

)︃

=
(︃
x1 + y1 − 1

x1

)︃
.

• For any j (1 ≤ j ≤ k − 1) the number of grid paths from (xj − ij , yj + 1) to 
(xj+1, yj+1 − 1) is (see in Fig. 4c)

(︃
xj+1 − (xj − ij) + yj+1 − 1 − (yj + 1)

xj+1 − (xj − ij) 

)︃
=

(︃
(xj+1 − xj) + (yj+1 − yj) + ij − 2

xj+1 − xj + ij

)︃
.

• When j = k, as we move from (xk − ik, yk + 1) to (n,m) it has
(︃
n− (xk − ik) + m− (yk + 1)

n− xk + ik

)︃
=

(︃
(xk+1 − xk) + (yk+1 − yk) + ik − 2

xk+1 − xk + ik

)︃

possibility (see Fig. 4b).

Subsequently, all the three sub-cases (to get from one wrong package to the next one) 
have the same form for describing the cardinality of the possible sub-paths. Recall that 
the value of δ is zero now.
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n

m

y1 − 1

i1

x1x1 − i1

y1

M1

(a) Walk preceding the first left step.

n

m

xkxk − ik

ikyk

yk + 1
Mk

Mk+1

(b) Walk after the last left step.

n

m

xjxj − ij xj+1

ij+1yj+1

ijyj

Mj

Mj+1

(c) Walk between two consecutive packages.

Fig. 4. Walks in different subcases in Case 1. 

n

m

xjxj+1

ij+1yj+1

ijyj

Mj

Mj+1

Fig. 5. Walk with a vertical distance between two back steps equal to 1 in Case 2. 

Case 2. If the vertical distance between two packages of left wrong steps equals 1, i.e., 
yj+1 = yj + 1 for some 0 ≤ j ≤ k, then xj+1 = xj − ij must hold. In this case, we 
have only one grid path (see Fig. 5). The two necessary up steps yj ↑ (yj + 1) and 
(yj+1 − 1) ↑ yj+1, after and before the corresponding left wrong packages, respectively, 
are coincided. Hence, we need the correction term δyj+1,yj+1, which is now 1. Formally,

(︃
xj+1 − (xj − ij) + yj+1 − 1 − (yj + 1) + δyj+1,yj+1

xj+1 − (xj − ij) 

)︃
=

(︃
0
0

)︃
= 1.
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Fig. 6. Types of last sub-walks, they have no wrong steps. 

Summary. Thus, considering all the SAWs with fixed triples (xj, yj , ij), according to the 
two cases above, the total number of grid paths from (0, 0) to (n,m) can be given by the 
product

k∏︂
j=0

(︃
(xj+1 − xj) + (yj+1 − yj) + ij − 2 + δyj+1,yj+1

xj+1 − xj + ij

)︃
. (2)

In order to finish the proof we sum over the product of binomial coefficients (2) for all 
1 ≤ ij ≤ xj ≤ n and xj − ij ≤ xj+1 with the extra situation given in the condition C(4), 
and then for all 1 ≤ y1 < · · · < yk ≤ m− 1, and then for all i1 + i2 + · · · + ik = w, and 
finally for all 1 ≤ k ≤ w. These conditions have already been enlightened before and in 
C(1), C(2), . . . , C(5), at the beginning of this subsection. □

Note that for w = 1 we obtain

Corollary 2.3. For n ≥ 1 and m ≥ 2, we have

T (1)
n,m =

m−1 ∑︂
y1=1

n ∑︂
x1=1

(︃
x1 + y1 − 1

x1

)︃(︃
n + m− x1 − y1

n− x1 + 1 

)︃
.

This double sum is equal to the final conclusion of Remark 1 in [17], and it simplifies 
n
(︁
n+m
n+2 

)︁
according to Lemma 1 of [17].

2.2. Recursive algorithm

In this section, we provide a system of recurrence relations for our problem and solve 
this system for the cases n = 1, n = 2, and n = 3. We give a recurrence relation for T (w)

n,m

in the variables w and m.
We consider an up-side self-avoiding walk with endpoint (n,m) and w wrong steps. 

The last sub-walk of any SAW from horizontal grid line m − 1 can be completed in 
n + 1 different ways as Fig. 6 illustrates all the cases. The last sub-walk cannot contain 
any wrong steps. The mth upward step of the SAW could be on the vertical grid line 
0, 1, . . . , n. We denote a walk by type ai,m if the last upward step is on the vertical grid 
line i, where i ∈ {0, 1, . . . , n}. The types indicate on which vertical grid line a walk steps 
up between the horizontal grid lines m− 1 and m. 

Let awi,m denote the number of up-side SAWs with w wrong steps, where the mth 
upward step is on the vertical line i. We can initial that a0

0,0 = 1 and a0
i,0 = 0 for i ̸= 0, 
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obviously, generally, for m ≥ 0, a0
i,m =

(︁
i+m−1
m−1 

)︁
. Moreover, let awi,m = 0 for all 0 > w

and w > n⌊m/2⌋. Then

T (w)
n,m =

n ∑︂
i=0 

awi,m, for all 0 ≤ m and 0 ≤ w ≤ n⌊m/2⌋. (3)

Now, we determine the items awi,m recursively over primary m and secondary w. For 
recurrence, if m = 1, then w = 0, and if m ≥ 2, then Fig. 7 illustrates all the possibilities 
of the sub-walks from horizontal grid line m − 1 to m. For example, see the second 
row from top to bottom in Fig. 7. The mth upward step on vertical grid line 1 can be 
reached from the (m−1)-th upward step on lines 0, 1, . . . , i, . . . , n by steps right and left 
on horizontal grid line m− 1. If i > 1, then the i− 1 horizontal steps are wrong steps.

Summarizing and formalizing the insights gained from the visual representation, we 
obtain the complete system of recurrences.

Theorem 2.4. The number of up-side self-avoiding walks with w left wrong steps on an 
n×m grid is given by the system of the recurrence relations in the variables w and m.

aw0,m = aw0,m−1 + aw−1
1,m−1 + aw−2

2,m−1 + · · · + aw−i
i,m−1 + · · · + aw−n

n,m−1,

aw1,m = aw0,m−1 + aw1,m−1 + aw−1
2,m−1 + · · · + aw−i+1

i,m−1 + · · · + aw−n+1
n,m−1 ,

...

awi,m = aw0,m−1 + aw1,m−1 + aw2,m−1 + · · · + aw−i+i
i,m−1 + · · · + aw−n+i

n,m−1 ,

...

awn,m = aw0,m−1 + aw1,m−1 + aw2,m−1 + · · · + awi,m−1 + · · · + awn,m−1,

(4)

shortly

awi,m =
i ∑︂

k=0

awk,m−1 +
n ∑︂

k=i+1

aw−k+i
k,m−1 , for i ∈ {0, 1, . . . , n},

with the notation [k > i] = 1 if k > i, and = 0 otherwise,

awi,m =
n ∑︂

k=0

a
w−(k−i)[k>i]
k,m−1 , for i ∈ {0, 1, . . . , n},

where 0 ≤ n, 1 ≤ m, 0 ≤ w ≤ n⌊m/2⌋ and

T (w)
n,m = awn,m =

n ∑︂
k=0

awk,m−1 (5)
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Fig. 7. Base of the system of recurrences, all the possibilities of the sub-walks from horizontal grid line m−1
to m.

with initial values awi,m = 0 for all 0 > w and w > n⌊m/2⌋, a0
i,m =

(︁
i+m−1
m−1 

)︁
for m ≥ 0, 

a0
i,1 = 1 for 0 ≤ i ≤ n.

For the calculations of the values T (w)
n,m in the case of small variables, based on The

orem 2.4 we give an algorithm. The input data of Algorithm 1 are n and mmax, the 
outputs are T (w)

n,m for all 0 ≤ m ≤ mmax.
In following sub-sequences, we solve the system (4) for the cases n = 1, n = 2, and 

n = 3 what we checked with Algorithm 1. Our method solving the system (4) can be 
continued for larger n as well. For general case we give some conjectures in Section 4.

Algorithm 1 Up-side self-avoiding walk from Theorem 2.4.
Input: n ≥ 0, mmax ≥ 0
Output: T (w)

n,m

i ∈ {0, 1, 2, . . . , n}, m ∈ {0, 1, 2, . . . ,mmax} ▷ main variables
a0
i,m ← (︁i+m−1

m−1 
)︁

▷ initialize for w = 0
aw
i,m ← 0 for w < 0 and for w > n⌊mmax/2⌋ ▷ initialize for out of range

for w = 1 to n⌊mmax/2⌋ do
for m = 1 to mmax do

for i = 0 to n do
aw
i,m =

∑︁i
k=0 aw

k,m−1 +
∑︁n

k=i+1 aw−j+1
k,m−1 ▷ from Equations (4) and Fig. 7

end for
end for

end for
for w = 0 to n⌊mmax/2⌋ do

for m = 0 to mmax do
T (w)
n,m =

∑︁n
k=0 aw

k,m ▷ from Equation (5) and Fig. 6
end for

end for
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Table 1
Triangle 𝒯1.
m\w 0 1 2 3 4 
0 1 
1 2 
2 3 1 
3 4 4 
4 5 10 1 
5 6 20 6 
6 7 35 21 1 
7 8 56 56 8 
8 9 84 126 36 1 

Fig. 8. Walks with wrong steps on 1 × 2, 1 × 3, and 1 × 4 grids. 

2.2.1. Example for 1 ×m grid
In this part, we give some solution for the case n = 1. We solve the system of recur

rences (4) and give a recurrence equation for T (w)
1,m.

Theorem 2.5. The number of up-side self-avoiding walks with w left wrong steps on an 
(1 ×m) grid is given for 1 ≤ m and 0 ≤ w ≤ ⌊m/2⌋ by

T
(w)
1,m = 2T (w)

1,m−1 − T
(w)
1,m−2 + T

(w−1)
1,m−2 (6)

with the initial values T (0)
1,0 = 1 and boundary conditions T (−1)

1,m = T
(w)
1,2w−1 = T

(w)
1,2w−2 = 0

for all −1 ≤ m and 0 ≤ w.

We arrange the values of T (w)
1,m in triangular shape 𝒯1, where the wth entry of row m

(up to down) is equal to T (w)
1,m (see Table 1). In additional, the walk with wrong steps on 

1 × 2, 1 × 3, and 1 × 4 grids are illustrated in Fig. 8. Compare their numbers with the 
corresponding entries in the table.

Proof. Apply Theorem 2.4 for n = 1 the reduced system coming from (4) is 

aw0,m = aw0,m−1 + aw−1
1,m−1,

aw1,m = aw0,m−1 + aw1,m−1.
(7)

Subtract the second row of (7) from the first, then

aw0,m = aw1,m + aw−1
1,m−1 − aw1,m−1.
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Table 2
Triangle 𝒯2.
m\w 0 1 2 3 4 5 6 7 8 
0 1 
1 3 
2 6 2 1 
3 10 10 7 
4 15 30 31 4 1 
5 21 70 105 36 11 
6 28 140 294 184 76 6 1 
7 36 252 714 696 396 78 15 
8 45 420 1554 2160 1666 566 141 8 1 

Substituting its shifted versions in values m by −1 into the second row of (7), after some 
simplifications we have

aw1,m = 2aw1,m−1 − aw1,m−2 + aw−1
1,m−2. (8)

Since T (w)
1,m = aw0,m + aw1,m = aw1,m+1 = 2aw1,m − aw1,m−1 + aw−1

1,m−1 = 2T (w)
1,m−1 − T

(w)
1,m−2 +

T
(w−1)
1,m−2, the proof is complete. □

Remark 2.6. According to Proposition 2.1, the row sum sequence of triangle 𝒯1 is the 
sequence (2m)∞m=0 (A000079 in [24]). Thus, the number of up-side self-avoiding walks 
with at most only left wrong steps on an (1 ×m) grid is T1,m = 2m (m ∈ N).

Remark 2.7. For entries of row m at position w, we obtain

(︃
m 
2w

)︃
+

(︃
m 

2w + 1

)︃
=

(︃
m + 1 
2w + 1

)︃
.

2.2.2. Example for 2 ×m grid
In this part, we provide a solution for the case n = 2. First, using the system of 

recurrences (4), we arrange the values of T (w)
2,m in a triangular shape, denoted by 𝒯2, 

where the w-th entry of row m (from top to bottom) is equal to T (w)
2,m (see Table 2). This 

triangle appears in OEIS [24] as A120907.
We give the reduced system of recurrence sequences (4) and a recurrence equation for 

T
(w)
2,m.

Theorem 2.8. The number of upside self-avoiding walks with w left wrong steps on an 
(2 ×m) grid is given for m ≥ 1 and 0 ≤ w ≤ 2⌊m/2⌋ by

T
(w)
2,m = 3T (w)

2,m−1 − 3T (w)
2,m−2 + T

(w)
2,m−3 + 2T (w−1)

2,m−2 − 2T (w−1)
2,m−3 + T

(w−2)
2,m−2 + T

(w−2)
2,m−3 (9)

with the initial values T (0)
2,0 = 1 and boundary conditions T (−i)

2,m = T
(w)
2,2⌈w/2⌉−j = 0 when 

i ∈ {1, 2}, j ∈ {1, 2, 3} for any m ≥ −2 and w ≥ 0.
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Fig. 9. Walks with wrong steps on 2 × 2 and 3 × 2 grids. 

Proof. Apply Theorem 2.4 for n = 2, the reduced system coming from (4) is

aw0,m = aw0,m−1 + aw−1
1,m−1 + aw−2

2,m−1,

aw1,m = aw0,m−1 + aw1,m−1 + aw−1
2,m−1,

aw2,m = aw0,m−1 + aw1,m−1 + aw2,m−1.

(10)

Subtract the last row of (10) from the others, then

aw0,m = aw2,m − aw1,m−1 − aw2,m−1 + aw−1
1,m−1 + aw−2

2,m−1,

aw1,m = aw2,m − aw2,m−1 + aw−1
2,m−1.

(11)

Substituting the shifted versions of term aw1,m in values m and w by −1 into the first 
row of (11), after some simplifications we have

aw0,m = aw2,m − 2aw2,m−1 + aw2,m−2 + aw−1
2,m−1 − 2aw−1

2,m−2 + aw−2
2,m−1 + aw−2

2,m−2. (12)

Substituting the shifted versions of terms aw1,m and aw0,m into the last row of (10), and 
simplifying, finally it leads to

aw2,m = 3aw2,m−1 − 3aw2,m−2 + aw2,m−3 + 2aw−1
2,m−2 − 2aw−1

2,m−3 + aw−2
2,m−2 + aw−2

2,m−3.

The initial values are clear, see, i.e., Fig. 9.
Since T (w)

2,m = aw0,m + aw1,m + aw2,m = aw2,m+1, the proof is complete. □
Remark 2.9. According to Proposition 2.1, the row sum sequence of triangle 𝒯2 is the 
sequence (3m)∞m=0, (A000244 in [24]). Thus, the number of up-side self-avoiding walks 
with at most only left wrong steps on an (2 ×m) grid is T2,m = 3m (m ∈ N).
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Table 3
Triangle 𝒯3.
m\w 0 1 2 3 4 5 6 7 8 9 
0 1 
1 4 
2 10 3 2 1 
3 20 18 16 10 
4 35 63 78 65 10 4 1 
5 56 168 288 320 120 56 16 
6 84 378 876 1275 810 469 176 21 6 1 
7 120 756 2304 4302 4000 2926 1456 378 120 22 

2.2.3. Example for 3 ×m grid

Theorem 2.10. The number of up-side self-avoiding walks with w wrong steps on an 
(3 ×m) grid is given for m ≥ 1 and 0 ≤ w ≤ 3⌊m/2⌋ by

Tw
3,m = 4Tw

3,m−1 − 6Tw
3,m−2 + 4Tw

3,m−3 − Tw
3,m−4 + 3Tw−1

3,m−2 − 6Tw−1
3,m−3 + 3Tw−1

3,m−4

+ 2Tw−2
3,m−2 − 3Tw−2

3,m−4 + Tw−3
3,m−2 + 2Tw−3

3,m−3 + Tw−3
3,m−4

(13)

with the initial values T (0)
3,0 = 1 and boundary conditions T (−i)

3,m = 0 when i ∈ {1, 2, 3}, 
T

(w)
3,2⌈w/3⌉−j = 0 when j ∈ {1, 2, 3, 4} for any m ≥ −3 and w ≥ 0.

The terms T (w)
3,m construct the triangle 𝒯3 illustrated in Table 3.

Proof. The proof is similar to the previous two examples. From the system (4) we have 

aw0,m = aw0,m−1 + aw−1
1,m−1 + aw−2

2,m−1 + aw−3
3,m−1,

aw1,m = aw0,m−1 + aw1,m−1 + aw−1
2,m−1 + aw−2

3,m−1,

aw2,m = aw0,m−1 + aw1,m−1 + aw2,m−1 + aw−1
3,m−1,

aw3,m = aw0,m−1 + aw1,m−1 + aw2,m−1 + aw3,m−1.

(14)

Substitute the last row from the others then the new system is

aw0,m = aw3,m − aw1,m−1 + aw−1
1,m−1 − aw2,m−1 + aw−2

2,m−1 − aw3,m−1 + aw−3
3,m−1,

aw1,m = aw3,m − aw2,m−1 + aw−1
2,m−1 − aw3,m−1 + aw−2

3,m−1,

aw2,m = aw3,m − aw3,m−1 + aw−1
3,m−1.

Substitute the last row into the first two we have

aw0,m = − aw1,m−1 + aw−1
1,m−1 + aw3,m − 2aw3,m−1 + aw3,m−2 − aw−1

3,m−2 + aw−2
3,m−1 − aw−2

3,m−2

+ aw−3
3,m−1 + aw−3

3,m−2,

aw1,m = aw3,m − 2aw3,m−1 + aw3,m−2 + aw−1
3,m−1 − 2aw−1

3,m−2 + aw−2
3,m−1 + aw−2

3,m−2.
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Again substitute aw1,m from last row into the first we gain

aw0,m = aw3,m − 3aw3,m−1 + 3aw3,m−2 − aw3,m−3 + aw−1
3,m−1 − 4aw−1

3,m−2 + 3aw−1
3,m−3

+ aw−2
3,m−1 − 2aw−2

3,m−3 + aw−3
3,m−1 + aw−3

3,m−2.

Finally, combine them with the last row of (14) we have

aw3,m = 4aw3,m−1 − 6aw3,m−2 + 4aw3,m−3 − aw3,m−4 + 3aw−1
3,m−2 − 6aw−1

3,m−3 + 3aw−1
3,m−4

+ 2aw−2
3,m−2 − 3aw−2

3,m−4 + aw−3
3,m−2 + 2aw−3

3,m−3 + aw−3
3,m−4. □

Remark 2.11. According to Proposition 2.1, the row sum sequence of triangle 𝒯3 is 
(4m)∞m=0, (A000302 in [24]). Thus, the number of up-side self-avoiding walks with at 
most only left wrong steps on an (3 ×m) grid is T3,m = 4m (m ∈ N).

Remark 2.12. Summarize the coefficients from the recurrence equations (6), (9), (13) we 
find an interesting pattern of them what we shall show and discuss in Subsection 4.1 as 
a conjectures for the coefficients of recurrences of upside SAWs.

3. One wrong arbitrarily directed step in 𝒅--dimension

We focus only on w = 1 wrong step and do not consider the cases w ≥ 2. Paper [17] 
showed how difficult was to extend the result related to w = 1 for w = 2 in 2--dimension, 
so here we omit studying any case of larger w.

Let d ≥ 2 be an integer. Consider the lattice Zd. Assume that we want to construct 
paths from the origin (0, 0, . . . , 0) to the non-negative vertex (n1, n2, . . . , nd) in ``Man
hattan style'' but with exactly 1 error step. Put n = n1 + n2 + · · · + nd.

For fixed distinct positive integers i, j and k we define

εℓ =

⎧⎪⎪⎨
⎪⎪⎩

2, for ℓ = i

−2, for ℓ = j

0, otherwise,
δℓ =

⎧⎪⎪⎨
⎪⎪⎩

2, for ℓ = i

−1, for ℓ = j, k

0, otherwise.
(15)

Here we assume that 1 ≤ i, j, k ≤ d.

Theorem 3.1. The number of paths from (0, 0, . . . , 0) to (n1, n2, . . . , nd) on a n1 × n2 ×
· · · × nd grid with one error step is given by

d ∑︂
i=1 

ni

[︄
d ∑︂

j=1
j ̸=i

(︃
n 

n1 + ε1, n2 + ε2, . . . , nd + εd

)︃
+2

∑︂
1≤j<k≤d
j ̸=i,k ̸=i

(︃
n 

n1 + δ1, n2 + δ2, . . . , nd + δd

)︃]︄
.

(16)
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Note that a multinomial coefficient is considered to be 0 if at least one lower index is 
negative.

Proof. We follow the proof of Theorem 2 in [17]. Assume that the axes of the Cartesian 
system are x1, x2, . . . , xd. Fix a direction, say it is parallel to the axis xi. Suppose that 
the only error step occurs in the opposite direction to xi. We distinguish two cases.

Case 1: When the direction of the ultimate step before the wrong step and the next 
step after the wrong one coincide (homogeneous case).

Let this other direction be given by xj (i ̸= j). We prove that there exists a bijection 
between the walks with one error step on an n1×n2×· · ·×nd grid and the inner xi-steps 
of the error-free walks on an

n1 × · · · × (ni + 2) × · · · × (nj − 2) × · · · × nd

grid. An xi-step is called inner if it is neither the first nor the last step in the direction 
xi. Since the number of the error-free walks, under the conditions above is

(︃
n1 + · · · + (ni + 2) + · · · + (nj − 2) + · · · + nd

n1, . . . , (ni + 2), . . . , (nj − 2), . . . , nd

)︃

=
(︃

n 
n1, . . . , (ni + 2), . . . , (nj − 2), . . . , nd

)︃
,

each has ni inner steps. Thus, we obtain

ni

(︃
n 

n1, . . . , (ni + 2), . . . , (nj − 2), . . . , nd

)︃

possibilities in one case.
Now consider an error-free walk on an n1 × · · · × (ni + 2) × · · · × (nj − 2) × · · · × nd

grid, and take an arbitrary inner xi-step → (write Sxi
for it). It splits the walk into two 

parts, they are denoted by 𝒫1 and 𝒫2. Replace Sxi
by a 2--dimensional domino such 

that the domino lies in the plane spanned by the directions xi and xj , further 𝒫1 and 
𝒫2 now connects to the lower left and upper right corner of the domino, respectively, on 
an n1 × · · · × (ni + 2) × · · · × nj × · · · × nd grid. In other words, the replacement of →
(Sxi

) by increases the size of the grid by two units in direction xj. Then reflect the 
domino around its left ``vertical'' skirt. The top right corner of the original domino will 
now be the top left corner of the mirrored domino. We will then join a copy of 𝒫2 to this 
domino, which will continue from there. This manipulation decreases the size of the grid 
by two units in direction xi. The operations ensure the only wrong xi-step on a resulted 
n1 × n2 × · · · × nd grid, and 𝒫1 and 𝒫2 appear in the new walk in the two opposite ends 
of the error domino. It is clear that the starting xi-step must be inner, otherwise the 
procedure fails. It is clear that distinct error-free walks with distinct inner xi-steps lead 
to distinct walks with one error step since the location of Sxi

(t) determines the location 
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of the error step, and if Sxi
is common in two error-free walks, then they differ in either 

𝒫1 or 𝒫2.
Using the notation of εℓ in (15), the contribution of first case to the number of SAWs 

with one error step is

d ∑︂
i=1 

ni

d ∑︂
j=1
j ̸=i

(︃
n 

n1 + ε1, n2 + ε2, . . . , nd + εd

)︃
.

Case 2: When the direction of the ultimate step before the wrong step and the next 
step after the wrong are distinct (inhomogeneous case).

Let the two other directions be denoted by xj (before) and xk (after), where i ̸= j, 
i ̸= k, j ̸= k. We prove that there exists a bijection between the walks with one error 
step on an n1 × n2 × · · · × nd grid and the inner xi-steps of the error-free walks on an

n1 × · · · × (ni + 2) × · · · × (nj − 1) × · · · × (nk − 1) × · · · × nd

grid. Essentially we can follow the way of Case 1, therefore we describe only the differ
ences.

Fixing an inner xi-step →, now we replace it by a 3--dimensional unit cube (in 

the previous case the replacement was ) according to the directions xi, xj and xk. The 
direction xi corresponds to the middle horizontal unit segment drawn on the cube, while 
the vertical segment is belonging to the direction xj . Consequently, the initial lengths 
nj − 1 and nk − 1 is increased by 1 unit. On the other hand, the length ni +2 is reduced 
to ni when we reflect the cube to the hyperplane given by the left vertical side (in this 
situation) of the cube. Now we have

ni

(︃
n 

n1, . . . , (ni + 2), . . . , (nj − 1), . . . , (nk − 1), . . . , nd

)︃
(17)

possibilities for an error free walk in the initial grid. Note that the order xk, xi, and xj

gives also the number of possibilities (17). Thus, we have, using (15)

d ∑︂
i=1 

ni · 2
∑︂

1≤j<k≤d
j ̸=i,k ̸=i

(︃
n 

n1 + δ1, n2 + δ2, . . . , nd + δd

)︃

SAWs with one error step in total in this case.
Summarizing Cases 1 and 2, it leads to the statement of the theorem immediately. □
Consider formula (16) if d = 2. Now the second inner sum vanishes, while the first 

one admits 
(︁

n 
n1+2,n2−2

)︁
or 

(︁
n 

n1−2,n2+2
)︁
. Consequently, the total sum is
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n1

(︃
n 

n1 + 2, n2 − 2

)︃
+ n2

(︃
n 

n1 − 2, n2 + 2

)︃
.

This is exactly the formula we obtained in Theorem 2 of [17].
For d = 3 formula (16) simplifies to (16) given in

Corollary 3.2. The number of paths with one error step on a n1 × n2 × n3 grid is given 
by

n1

[︃(︃
n 

n1 + 2, n2 − 2, n3

)︃
+

(︃
n 

n1 + 2, n2, n3 − 2

)︃
+ 2

(︃
n 

n1 + 2, n2 − 1, n3 − 1

)︃]︃

+ n2

[︃(︃
n 

n1 − 2, n2 + 2, n3

)︃
+
(︃

n 
n1, n2 + 2, n3 − 2

)︃
+ 2

(︃
n 

n1 − 1, n2 + 2, n3 − 1

)︃]︃

+ n3

[︃(︃
n 

n1 − 2, n2, n3 + 2

)︃
+

(︃
n 

n1, n2 − 2, n3 + 2

)︃
+ 2

(︃
n 

n1 − 1, n2 − 1, n3 + 2

)︃]︃
. 

Another important specific case is when the rectangular grid we consider is in a d
dimensional cube.

Corollary 3.3. Assume that n1 = n2 = . . . = nd = N ≥ 1. Then expression (16) of 
Theorem 3.1 simplifies the form

γ(N, d) := d(d− 1)((d− 1)N − 1)N2(dN)!
(N + 1)(N + 2)(N !)d . (18)

Using the Stirling’s approximation N ! ∼ (N/e)n
√

2πN , the asymptotic formula for 
γ(N, d) is

γ(N, d) ∼ (d− 1)((d− 1)N − 1)ddN+3/2

(2πN)(d−1)/2 ,

which leads to γ(N, 3) ∼ (2/π) · 33N+3/2 = (6
√

3/π) · 33N .

3.1. Examples

For d = 3 and for N = 1, . . . , 4 the formula (18) returns with

γ(1, 3) = 6, γ(2, 3) = 540, γ(3, 3) = 22680, γ(4, 3) = 776160,

respectively.

Case (n1,n2,n3) = (1,1,1).
Now only the third terms of the packages are nonzero. We have

2
(︃

3 
3, 0, 0

)︃
+ 2

(︃
3 

0, 3, 0

)︃
+ 2

(︃
3 

0, 0, 3

)︃
= 6.
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Case (n1,n2,n3) = (2,2,2).
Each nine terms are ``living''! Because of the symmetry, we count only the first package, 

which is

2
[︃(︃

6 
4, 0, 2

)︃
+

(︃
6 

4, 2, 0

)︃
+ 2

(︃
6 

4, 1, 1

)︃]︃
= 2 [15 + 15 + 2 · 30] = 180.

Thus, the correct answer is 3 × 180 = 540.

Case (n1,n2,n3) = (3,3,3).
Similar treatment gives

3
[︃(︃

9 
5, 1, 3

)︃
+
(︃

9 
5, 3, 1

)︃
+ 2

(︃
9 

5, 2, 2

)︃]︃
= 3 [504 + 504 + 2 · 756] = 7560,

hence we totally have 3 × 7560 = 22680.

4. Discussion and Future Work

In this article, we dealt with the up-side self-avoiding walk on n×m grids. We gave 
explicit and recursive forms. We have to mention, that Khalid and Prellberg [12] exam
ined similar problems. They gave generating functions for directed paths and solved a 
similar system of recurrence equations with the help of the Jacobi-Trudy formula. We 
offer this paper to the readers to study, and we think that in a new article, it is worth 
determining the generating functions for our examples with a similar method.

Now we give some very interesting conjectures.

4.1. Some conjectures for the coefficients of recurrences of upside SAWs

We recognized in Section 2.2 that the coefficients of the recurrence relations for n =
1, . . . , 6 have an interesting pattern. In the following, we show these properties. Perhaps 
in a new paper these conjectures become a general theorem.

Summarize the coefficients from the rearranged recurrence equations (6), (9), (13), 
and the non-mentioned cases n = 4, 5, 6 to the form

Tw
n,m −

n+1∑︂
i=0 

n ∑︂
j=0 

Ci,jT
w−j
n,m−i = 0

for the coefficients Ci,j we obtain Fig. 10 and 11.
After studying the figures more closely, we can discover some rules. For examples,

• the absolute values of the borders of figures contain the rows n + 1, n, and n− 1 of 
Pascal’s triangle (blue) and the first n natural numbers (green). More precisely,
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Fig. 10. Coefficients and their positions in the cases of n = 1, . . . , 4. 

Fig. 11. Coefficients and their positions in the cases of n = 5 and n = 6. 

C0,j =
(︃

(−1)j
(︃
n + 1
j

)︃)︃n+1

j=0
, Ci,n+1 =

(︃
(−1)i+n+1

(︃
n

i 

)︃)︃n

i=0
, Cn,j

=
(︃
−
(︃
n− 1
j − 2 

)︃)︃n+1

j=2
,

and Ci,2 = (−(n + 1 − i))ni=1 ;

• the items of the second columns (yellow) are

C1,j =
(︃

(−1)j+1n

(︃
n− 1
j − 2 

)︃)︃n

j=3
;
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• the rest items of the second and the last but one rows (pink) are

Ci,3 = ((n + 1 − i)(n + 1 − 2i))n−1
i=2 and Ci,n =

(︃
(−1)n−i(n + 1 − 2i)

(︃
n

i 

)︃)︃n−1

i=2
.

We think as a conjecture that the above observations are true for bigger n (we checked 
up to n = 10) and we think that there are a general rule for all the items of the coefficients 
of the recurrences, but we have not yet discovered them.
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