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 A B S T R A C T

This research aims to mitigate disturbances affecting Wave Energy Converters (WECs) using an adaptive 
optimal disturbance rejection framework by dynamically adjusting control actions based on forecasted wave 
conditions. A Nonlinear Autoregressive (NAR) Neural Network is utilized for forecasting wave elevations and 
generating optimal reference velocities for the considered case study single-body heaving point absorber. The 
wave excitation force is considered as the external disturbance source affecting the WEC. Frequency and time 
domain response analysis are conducted to understand system behavior, followed by considering the real wave 
climate of two different selected locations around Finland, crucial for performance evaluation. The efficacy 
of the proposed approach is evaluated through a comprehensive results analysis. This includes evaluating its 
effectiveness on the selected sea states and its adaptability concerning variations in WEC dynamics. In all the 
investigated scenarios, the proposed control strategy can track the displacement and velocity reference signals 
with high accuracy in the presence of disturbance with proper initializing of the weight matrices, highlighting 
the potential of the proposed methodology in improving the efficiency and reliability of WECs under varying 
wave conditions.
1. Introduction

The harnessing of renewable energy sources has become an imper-
ative in the quest for a sustainable and environmentally responsible 
future. Among these sources, ocean waves stand out as a largely un-
tapped reservoir of energy [1–3]. WECs play a pivotal role in extracting 
this energy that offers the promise of clean and consistent power gener-
ation [4,5]. However, the optimal performance of WECs is challenged 
by the ever-changing nature of oceanic disturbances [6], which can 
significantly affect their efficiency and reliability.

Wave disturbances can significantly impact the operation of WECs, 
leading to suboptimal energy conversion and potentially damaging 
mechanical stress. Ocean waves exhibit inherent variability in terms of 
amplitude, frequency, and direction [7], which can create disturbances 
in the motion of WECs. Variations in wave height, period, and shape 
can lead to fluctuations in the input energy, affecting the operation 
of WEC devices. On the other hand, environmental factors such as 
wind speed, current velocity, and water depth can influence wave 
characteristics and introduce disturbances in WEC operation [8,9]. 
Interactions between incoming waves, such as wave reflection, re-
fraction, and diffraction, can cause interference patterns that affect 
the motion of WEC devices. Wave interference can result in complex 

∗ Corresponding author.
E-mail addresses: kumars.mahmoodi@abo.fi (K. Mahmoodi), razminia@pgu.ac.ir (A. Razminia), jari.boling@utu.fi (J. Böling).

wave fields, leading to non-uniform loading and disturbances in WEC 
performance [10].

Extreme waves can cause intense wave-structure interactions, char-
acterized by wave slamming, wave overtopping, and wave-induced 
motions of WEC devices. These interactions generate transient dis-
turbances in the form of impact forces, hydrodynamic pressures, and 
structural vibrations, which can impact the operational efficiency and 
structural integrity of WEC systems. These nonlinear effects can intro-
duce additional complexities in the interactions between waves and 
WEC devices, resulting in irregular and unpredictable disturbances in 
device motion [11]. Moreover, external factors such as marine debris, 
marine life interactions, or human activities in the vicinity of WEC 
installations can introduce disturbances that interfere with device oper-
ation [12]. These external interferences may cause mechanical damage, 
fouling, or operational disruptions, impacting the reliability of WEC 
systems. Addressing these factors and mitigating disturbances is crucial 
for optimizing the performance and reliability of WECs. Advanced 
control strategies [13–15], predictive modeling techniques [6,16], and 
robust design considerations are essential for minimizing the impact of 
disturbances and maximizing the energy conversion efficiency of WECs 
in real-world operating conditions.
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Advanced control strategies are essential to optimize the perfor-
mance of WEC systems in varying sea conditions. Control strategies 
enable WECs to track incoming wave conditions in real-time and adapt 
their operation accordingly [17]. By adjusting parameters such as the 
geometry, orientation, or damping of the WEC, it can be tuned to 
efficiently capture the energy from different wave patterns [15,18]. 
Many WEC designs rely on resonance phenomena to enhance en-
ergy capture. Control strategies are employed to maintain the device’s 
resonance with the incident waves by adjusting the device’s natural 
frequency or damping characteristics. Control algorithms can optimize 
the PTO system [19] to extract the maximum amount of energy from 
the waves. This involves continuously adjusting the loading on the 
WEC’s PTO mechanism to match the varying wave characteristics and 
maintain resonance or near-resonance conditions. Control strategies 
can incorporate wave forecasting data [20] to predict future wave 
conditions. By anticipating incoming waves, the WEC can adjust its 
settings preemptively to optimize energy capture and minimize the 
impact of irregular or extreme waves. However, control theories have 
some weaknesses. Control systems used to regulate the operation of 
WEC devices may have limitations in terms of response time, accuracy, 
and robustness. Inaccuracies in control algorithms or delays in feedback 
signals can result in disturbances that affect the ability of WECs to 
efficiently capture wave energy.

Recent literature has proposed a broad range of data-driven con-
trol strategies in wave energy applications, including model-free re-
inforcement learning [21–23], neural-network-based predictive con-
trol [24–27], and hybrid data-physics [28] models. For a more struc-
tured overview, the work [29] provides a comprehensive classification 
of such methods, categorizing them based on data dependency, adapt-
ability, and feedback structure. Adaptive control techniques [30–32], 
including machine learning algorithms, can continuously learn from op-
erating data to improve WEC performance over time [33]. By adapting 
control strategies based on real-time feedback and historical perfor-
mance data, these approaches enable WECs to optimize energy capture 
in varying sea conditions and adapt to changing environmental fac-
tors [34,35]. Adaptive control techniques facilitate the identification of 
WEC parameters, such as hydrodynamic coefficients, natural frequen-
cies, and damping ratios, which are essential for accurate modeling and 
control. By continuously updating these parameters based on operating 
data, adaptive control ensures that the control system remains effective 
under varying environmental conditions and system configurations.

In addition to forecasting-based and data-driven control approaches, 
disturbance observer techniques have been applied to enhance robust-
ness in dynamic systems subject to external disturbances. Such methods 
aim to estimate and compensate for unmeasured disturbance inputs in 
real time, improving control performance under uncertainty [36,37]. 
Incorporating such observer-based strategies into WEC control frame-
works can complement forecasting and estimation methods, leading 
to improved performance in realistic, disturbance-rich ocean environ-
ments [38–40].

This research explores the domain of adaptive optimal disturbance 
rejection for WECs, a crucial aspect in ensuring their effectiveness 
and resilience against dynamic ocean conditions. Traditional control 
strategies often struggle to adapt to these disturbances in real-time, 
compromising the overall performance and reliability of WEC systems. 
To address these challenges, an adaptive mechanism is employed in 
this study to fine-tune the controller parameters, thereby minimizing 
the impact of disturbances while guaranteeing system stability. Specif-
ically, the Hamilton–Jacobi-Bellman theory is leveraged to establish a 
set of necessary and sufficient conditions, the solution to which dictates 
the adjustment of control law parameters. Typically, optimal control 
mechanisms necessitate knowledge of the signal history, including past 
disturbances, which can violate the causality of the physical system. To 
mitigate this limitation, a forecasting mechanism is incorporated into 
the control strategy. This mechanism is based on a NAR neural network, 
enabling to forecasting of the future behavior of external disturbance 
2 
forces with higher accuracy. Its effectiveness is improved by integrating 
this forecasting capability into the control framework. This means that 
the controller can anticipate upcoming disturbances more precisely, 
allowing for proactive adjustments to maintain stability and optimize 
performance in dynamic ocean conditions.

Linear quadratic regulation (LQR), widely employed in various 
industrial contexts, addresses the linear quadratic optimization problem 
effectively. It boasts straightforward implementation and offers the 
benefits of reduced computational requirements and increased effi-
ciency. Nevertheless, LQR is unable to handle the inherent disturbances 
and uncertainties present in the system. Given that a mathematical 
model of the WEC is derived from the linear potential flow theory 
analysis, there exists an alternative to the identification approach. 
Instead, the proposed controller can effectively manage the variations 
in the system parameters. This approach eliminates the need for explicit 
parameter identification and adaptation, as the controller is designed 
to dynamically adjust to changes in system characteristics. Therefore, 
by utilizing the inherent capabilities of the controller to adapt to vary-
ing parameters, the system can maintain robust performance without 
relying on explicit parameter identification techniques. Discovering the 
best controller parameter values can be accomplished through different 
approaches. For instance, in [41], a direct transcription method is 
presented, inherently relying on numerical techniques. In the proposed 
method, an analytical approach is developed based on a system of 
coupled ODEs, leading to a straightforward solution.

The methodology employed in this study involves several key com-
ponents (Fig.  1). A detailed methodology for implementing the pro-
posed adaptive optimal control strategy is presented, encompassing the 
considered single-body heaving point absorber WEC system description, 
mathematical representation of the WEC dynamics, and the generation 
mechanism of WEC reference velocities to track by the controller. The 
core of the proposed framework lies in integrating a NAR neural net-
work for forecasting wave elevations and generating optimal reference 
velocities tailored to the specific characteristics of the WEC under 
consideration. Subsequently, the performance of the control strategy is 
analyzed through frequency and time domain response analysis, focus-
ing on selected sea states representative of real-world conditions of two 
different selected locations near the Finland marine area. Additionally, 
the adaptability and robustness of the proposed approach are evaluated 
concerning variations in WEC dynamics, providing insights into its 
practical applicability and effectiveness.

This study addresses the dynamic challenges in WEC control through
an adaptive optimal disturbance rejection framework. Unlike sim-
pler feedforward or PID controllers that might struggle with sys-
tem uncertainties and dynamic changes, the proposed approach pro-
vides a theoretically robust solution that can simultaneously track 
a performance-optimized reference and mitigate the effects of en-
vironmental disturbances. The methodology integrates a forecasting 
mechanism with a control law derived from the HJB theory, enabling 
the controller to proactively adjust to varying wave conditions and 
internal WEC dynamics. This combined approach of disturbance fore-
casting and optimal control is crucial for maintaining high efficiency 
and stability in the unpredictable marine environment. This research, 
therefore, focuses on demonstrating the efficacy of this advanced 
control framework, especially in scenarios involving a priori unknown 
variations in system dynamics.

The study proceeds as follows. Section 2 outlines the characteristics 
of the point absorber WEC under consideration, along with its equation 
of motion represented in state-space form. The details of the proposed 
control strategy are introduced in Section 3. Sections 4 and 5 describe 
the structure of the NAR network and generating the WEC reference 
velocities based on the forecasted sea surface wave elevation time 
series, respectively. The real wave climate data of the studied area for 
performance evaluation of the proposed control strategy is introduced 
in Section 6. The comprehensive evaluations of the proposed control 
strategy across different sea states and WEC dynamics variations are 
presented in Section 7. Finally, the conclusions of this research are 
provided in Section 8.



K. Mahmoodi et al. Energy Conversion and Management: X 28 (2025) 101225 
Fig. 1. Diagram of the considered methodology.
2. System description

2.1. Considered point absorber WEC

This study focuses on analyzing the performance of a single-body 
heaving point absorber WEC by applying the proposed control strategy. 
Point absorbers are recognized for their capability to efficiently harness 
energy across diverse oceanic conditions. Overall, point absorber WECs 
offer a promising path for renewable energy generation, combining 
efficiency, reliability, and environmental sustainability in harnessing 
the power of ocean waves. Fig.  2 presents a schematic diagram of 
the considered WEC. The structure of the floating body comprises 
an integrated cylinder and a hemisphere, rigidly interconnected to 
form a cohesive unit. The combined cylindrical and hemispherical 
geometry optimizes energy capture and stability. The hemispherical 
bottom enhances stability by lowering the center of buoyancy, while 
the cylindrical upper part improves energy absorption by amplifying 
the vertical motion response to wave excitation. The WEC device 
is coupled with a PTO system tethered to the seabed. Various PTO 
systems, such as hydraulic mechanisms and linear generators, can be 
employed to convert the mechanical energy derived from the heaving 
motion into electrical power. Table  1 outlines dimensional parame-
ters and mass characteristics of the considered WEC. The parameter 
values listed in this table are based on the common dimensions and 
properties of point absorber designs documented in relevant wave 
energy converter research. The volumetric displacement and mass are 
derived from buoyancy and equilibrium considerations according to 
the selected geometry. These values are calculated to reflect realistic 
physical characteristics and to align with established models of similar 
WEC systems.
3 
Fig. 2. Schematic diagram of the considered heaving point absorber WEC.

2.2. WEC equation of motion

The linear potential flow theory is employed to analyze the in-
teraction between waves and structure. Linear potential flow theory 
simplifies the analysis by neglecting nonlinear effects such as viscous 
damping and wave breaking. While this assumption is suitable for mild 
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Table 1
The dimensions and mass properties of the considered point absorber WEC.
 Parameter Value Unit  
 Cylinder diameter 8 m  
 Cylinder height 3 m  
 Hemisphere radius 4 m  
 Draught 5 m  
 Center of gravity (CoG) position concerning the global axis 𝑥 = 0, 𝑦 = 0, 𝑧 = −2.4995 m  
 Center of buoyancy (CoB) position concerning the global axis 𝑥 = 0, 𝑦 = 0, 𝑧 = −1.9500 m  
 Body mass 188914.4382 kg  
 Volumetric displacement 184.3068 m3  
 Moment of inertia around the 𝑥-axis (𝐼𝑥𝑥) 1633662.6082 kg.m2 
 Moment of inertia around the 𝑦-axis (𝐼𝑦𝑦) 1633662.6082 kg.m2 
 Moment of inertia around the 𝑧-axis (𝐼𝑧𝑧) 1209132.8295 kg.m2 
wave conditions, it may lead to inaccuracies in highly nonlinear envi-
ronments. Incorporating nonlinear hydrodynamic effects could provide 
a more realistic model but would necessitate a more complex controller 
to handle the additional dynamics and stronger disturbances.

The time-domain equation of motion of a single-body WEC in the 
heave direction can be expressed as [42]: 
(

𝑚 + 𝑚∞
)

𝑧̈(𝑡) +∫

𝑡

0
𝐾𝑟(𝑡− 𝜏)𝑧̇(𝜏)d𝜏 +𝑘hs𝑧(𝑡) + 𝑐𝑣𝑧̇(𝑡) = 𝐹ex(𝑡) +𝐹PTO(𝑡) (1)

here, 𝑚 and 𝑚∞ denote the mass and infinity added mass of the body, 
respectively. 𝑧(𝑡) represents the vertical displacement of the body’s CoG 
at time 𝑡, while 𝑧̇ and z̈ denote its velocity and acceleration, respec-
tively. 𝑘hs represents the hydrostatic restoring force given by 𝑘ℎ𝑠 = 𝜌𝑔𝑠, 
where 𝜌, 𝑔, and 𝑠 are the seawater density, gravitational acceleration, 
and body cross-sectional area, respectively. The term 𝑐𝑣𝑧̇(𝑡) accounts 
for linear viscous damping with 𝑐𝑣 being the damping coefficient. 
𝐹PTO stands for the force generated by the PTO system, which can 
be optimized by the controller to maximize power performance. 𝐾𝑟
represents the radiation impulse response function (IRF): 

𝐾𝑟 (𝑡) =
2
𝜋 ∫

∞

0
𝐵𝑟𝑑 (𝜔) cos (𝜔𝑡)d𝜔 (2)

where, 𝜔 and 𝐵𝑟𝑑 (𝜔) stand for frequency and frequency-dependent 
radiation damping coefficient, respectively.

The term 𝐹ex refers to the wave excitation force, accounting for the 
interaction between the body fixed at its equilibrium position and ocean 
waves [43]. This force arises from the varying water surface elevations 
and fluid pressures associated with the waves. The external force 𝐹ex is 
determined by convolving the wave elevation 𝜂(𝑡) with the non-causal 
excitation IRF 𝐾ex(𝑡) [33]: 

𝐹ex (𝑡) = ∫

∞

−∞
𝐾ex (𝑡 − 𝜏) 𝜂 (𝜏) d𝜏 (3)

where, 𝐾ex (𝑡) is given by: 

𝐾ex (𝑡) =
1
2𝜋 ∫

∞

−∞
𝑋 (𝜔, 𝛽) 𝑒𝑖𝜔𝑡d𝜔 (4)

here, 𝛽 represents the incident wave direction and 𝑋(⋅, ⋅) denotes the 
excitation force magnitude.

It should be noted that, within linear potential flow theory, the 
wave excitation force can be represented in multiple mathematically 
equivalent forms. The most common are: (i) a summation of harmonic 
components obtained from the wave spectrum, and (ii) a time-domain 
convolution between the wave elevation and the excitation impulse 
response function. In the present study, a compact parametric for-
mulation is adopted in which the excitation force is computed di-
rectly from the predicted wave elevation using precomputed frequency-
dependent excitation coefficients obtained from Ansys. This represen-
tation is equivalent in physical content to the convolution form but 
is more convenient for integration with the optimal control frame-
work, as it bypasses the explicit convolution step while preserving the 
hydrodynamic accuracy of the model.
4 
The radiation impulse response function (𝐾𝑟(𝑡)) and the frequency-
dependent added mass (𝐴(𝜔)) are used to calculate the infinite fre-
quency added mass (𝑚∞). The calculation is based on the relationship: 

𝑚∞ = 𝐴(𝜔) + 1
𝜔 ∫

∞

0
𝐾𝑟(𝑡) sin(𝜔𝑡) 𝑑𝑡 (5)

This equation is implemented numerically by evaluating the integral 
over time 𝑡 for each frequency and averaging the results across the 
considered frequency range.

2.3. State-space representation of WEC’s equation of motion

The state-space representation of the equation of motion is widely 
adopted in the design of WECs’ control systems. This approach offers 
computational advantages by simplifying the calculation of the convo-
lution integral within the radiation force equation, leading to improved 
computational speed [44]. To address the challenge of the convolution 
integral of the radiation force term, an approximation can be made 
using a state-space method, as depicted below: 
𝐱̇𝑟(𝑡) = 𝐴𝑟𝐱𝑟(𝑡) + 𝐵𝑟𝑧̇(𝑡)

𝑦𝑟(𝑡) = 𝐶𝑟𝐱𝑟(𝑡) ≈ ∫

𝑡

0
𝐾𝑟(𝑡 − 𝜏)𝑧̇(𝜏)d𝜏

(6)

where 𝐾𝑟(𝑡) = 𝐶𝑟𝑒𝐴𝑟𝑡𝐵𝑟. Here, the state matrix (𝐴𝑟 ∈ R𝑛𝑟×𝑛𝑟 ) governs the 
dynamics of the state vector 𝐱𝑟 over time, the input matrix (𝐵𝑟 ∈ R𝑛𝑟×1) 
maps the heave velocity 𝑧̇(𝑡) to the state vector, the output matrix 
(𝐶𝑟 ∈ R1×𝑛𝑟 ), which relates the state vector 𝐱𝑟 to the output 𝑦𝑟, the 
state vector (𝐱𝑟 ∈ R𝑛𝑟×1) represents the time history of the radiation 
force kernel. The parameter 𝑛𝑟 represents the number of states used 
to approximate the convolution integral, which is chosen based on the 
desired level of accuracy. The common method for deriving the real-
ization involves applying a Singular Value Decomposition (SVD) on the 
Hankel matrix associated with the impulse response function [45,46], 
which is utilized in this study. Therefore, the equation of motion of a 
single-body heaving point absorber WEC, denoted as Eq. (1), can be 
reformulated into a generalized state-space representation as follows

𝐴 =

⎡

⎢

⎢

⎢

⎣

0 1 [0]1×𝑛𝑟
− 𝑘ℎ𝑠

𝑚+𝑚∞
− 𝑐𝑣

𝑚+𝑚∞
− 𝑐𝑟

𝑚+𝑚∞
[0]𝑛𝑟×1 𝐵𝑟 𝐴𝑟

⎤

⎥

⎥

⎥

⎦

, 𝐵 =

⎡

⎢

⎢

⎢

⎣

0
1

𝑚+𝑚∞
[0]𝑛𝑟×1

⎤

⎥

⎥

⎥

⎦

,

𝐶 =
[

1 0 [0]1×𝑛𝑟
0 1 [0]1×𝑛𝑟

]

, 𝐷 =
[

0
0

]

(7)

3. Proposed control strategy

The block diagram of the proposed control strategy is depicted in 
Fig.  3. Consider the given state-space representation of the WEC:

𝐱̇(𝑡) = 𝐴(𝑡)𝐱 + 𝐵(𝑡)𝐮 + 𝐰(𝑡) (8)

𝐲(𝑡) = 𝐶(𝑡)𝐱 (9)
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Fig. 3. Block diagram of the proposed control strategy.
here, 𝐮(⋅) represents the control input of the PTO system, and 𝐰(⋅) is the 
disturbance input. In this study, the wave excitation force is considered 
as the external disturbance influencing the considered WEC. The output 
signal 𝐲(⋅) is of particular interest as it is desired to track a reference 
signal 𝐲𝑑 (⋅) such as WEC velocity to make resonance in the system. By 
achieving resonance, the heaving point absorber can efficiently capture 
and convert wave energy into electrical power, maximizing its energy 
output and effectiveness. The goal is to adjust the control input 𝐮 in 
such a way that the output signal 𝐲 tracks the desired reference signal 
𝐲𝑑 . The performance index is: 

 (𝐱0,𝐮) = 𝐞𝑇 (𝑡𝑓 )𝐻̂𝐞(𝑡𝑓 )+∫

𝑡𝑓

𝑡0

(

𝐞𝑇 (𝑡)𝑄(𝑡)𝐞(𝑡)+𝐮𝑇 (𝑡)𝑅(𝑡)𝐮(𝑡)+2𝐱𝑇 (𝑡)𝑍(𝑡)𝐮(𝑡)
)

d𝑡 (10)

where 𝐞(𝑡) = 𝐲(𝑡) − 𝐲𝑑 (𝑡) is the difference between the actual output and 
its desired value. The terminal cost, i.e., the term outside of the integral 
in Eq. (10) can be expanded as follows:

𝐞𝑇 (𝑡𝑓 )𝐻̂𝐞(𝑡𝑓 ) =
(

𝐶(𝑡𝑓 )𝐱(𝑡𝑓 ) − 𝐲𝑑 (𝑡𝑓 )
)𝑇 𝐻̂

(

𝐶(𝑡𝑓 )𝐱(𝑡𝑓 ) − 𝐲𝑑 (𝑡𝑓 )
) (11)

= 𝐱𝑇 (𝑡𝑓 )𝐶𝑇 (𝑡𝑓 )𝐻̂𝐶(𝑡𝑓 )𝐱(𝑡𝑓 ) − 2𝐲𝑇𝑑 (𝑡𝑓 )𝐻̂𝐶(𝑡𝑓 )𝐱(𝑡𝑓 ) + 𝐲𝑇𝑑 (𝑡𝑓 )𝐻̂𝐲𝑑 (𝑡𝑓 )

(12)

The expression includes both quadratic and linear components of 𝐱(𝑡𝑓 ), 
along with an additional unrelated term involving it. By expanding the 
integrand terms in Eq. (10):
(

𝐶(𝑡)𝐱(𝑡) − 𝐲𝑑 (𝑡)
)𝑇𝑄(𝑡)

(

𝐶(𝑡)𝐱(𝑡) − 𝐲𝑑 (𝑡)
)

+ 𝐮𝑇 (𝑡)𝑅(𝑡)𝐮(𝑡) + 2𝐱𝑇 (𝑡)𝑍(𝑡)𝐮(𝑡)
(13)

= 𝐱𝑇 (𝑡)𝐶𝑇 (𝑡)𝑄(𝑡)𝐶(𝑡)𝐱(𝑡) − 2𝐲𝑇𝑑 (𝑡)𝑄(𝑡)𝐶(𝑡)𝐱(𝑡) + 𝐮𝑇 (𝑡)𝑅(𝑡)𝐮(𝑡)
(14)

+ 2𝐱𝑇 (𝑡)𝑍(𝑡)𝐮(𝑡) + 𝐲𝑇𝑑 (𝑡)𝑄(𝑡)𝐲𝑑 (𝑡) (15)

The Hamlitonian function can be defined as follows by considering 
𝑉 (𝐱, 𝑡) as the optimal value of  (𝐱, 𝑡)

 = 𝐱𝑇 (𝑡)𝐶𝑇 (𝑡)𝑄(𝑡)𝐶(𝑡)𝐱(𝑡) − 2𝐲𝑇𝑑 (𝑡)𝑄(𝑡)𝐶(𝑡)𝐱(𝑡) + 𝐮𝑇 (𝑡)𝑅(𝑡)𝐮(𝑡)

+ 2𝐱𝑇 (𝑡)𝑍(𝑡)𝐮(𝑡) + 𝐲𝑇𝑑 (𝑡)𝑄(𝑡)𝐲𝑑 (𝑡) +
( 𝜕𝑉
𝜕𝐱

)𝑇 (
𝐴(𝑡)𝐱 + 𝐵(𝑡)𝐮 + 𝐰(𝑡)

)

(16)

The minimum of  with respect to the control signal 𝐮 can be found 
by setting 𝐮 to zero 
𝜕 = 2𝑅(𝑡)𝐮 + 2𝑍𝑇 (𝑡)𝐱 + 𝐵𝑇 (𝑡)

( 𝜕𝑉 )

= 0 (17)

𝜕𝐮 𝜕𝐱

5 
which results in 
𝐮̂ = −1

2
𝑅−1(𝑡)

(

2𝑍𝑇 (𝑡)𝐱 + 𝐵𝑇 (𝑡)
( 𝜕𝑉
𝜕𝐱

))

(18)

By substituting the minimizer signal, 𝐮̂, in the Hamiltonian of Eq. (16), 
it yields
𝑚𝑖𝑛 = 𝐱𝑇 (𝑡)𝐶𝑇 (𝑡)𝑄(𝑡)𝐶(𝑡)𝐱(𝑡) − 2𝐲𝑇𝑑 (𝑡)𝑄(𝑡)𝐶(𝑡)𝐱(𝑡) + 𝐮̂𝑇 (𝑡)𝑅(𝑡)𝐮̂(𝑡) (19)

+ 2𝐱𝑇 (𝑡)𝑍(𝑡)𝐮̂(𝑡) + 𝐲𝑇𝑑 (𝑡)𝑄(𝑡)𝐲𝑑 (𝑡) +
( 𝜕𝑉
𝜕𝐱

)𝑇 (
𝐴(𝑡)𝐱 + 𝐵𝐮̂ + 𝐰(𝑡)

)

(20)

= 𝐱𝑇 (𝑡)
(

𝐶𝑇 (𝑡)𝑄(𝑡)𝐶(𝑡) −𝑍(𝑡)𝑅−1(𝑡)𝑍𝑇 (𝑡)
)

𝐱(𝑡) (21)

+ 𝐱𝑇 (𝑡)
(

−2𝐶𝑇 (𝑡)𝑄(𝑡)𝐲𝑑 (𝑡) + 𝐴𝑇
( 𝜕𝑉
𝜕𝐱

)

−𝑍(𝑡)𝑅−1(𝑡)𝐵𝑇 (𝑡)
( 𝜕𝑉
𝜕𝐱

))

(22)

+ 𝐲𝑇𝑑 (𝑡)𝑄(𝑡)𝐲𝑑 (𝑡) +
( 𝜕𝑉
𝜕𝐱

)𝑇
𝐰(𝑡) − 1

4

( 𝜕𝑉
𝜕𝐱

)𝑇
𝐵(𝑡)𝑅−1(𝑡)𝐵𝑇 (𝑡)

( 𝜕𝑉
𝜕𝐱

)

(23)

To solve the Hamilton–Jacobi-Bellman (HJB) equation, the following 
form can be selected with undetermined coefficients 
𝑉 (𝐱, 𝑡) = 𝐱𝑇 𝑃 (𝑡)𝐱 +

(

𝐛(𝑡) + 𝐝(𝑡)
)𝑇 𝐱 + 𝑣(𝑡) (24)

in which 𝑃 (⋅) ∈ R𝑛×𝑛,𝐛(⋅),𝐝(⋅) ∈ R𝑛×1, and 𝑣(⋅) ∈ R must be computed. 
Without loss of generality, it is assumed 𝑃 (𝑡) = 𝑃 𝑇 (𝑡) ⪰ 0. The quadratic 
form assumption for the value function simplifies the solution of the 
HJB equation which makes it computationally feasible for real-time 
control applications. However, in highly nonlinear systems or with non-
quadratic cost functions, this approximation may result in suboptimal 
control performance.

Recalling the HJB equation, i.e., 

− 𝜕𝑉
𝜕𝑡

= min (25)

one can obtain the following in which the argument 𝑡 is omitted for 
simplifying the notation
−𝐱𝑃̇𝐱 − 𝐱𝑇

(

𝐛̇ + 𝐝̇
)

− 𝑣̇ = 𝐱𝑇
(

𝐶𝑇𝑄𝐶 −𝑍𝑅−1𝑍𝑇
)

𝐱 (26)

+ 𝐱𝑇
(

−2𝐶𝑇𝑄𝐲𝑑 + 𝐴𝑇 (2𝑃 𝐱 + 𝐛 + 𝐝
) (27)

−𝑍𝑅−1𝐵𝑇 (2𝑃 𝐱 + 𝐛 + 𝐝
)

)

(28)

+ 𝐲𝑇𝑑 𝑄𝐲𝑑 +
(

2𝑃𝐱 + 𝐛 + 𝐝
)𝑇

𝐰 (29)

− 1
4

(

2𝑃𝐱 + 𝐛 + 𝐝
)𝑇

𝐵𝑅−1𝐵𝑇
(

2𝑃 𝐱 + 𝐛 + 𝐝
)

(30)

which can be simplified as
𝐱𝑇

(

𝐶𝑇𝑄𝐶 −𝑍𝑅−1𝑍𝑇 + 2𝐴𝑇 𝑃 − 2𝑍𝑅−1𝐵𝑇 𝑃 − 𝑃 𝑇𝐵𝑅−1𝐵𝑇 𝑃
)

𝐱 (31)
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+ 𝐱𝑇
(

−2𝐶𝑇𝑄𝐲𝑑 + 𝐴𝑇 (𝐛 + 𝐝
)

−𝑍𝑅−1𝐵𝑇 (𝐛 + 𝐝
)

+ 2𝑃𝐰 − 𝑃 𝑇𝐵𝑅−1𝐵𝑇 (𝐛 + 𝐝
)

)

(32)

+ 𝐲𝑇𝑑 𝑄𝐲𝑑 +
(

𝐛 + 𝐝
)𝑇𝐰 − 1

4
(

𝐛 + 𝐝
)𝑇𝐵𝑅−1𝐵𝑇 (𝐛 + 𝐝

) (33)

which sequentially results in
−𝑃̇ = 𝐴𝑇 𝑃 + 𝑃𝐴 + 𝐶𝑇𝑄𝐶 −𝑍𝑅−1𝑍𝑇 − 2𝑍𝑅−1𝐵𝑇 𝑃 − 𝑃 𝑇𝐵𝑅−1𝐵𝑇 𝑃

(34)

−𝐛̇ =
(

𝐴 − 𝐵𝑅−1𝑍𝑇 − 𝐵𝑅−1𝐵𝑇 𝑃
)𝑇

𝐛 − 2𝐶𝑇𝑄𝐲𝑑 (35)

−𝐝̇ =
(

𝐴 − 𝐵𝑅−1𝑍𝑇 − 𝐵𝑅−1𝐵𝑇 𝑃
)𝑇

𝐝 + 2𝑃𝐰 (36)

−𝑣̇ = 𝐲𝑇𝑑𝑄𝐲𝑑 + 2𝐛𝑇𝐰 − 1
4
(

𝐛 + 𝐝
)𝑇𝐵𝑅−1𝐵𝑇 (𝐛 + 𝐝

)

(37)

Considering 𝑉 (𝐱(𝑡𝑓 ), 𝑡𝑓 ) as 𝐞𝑇 (𝑡𝑓 )𝐻̂𝐞(𝑡𝑓 ), the following boundary condi-
tions are found
𝑃 (𝑡𝑓 ) = 𝐶𝑇 (𝑡𝑓 )𝐻̂𝐶(𝑡𝑓 ) (38)

𝐛(𝑡𝑓 ) = −𝐶𝑇 (𝑡𝑓 )𝐻̂𝐲𝑑 (𝑡𝑓 ) (39)

𝐝(𝑡𝑓 ) = −𝐶𝑇 (𝑡𝑓 )𝐻̂𝐲𝑑 (𝑡𝑓 ) (40)

𝑣(𝑡𝑓 ) = 𝐲𝑇𝑑 (𝑡𝑓 )𝐻̂𝐲𝑑 (𝑡𝑓 ) (41)

Solving the equations yields the optimal control obtained in Eq. (18) 
as 
𝐮𝑜(𝐱, 𝑡) = −𝑅−1

(

𝑍𝑇 (𝑡) + 𝐵𝑇 (𝑡)𝑃 (𝑡)
)

𝐱 − 1
2
𝑅−1𝐵𝑇 (𝑡)

(

𝐛(𝑡) + 𝐝(𝑡)
)

(42)

which is composed of two terms: the former is responsible for the 
stability of the closed-loop and the latter compensates the disturbance 
and solves the tracking issue.

As can be seen from these results, the differential equations must be 
solved sequentially: 𝑃 → 𝐛 → 𝑣. The main concern is that for solving 
𝐛(𝑡) the disturbance input over (𝑡, 𝑡𝑓 ) is needed which means the struc-
ture of the control is not causal. Of course, if 𝐰(𝑡) is indeed known for 
all time steps, the signal 𝑅−1(𝑡)𝐵𝑇 (𝑡)𝐛(𝑡) can be computed offline. One 
solution is modeling the disturbance signal by a high-order state space 
dynamic, e.g., a linear filter whose parameters are already known. 
Another way is estimating/forecasting the behavior of the disturbance 
and utilizing it in the design process. Here, the NAR neural network 
is used to forecast the wave elevation time series and subsequently 
estimate the wave excitation force, as the disturbance signal, during 
the duration over which the control algorithm operates. In practical im-
plementation, real-time feedback mechanisms face challenges such as 
environmental fluctuations. The proposed control strategy accounts for 
such issues. Additionally, the controller is designed to adjust for vary-
ing wave conditions, ensuring stable performance in dynamic marine 
environments.

It is important to clarify that although the excitation force 𝐹ex(𝑡)
is referred to as a ‘disturbance’ within the optimal disturbance re-
jection framework, it is not being rejected in the traditional sense 
of disturbance attenuation. In fact, it represents the primary source 
of energy to be harvested by the WEC. The proposed strategy does 
not aim to suppress or eliminate this input. Instead, it anticipates the 
excitation force using a NAR neural network and generates an optimal 
reference velocity that is in phase with 𝐹ex(𝑡), as per Eq. (48) [47]. 
This phase alignment maximizes the instantaneous absorbed power. 
Hence, the control problem is still fundamentally energy-maximizing. 
The terminology of ’disturbance rejection’ used here aligns with the 
control-theoretic structure adopted for solving the HJB-based tracking 
problem but does not imply a mischaracterization of 𝐹ex(𝑡). Moreover, 
the term 2𝐱𝑇 (𝑡)𝑍(𝑡)𝐮(𝑡) in the performance index, Eq. (10), is directly 
responsible for promoting energy absorption by the WEC. In the WEC 
systems, the absorbed power is typically calculated as the product of 
the PTO force and the heave velocity of the device. Since the state 
vector 𝐱(𝑡) includes the heave velocity component and the control input 
𝐮(𝑡) corresponds to the PTO force, this cross-term in the cost function 
6 
explicitly encourages the controller to align the velocity and force in 
phase. This alignment is known to maximize the instantaneous ab-
sorbed power. Thus, although the performance index contains tracking 
and effort penalization terms, the inclusion of the 𝐱𝑇𝑍𝐮 term inherently 
formulates the control problem with an energy-maximizing objective. 
This approach guarantees that the proposed controller is consistent 
with the physical goal of maximizing energy extraction from ocean 
waves.

4. Nonlinear autoregressive neural network

A NAR network is a type of recurrent dynamic network [48] used for 
time series forecasting according to its ability to capture the nonlinear 
patterns in time series data. Ocean waves exhibit nonlinear charac-
teristics, especially under the influence of varying wind speeds and 
directions, changing seabed topography, and interactions with other 
waves. NAR network can capture these nonlinear dynamics effectively. 
NAR network, with its recurrent structure, can learn from historical 
wave data and recognize temporal patterns and dependencies, which 
are crucial for accurate wave forecasting. It can adapt to new patterns 
in wave data, making it robust to changes in wave behavior over time.

The NAR network can make multi-step-ahead forecasting, which 
is essential for WEC control purposes. The network uses feedback 
connections from previous outputs as part of the input for the next step. 
In general, the NAR network can be expressed as [33] 

𝑦(𝑡) = 𝑓 (𝑦(𝑡 − 1) + 𝑦(𝑡 − 2) +⋯ + 𝑦(𝑡 − 𝑘)) (43)

Here, 𝑓 denotes the mapping function learned by the neural network, 
𝑦(𝑡) represents the historical value of the time series at time step 𝑡, 𝑦(𝑡)
is the forecasted output at time step 𝑡, and 𝑘 signifies the length of the 
lag window.

A general schematic diagram of a NAR neural network architecture 
with two hidden layers is shown in Fig.  4. The structure of a NAR 
network typically consists of an input layer, hidden Layer/s, and an 
output layer [49]. The input layer consists of the historical time se-
ries data, which the network uses to make predictions. One or more 
hidden layers can be used which are responsible for capturing the 
nonlinear relationships within the data. Hidden layers can contain 
multiple neurons which are crucial for the network’s ability to learn 
and make predictions [50]. Each neuron in these layers applies a 
nonlinear activation function (such as sigmoid, tanh, or ReLU) to the 
weighted sum of its inputs [51]. The output layer is the last layer of the 
NAR structure that produces the predictions. Connecting the network 
layers is associated with weights and biases that the network should 
learn and find their optimum values during the training process [52]. 
Weights determine the strength of the connection between neurons, 
and biases allow the activation function to be shifted. The training 
process consists of adjusting the weights and biases of the network to 
minimize the difference between the predicted and actual values using 
an optimization algorithm such as the gradient descent method [53,54]. 
Thoroughly adjusting parameters and refining training strategies is 
vital to prevent overfitting and achieve better performance. Feedback 
connections are connections from the output layer back to the input 
or hidden layers, allowing it to use past predicted values as input for 
future predictions.

5. Generating WEC reference velocity

To achieve the highest output power, it is crucial for the controller 
to accurately track a reference WEC velocity. This reference velocity 
can be derived from knowledge of the wave excitation force acting 
on the WEC body. In this study, a method introduced in previous 
works [55,56] is employed to generate the reference velocity. Assuming 
that the input signal 𝐹ex(𝑡) exhibits narrowband harmonic characteris-
tics, with varying parameters over time amplitude 𝐴̂(𝑡), frequency 𝜔̂(𝑡), 
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Fig. 4. A Schematic diagram of a NAR neural network with two hidden layers.
and phase 𝜑̂(𝑡): 

𝐹ex(𝑡) = 𝐴̂(𝑡) cos(𝜔̂(𝑡)𝑡 + 𝜑̂(𝑡)) (44)

For real-time estimation of the unknown parameters of this equa-
tion, the Moving Horizon Estimation with Extended Kalman Filter 
(MHE-EKF) [57,58] is utilized. The state vector is defined as 𝐱(𝑡) =
[𝐴(𝑡), 𝜔(𝑡), 𝜑(𝑡)]T. A random-walk process model is assumed for the 
parameter evolution: 

𝐱𝑘+1 = 𝐱𝑘 + 𝐰𝑘, (45)

where 𝐰𝑘 is zero-mean Gaussian process noise with covariance 𝑄 =
diag(109, 10−9, 1). The measurement model relates the measured exci-
tation force 𝑦𝑘 to the state variables: 

𝑦𝑘 = 𝐴𝑘 cos(𝜔𝑘𝑡𝑘 + 𝜑𝑘) + 𝑣𝑘, (46)

with 𝑣𝑘 zero-mean Gaussian noise of variance 𝑅 = 0.01. The Jacobian 
of the measurement model with respect to 𝐱𝑘 is computed analytically 
at each update step as 

𝐻𝑘 =
[

cos(𝜔𝑘𝑡𝑘 + 𝜑𝑘) −𝐴𝑘𝑡𝑘 sin(𝜔𝑘𝑡𝑘 + 𝜑𝑘) −𝐴𝑘 sin(𝜔𝑘𝑡𝑘 + 𝜑𝑘)
]

.

(47)

The reference velocity 𝑣ref (𝑡) can then be generated using the equa-
tion 

𝑣ref (𝑡) =
𝐹ex(𝑡)

2𝐵𝑟𝑑 (𝜔̂)
(48)

here, 𝐵𝑟𝑑 (𝜔̂) is determined for each 𝜔̂ by fitting a curve to the radiation 
damping coefficient 𝐵𝑟𝑑 and 𝜔 values.

It is worth noting that the generated reference velocity inherently 
aims to maximize the absorbed wave power, as it is directly propor-
tional to the estimated excitation force 𝐹ex(𝑡), which appears in the 
absorbed power term 𝑃abs(𝑡) = 𝐹ex(𝑡) 𝑧̇(𝑡). In this study, the reference 
velocity is obtained without explicit enforcement of actuator force 
limits, motion bounds, or PTO power caps, in order to evaluate the 
underlying forecasting and tracking components in an unconstrained 
setting. This simplification allows for isolating the contribution of the 
proposed MHE-EKF forecasting and control strategy to the overall 
performance. Nevertheless, the formulation can be readily extended to 
incorporate such physical constraints by embedding the reference pro-
file generation into a constrained optimization framework (e.g., model 
predictive control), where the excitation force estimate serves as a 
predictive input.
7 
Fig. 5. The geographical location of the selected points to evaluate the 
performance of the proposed control theory.

6. Wave data

The performance of the proposed control strategy is evaluated 
based on the real wave climate of two selected locations around Fin-
land. These points are chosen in the locations of Waverider wave 
buoys installed by the Finnish Meteorological Institute [59] which is 
a branch of the Ministry of Transport and Communications. The details 
of the selected locations are shown in Table  2. Moreover, Fig.  5 shows 
the geographical location of the selected points. The collected one-
year half-hour temporal resolution significant wave height, wave peak 
period, and wave direction of these points are depicted in Fig.  6.

7. Results and discussion

7.1. Frequency domain response analysis

This study employs Ansys Aqwa, software based on linear potential 
flow theory, to simulate the hydrodynamic fluid wave loading on the 
WEC body in the frequency domain. Following analysis in the frequency 
domain and obtaining the hydrodynamic coefficients, they can be inte-
grated into the WEC’s time-domain equations of motion, represented as 
Eq. (1), enabling investigation into the dynamic response of the system 
under different irregular wave conditions. In the analyses, the origin of 
the global axis is located at the mean free surface, which constitutes 
a right-handed coordinate system. The vertical axis, denoted as 𝑍-axis, 
extends upwards. The wave direction is the angle between the direction 
of propagation and the positive 𝑋-axis in an anti-clockwise manner. 
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Table 2
The details of selected points to evaluate the performance of the proposed control theory.
 Location Buoy Coordinate Water Depth (m) Data Collection Interval  
 Point 1 Sea of Bothnia wavebuoy 61◦48′ N, 20◦14′ E 111 01-01-2023 to 01-01-2024 
 Point 2 Northern Baltic Proper wavebuoy 59◦15′ N, 21◦00′ E 105 01-01-2023 to 01-01-2024 
Fig. 6. The collected one-year half-hour temporal resolution significant wave height, wave peak period, and wave direction of the selected points.
Table 3
Setup parameters for the frequency domain response analysis.
 Parameter Value Unit  
 Water density, 𝜌 1025 kg m−3 
 Wave directions, 𝛽 −180,−120,−60, 0, 60, 120, 180 degree  
 Gravitational acceleration, 𝑔 9.806 m s−2  
 Frequency range, 𝜔 0.1 to 3.5 with 40 steps rad s−1  
 Viscous force coefficient, 𝑐𝑣 0 N s/m2 
The mass properties of the floating body are detailed in Table  1. Other 
simulation parameters are shown in Table  3. Moreover, Fig.  7 shows 
the numerical mesh model of the considered WEC which is used for 
calculating hydrodynamic coefficients.

The results of the frequency domain hydrodynamic analysis of the 
considered WEC are presented in Fig.  8. This figure displays the added 
mass, radiation wave damping, excitation force phase and magnitude, 
excitation, and radiation IRFs. These IRFs are computed from 𝑡 = 0
to 150 𝑠. Additionally, a parametric state-space model fitted to the 
radiation IRF of order 𝑛𝑟 = 3 is depicted. Furthermore, the values of 
the added mass at infinite frequency 𝑚∞ and the linear hydrostatic 
restoring coefficient 𝑘ℎ𝑠 are determined as 75466.42 kg and 504220 
N.m−1, respectively.

7.2. Selected sea states of the studied points

It is needed to determine the sea state of the studied locations (see 
Table  2) in such a way that is representative of the wave climate in 
these points. These sea states are utilized for performance evaluation 
of the considered WEC model in the time domain. Since the selected 
locations have a calm wave climate in general, here the focus is on 
modeling extreme events of the wave climate for risk assessment and 
decision-making. To this purpose, Extreme value distribution is fitted 
to the wave data to model extreme events more accurately and to 
estimate the probability of such events occurring within a given dataset 
or period. The selection of an appropriate extreme value distribution is 
crucial for accurately predicting extreme wave events.

The histogram with fitted extreme value distribution to the collected 
one-year significant wave height, wave peak period, and wave direction 
8 
Fig. 7. Numerical mesh model of the considered heaving point absorber WEC 
used for calculating hydrodynamic coefficients.

of the selected points is illustrated in Fig.  9. Moreover, the details of 
the fitting results are shown in Table  4. The parameters 𝜇 and 𝜎 are 
the mean and standard deviation of the fitted distribution, respectively. 
The maximum probability and the value associated with the maximum 
probability are also presented in this table. The values associated with 
the maximum probabilities are chosen as the candidates for the sea 
states of the studied points. It should be noted that here the wave di-
rection is not important because the considered WEC is a heaving point 
absorber type and can extract the wave power in different directions.
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Fig. 8. Results of frequency domain hydrodynamic analysis of the considered heaving point absorber WEC.
Fig. 9. The histogram with fitted extreme value distribution to the collected one-year half-hour temporal resolution significant wave height, wave peak period, 
and wave direction of the selected points.
To model the disturbance signal (wave excitation force) in the 
studied locations, it is assumed that the 300 s wave elevation time series 
9 
information is available before the start of the controller operation. 
Then, based on these past observations, it is possible to forecast the 
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Fig. 10. The training irregular waves generated by the JONSWAP spectrum based on the sea states associated with the maximum probabilities of the selected 
points.
Table 4
Extreme value distribution fit results to the collected one-year half-hour temporal resolution significant wave height, wave peak 
period, and wave direction of the selected points.
 Dataset Variable Max Prob Value at Max Prob 𝜇 𝜎  
 Sea of
Bothnia 
wavebuoy

Significant Wave Height (𝑚) 0.3648 1.4000 1.4396 1.0078  
 Wave Peak Period (𝑠) 0.2432 5.4000 5.3830 1.5127  
 Wave Direction (◦) 0.0045 271 271.4683 82.3325 
 Northern Baltic
Proper 
wavebuoy 

Significant Wave Height (𝑚) 0.2992 1.7000 1.7356 1.2290  
 Wave Peak Period (𝑠) 0.2141 6.1000 6.1589 1.7172  
 Wave Direction (◦) 0.0047 236 235.8649 77.9419 
wave elevations using NAR network for future time steps. In the next 
step, the wave excitation force time series will be estimated based 
on the forecasted wave elevation time series which is needed by the 
controller to reject its effects. The training time series elevation of 
the generated waves and their JONSWAP spectrum are shown in Fig. 
10. These wave elevation data are used to train the NAR network 
models to generate new wave elevations for performance evaluation 
of the proposed control strategy. The structural specifications of the 
developed NAR models for two selected points are outlined in Table 
5. It is necessary to explain that these specifications are obtained 
after numerous network training to capture the best and most rational 
results for the training and forecasted sets. Fig.  11 displays the wave 
elevation time series comparison between the actual training data and 
the NAR model outputs. It is evident from the figure that the actual 
values closely match the forecasted values in both cases, indicating 
satisfactory accuracy for the training datasets. It is necessary to mention 
that while the NAR model provides accurate predictions under typical 
wave conditions, it may struggle to capture extreme wave events or 
highly irregular sea states due to limitations in training data or model 
generalization. To improve robustness in such scenarios, it is possible to 
explore incorporating a broader range of training data or using hybrid 
models that combine traditional forecasting methods with machine 
learning techniques to better handle rare, high-energy wave conditions. 
The 60 𝑠 ahead forecasted wave elevations and relevant wave excitation 
10 
forces of the studied locations are depicted in Fig.  12. These two new 
waves are used to evaluate the performance of the proposed control 
strategy.

The observer mechanism is integral to the control strategy, contin-
uously monitoring wave elevations over a defined period to capture 
the current wave environment. The NAR network is trained in real-
time using the observed wave elevation data which enables the system 
to generate accurate forecasts tailored to immediate conditions. The 
proposed approach inherently adapts to different wave environments 
through the observer’s tracking and the network’s real-time training, 
obviating the need for pre-training on diverse datasets.

7.3. WEC reference velocities of the selected sea states

As mentioned in Section 5, the reference velocity 𝑣ref  is estimated 
based on Eq. (48) which specifies the WEC body oscillation velocity 
should be in phase with the wave excitation force. Fig.  13 shows the 
real-time estimations of the unknown parameters 𝐴̂(𝑡), 𝜔̂(𝑡), and 𝜑̂(𝑡) of 
Eq. (44) to estimate the wave excitation forces of the selected studied 
locations using MHE-EKF method. The MHE uses a horizon of 𝑁 = 5
samples (0.5 s at the 10Hz sampling rate), over which the EKF is 
applied iteratively to refine the parameter estimates. The initial state 
is set to 𝐱0 = [0.1, 0.5, 1]T with initial covariance 𝑃0 = diag(108, 0, 1). 
At each time step, the EKF processes the 𝑁 most recent measurements 
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Table 5
The general structure details of the created NAR network models to forecast the wave elevations of the selected 
points.
 Parameter Value  
 Predictor and Response Past observation time series of the wave elevation data  
 Number of feedback delays 200 (for Wave Elevation 1) and 30 (for Wave Elevation 2) 
 Number of layers Two layers  
 Hidden Layer size 10  
 Hidden layer activation function Hyperbolic tangent sigmoid  
 Output layer activation None  
 Training data ratio 70% of the entire data set  
 Validation data ratio 15% of the entire data set  
 Test data ratio 15% of the entire data set  
 Layer biases initializer Zeros  
 Update the network learnable parameters Levenberg–Marquardt backpropagation  
 Minimum gradient 1e−7  
 Maximum validation checks 6  
 Mu 0.001  
 Performance function Mean Square Error (MSE)  
 Performance Goal 0  
 Maximum number of epochs 1000  
Fig. 11. Time series of the wave elevation training actual values vs. NAR network outputs of the selected points.
Fig. 12. 60 𝑠 ahead forecasted wave elevations and relevant wave excitation forces exerted on the considered point absorber WEC of the selected locations to 
evaluate the performance of the controller.
11 
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Fig. 13. Real-time estimations of the amplitude 𝐴̂(𝑡), frequency 𝜔̂(𝑡), and phase 𝜑̂(𝑡) of the selected locations’ test wave excitation forces by the MHE-EKF method.
Fig. 14. Time series of the test wave excitation force actual values exerted on the considered point absorber WEC vs. MHE-EKF method outputs of the selected 
points.
to produce updated estimates 𝐴̂(𝑡), 𝜔̂(𝑡), and 𝜑̂(𝑡), which are then 
substituted into (44) to reconstruct the excitation force signal 𝐹ex(𝑡). 
Moreover, Fig.  14 depicts the time-series data of both the test actual 
wave excitation forces exerted on the analyzed WEC and their estimates 
obtained through the MHE-EKF method. As evidenced by this figure, 
the estimated values by MHE-EKF method closely align with the actual 
values, indicating a satisfactory level of accuracy in the estimation 
process. Finally, the time series of the generated non-constrained WEC 
reference velocities of the selected points are illustrated in Fig.  15. The 
WEC controller should be designed in such a way that it can track these 
signals as much as possible.

7.4. Control strategy performance evaluation

7.4.1. Performance evaluation on the selected sea states
In this subsection, the effectiveness of the proposed control strategy 

is evaluated on the sea states of the selected studied points. Time-
domain simulations are performed utilizing MATLAB software. The 
variable-step explicit Runge–Kutta (4,5) is applied to solve the coupled 
ordinary differential equations (ODEs). While the explicit Runge–Kutta 
method was selected for its robustness and ease of implementation, al-
ternative methods, such as implicit solvers and multi-rate time-stepping 
techniques, could offer advantages in terms of stability and computa-
tional efficiency. Implicit solvers are particularly useful for stiff sys-
tems, while multi-rate time-stepping techniques can be beneficial for 
simulating systems with different time scales. The simulations aim to 
follow the reference velocities generated by Eq. (48) while minimiz-
ing deviations in the presence of disturbances 𝐹 (𝑡). Moreover, it is 
𝑒𝑥

12 
assumed there are no constraints on the PTO force and the WEC body 
displacements.

According to the results of the analysis in the frequency domain, the 
state space matrices of the considered WEC are as follows

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0 0 0
−1.907105 0 0.064919 −0.003229 −0.030018

0 −2.511690 −0.913479 1.173820 0.954371
0 −0.124915 −1.173820 −0.002449 −0.040506
0 −1.161395 −0.954371 −0.040506 −1.710239

⎤

⎥

⎥

⎥

⎥

⎥

⎦

𝐵 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0
3.782422 × 10−6

0
0
0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐶 =
[

1 0 0 0 0
0 1 0 0 0

]

, 𝐷 =
[

0
0

]

Other matrices are determined as

𝑄 = 1010 ×
[

9 9
9 9

]

, 𝑍 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0
−1
0
0
0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑅 = 0.00001

It is necessary to explain that the matrix elements of 𝑄 and 𝑅 are 
selected by trial and error. The values of these matrices depend on the 
considered problem.

Fig.  16 shows the tracking results of the reference displacement 
and velocity by the proposed control strategy for studied irregular 
waves of the selected points. According to this figure, generally, it 
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Fig. 15. Time series of the non-constrained reference velocities of the selected points.
Fig. 16. Tracking results of the reference displacement and velocity by the proposed control strategy for studied irregular waves of the selected points.
can be said that the close matching observed between the reference 
and the tracked signals underscores the robustness and effectiveness of 
the proposed controller. The time series of the calculated PTO force 
of these two considered sea states is depicted in Fig.  17. Moreover, 
the time series of the absorbed power, 𝑃abs(𝑡) = 𝐹PTO(𝑡) ⋅ 𝑧̇(𝑡), in both 
cases are illustrated in Fig.  18. In this figure, it should be noted that 
negative power typically indicates that energy is being extracted from 
the system rather than being supplied to it. When a WEC is generating 
power, it produces positive power, indicating that it is converting the 
kinetic energy of the waves into electrical energy or some other form 
of usable energy. However, during certain conditions or phases of 
operation, a WEC may consume more energy than it generates. This 
can happen, for example, when the waves are too small for the WEC to 
effectively capture and convert their energy, or during startup phases 
when the device consumes power but is not yet producing significant 
energy output. In such cases, the power generated by the WEC may 
be negative, indicating that the device is consuming power from an 
external source or dissipating energy rather than generating it. This 
13 
is not desirable from an efficiency standpoint but can be part of the 
operational characteristics of certain WEC designs. Moreover, in the 
investigated case, no constraints are defined for the WEC velocity and 
PTO force. Hence, the value of the negative power may be large in some 
time steps.

As mentioned, the values of weight matrices 𝑄 and 𝑅 can have 
considerable effects on the WEC controller’s performance. Two different 
cases are considered to investigate the effects of 𝑄 and 𝑅 variations on 
the performance of the studied WEC controller by calculating the Root 
Mean Square Error (RMSE) of the reference velocity tracking of both 
considered sea states. In the first case, only the value of the scalar 𝑅 is 
changed from 0.00001 to 1 with 20 linearly spaced time steps. The rest 
of the parameters and conditions are considered constant. In the second 
case, all the parameters and conditions are considered constant, only 
the elements of the 𝑄 matrix are changed. 𝑄 = 𝛼 ⋅

[

1 1
1 1

]

 is assumed, 
where 𝛼 value is changed from 3.0e7 to 9.0e10. The results are shown 
in Fig.  19. As it is clear in this figure, by reducing the value of 𝑅, the 
error value is also reduced. Moreover, the error value is decreased by 
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Fig. 17. Time series of the PTO force calculated by the proposed control strategy for studied irregular waves of the selected points.
Fig. 18. Time series of the absorbed power in the presence of the controller for studied irregular waves of the selected points.
Fig. 19. The effects of weight matrices 𝑄 and 𝑅 on the velocity tracking performance of the considered WEC for studied irregular waves of the selected points. 
𝑄 = 𝛼 ⋅

[

1 1
1 1

]

.

increasing the element values of the 𝑄 matrix. It should be noted that 
this occurred in the investigated case; however, in general, the values 
of the matrices 𝑄 and 𝑅 should be chosen relative to each other.

7.4.2. Performance evaluation concerning the WEC dynamics variations
Several factors can influence the dynamics of the WEC system. 

As mentioned, the proposed control strategy can handle the dynamic 
variations of the WEC system. It adapts seamlessly to changes in 
environmental conditions, ensuring optimal energy capture efficiency 
across diverse operational scenarios. To investigate this capability, the 
dynamics of the WEC system suddenly changed during the control 
operation and it is checked whether it can follow the WEC reference 
velocity or not. For this purpose, the performance of the controller is 
investigated within 120 s of execution and after the 60th second, the 
dynamics of the system is changed. The WEC under consideration here 
is the one described in Section 2.1. The only parameter that is changed 
after 60 s of the control execution is the WEC draught. Therefore, the 
value of the draught parameter is 5 𝑚 from 0 to 60 s, and after that 
and up to 120 s, it is 6 𝑚. It is necessary to explain that the change 
of this parameter changes other dynamics parameters of the system 
such as mass and added mass. The mass properties of the WEC, when 
14 
draught is 5 𝑚, are shown in Table  1, and the mass properties of the 
new case are presented in Table  6. Other hydrodynamic frequency 
domain parameters are shown in Table  3. The wave considered here 
is generated using the JONSWAP spectrum with 𝐻𝑠 = 2 m, 𝑇𝑝 = 8 s, 
and 𝛾 = 2. In this case, it is assumed that the wave excitation forces 
information of both WEC dynamics are already available to use in 
the controller. The results of displacement and velocity tracking are 
provided in Fig.  20. As evident in this figure, in this scenario as well, 
the presented control theory has been able to track the reference signals 
with acceptable accuracy in the presence of disturbance and maintain 
its functionality despite the change in system dynamics. This shows the 
power of the proposed control strategy against the dynamic changes 
in the system. Although this study evaluates single-parameter changes, 
the adaptive control framework is designed to accommodate multi-
parameter variations by utilizing real-time feedback to adjust control 
actions dynamically. This real-time adaptability ensures that the control 
strategy can respond promptly to changes in the WEC’s operating 
environment which maintains optimal performance and stability. It is 
necessary to emphasize again that in this research, the WEC reference 
velocity is calculated without any constraints. In the practical sense, 
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Table 6
The mass properties of the considered point absorber WEC when draught is 6 𝑚.
 Parameter Value Unit  
 Center of gravity (CoG) position concerning the global axis 𝑥 = 0, 𝑦 = 0, 𝑧 = −3.4985 m  
 Body mass 240436.5578 kg  
 Volumetric displacement 234.5723 m3  
 Moment of inertia around the 𝑥-axis (𝐼𝑥𝑥) 2078613.9313 kg.m2 
 Moment of inertia around the 𝑦-axis (𝐼𝑦𝑦) 2078613.9313 kg.m2 
 Moment of inertia around the 𝑧-axis (𝐼𝑧𝑧) 1538954.8192 kg.m2 
Fig. 20. Tracking results of the reference displacement and velocity by the proposed control strategy when the dynamic of the system changes for a wave 
generated using the JONSWAP spectrum with 𝐻𝑠 = 2 m, 𝑇𝑝 = 8 s, and 𝛾 = 2.
reaching these limits of displacement and velocity, which is shown 
in Fig.  20, is very difficult and requires a huge source of PTO force. 
Moreover, while the current analysis assumes aligned initial conditions 
for simplicity, a significant mismatch could impact performance during 
the transient phase. This can be mitigated by employing initialization 
strategies such as pre-tuning controller parameters, adaptive initial-
ization phases, or incorporating state observers to estimate and align 
initial conditions dynamically.

It is necessary to explain that in the previously presented results, it 
is assumed that the initial conditions of the reference signals and the 
start of the controller are the same. But in general, the initial conditions 
may not be the same, where in this case the controller needs some 
time to adapt to the conditions and track the reference signals. Fig. 
21 illustrates this case where the controller has been able to track the 
reference signals after a while. Moreover, in the presented results, it 
is assumed that the time of applying the controller corresponds to the 
start time of the reference signals. But in general, the controller may 
apply after some delays. In this case, the controller should be able to 
track the reference signals with acceptable accuracy. Fig.  22 shows this 
case. As it is clear in this figure, the controller is applied after 20 s and 
can track the reference signals with high accuracy.

7.4.3. Discussion
The presented results demonstrate the effectiveness of the pro-

posed control strategy in adapting to varying wave climates and WEC 
dynamics. However, a direct quantitative comparison with existing 
literature is not feasible due to inherent differences in case study 
configurations, including WEC designs, wave climates, PTO setup, and 
control strategies. Such variations significantly influence performance 
metrics. Instead, the findings are contextualized by identifying their 
alignment with broader trends observed in wave energy research. For 
instance, the demonstrated improvements in power absorption and the 
controller’s ability to adapt to sudden changes in system dynamics 
are consistent with the findings of recent studies that emphasize the 
importance of adaptive control techniques [30,31,60]. Additionally, the 
integration of wave elevation forecasting using neural networks with 
the controller is an innovative approach that extends the existing body 
of research by addressing practical constraints such as limited real-
time data availability and computational efficiency. Furthermore, this 
research emphasis on realistic sea states and dynamic system variations 
15 
addresses key limitations of many existing studies that rely on idealized 
assumptions.

A comprehensive frequency and time domain modeling framework 
for the considered WEC has been developed and described. This in-
cludes detailed setup parameters and modeling assumptions, enabling 
other researchers to reproduce and build upon this work. This research 
emphasizes transparency in modeling which makes it a robust reference 
point for future investigations. This study evaluates the performance of 
the proposed control strategy using realistic sea states, ensuring prac-
tical applicability. Instead of relying on simplified or idealized wave 
conditions, which are common in many studies, irregular waves and 
site-specific sea states are considered to mimic real-world scenarios. 
Moreover, a unique feature of this study is the generation of reference 
velocities that the controller uses for tracking. These velocities are 
derived to ensure that the WEC’s body oscillation velocity remains in 
phase with the wave excitation force, maximizing power production. 
While other studies often overlook this critical aspect, this research 
highlights its importance in optimizing energy extraction.

A key strength of this work is the thorough evaluation of the 
proposed control strategy across different scenarios: The controller’s 
ability to accurately track reference WEC displacements and velocities 
was rigorously tested. The results demonstrate its robustness and adapt-
ability, even under fluctuating wave conditions. The study evaluates 
the controller’s performance when the WEC dynamics vary, such as 
changes in system mass or hydrodynamic coefficients. This adaptability 
is a key factor for real-world applications where system parameters can 
change over time. To simulate realistic scenarios where the controller 
might be activated after some delay, tracking performance is assessed 
when the controller turned on after several seconds. This analysis is 
rare in existing literature and provides valuable insights into real-world 
operational challenges.

8. Conclusion

This research presented an innovative framework aimed at mitigat-
ing disturbances affecting WECs through adaptive optimal disturbance 
rejection. By dynamically adjusting control actions based on forecasted 
wave conditions, this approach sought to enhance the efficiency and 
reliability of WECs across diverse operating environments. Through 
accurate analysis, the paper demonstrated the adaptability and ef-
fectiveness of the proposed approach in tracking displacement and 
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Fig. 21. Tracking results of the reference displacement and velocity by the proposed control strategy when the dynamic of the system changes for a wave 
generated using the JONSWAP spectrum with 𝐻𝑠 = 2 m, 𝑇𝑝 = 8 s, and 𝛾 = 2 with initial conditions far from the reference signals starting points.
Fig. 22. Tracking results of the reference displacement and velocity by the proposed control strategy when the dynamic of the system changes for a wave 
generated using the JONSWAP spectrum with 𝐻𝑠 = 2 𝑚, 𝑇𝑝 = 8 𝑠, and 𝛾 = 2. The controller is applied after 20 s.
velocity reference signals with high precision, even in the presence of 
external disturbances. Through this research, the goal is to contribute 
to the advancement of control strategies for WECs which offer a path-
way toward more efficient and reliable exploitation of wave energy 
resources. While this study focuses on a single-body heaving point 
absorber, the proposed control strategy could be extended to multi-
body or articulated WEC systems. The adaptive control framework 
presented here can be adapted to handle the complexities of multi-
body systems by incorporating coupled models to account for the 
dynamic interactions between individual bodies. This study has some 
limitations that are necessary to consider. The controller’s performance 
16 
was evaluated under specific wave conditions and may require addi-
tional validation for highly irregular or extreme wave environments. 
Hydrodynamic coefficients were obtained through linear potential flow 
theory, which may not capture highly nonlinear interactions in ex-
treme sea states. Finally, the study focuses on a single-body WEC 
in heave motion, limiting the applicability of findings to other WEC 
designs or multi-degree-of-freedom systems. Future research could in-
vestigate deeper into the robustness of the control strategy under 
multi-degree-of-freedom dynamics with complex WEC geometries and 
validate its efficacy through practical implementations. Moreover, fu-
ture research could explore a comparative analysis between traditional 
forecasting methods and advanced machine learning techniques. This 
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investigation should specifically focus on evaluating their respective 
strengths and weaknesses, particularly in terms of prediction accu-
racy and computational demand. Furthermore, to further enhance the 
practical applicability of the proposed control strategy, future research 
should explore the integration of constraint-handling techniques for 
PTO force and motion limits.
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