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Quantifying information flow in quantum processes
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We present a framework for quantifying information flow within general quantum processes. For this purpose,
we introduce the signaling power of quantum channels and discuss its relevant operational properties. This
function supports extensions to higher-order maps, enabling the evaluation of information flow in general
quantum causal networks and processes with indefinite causal order. Furthermore, our results offer a rigorous
approach to information dynamics in open systems that applies also in the presence of initial system-environment
correlations, and allows for the distinction between classical and quantum information backflow.
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I. INTRODUCTION

A fundamental challenge in information theory lies in
characterizing the exchange of information between agents.
Prominent examples include communication tasks, where a
sender encodes a message and transmits it through a channel
to a receiver, as well as the storage of information in a memory
for future retrieval. Ultimately, information processing occurs
in physical systems governed by the laws of classical or quan-
tum physics, always under the influence of some type of noise
[1].

Recent years have seen remarkable advances in quan-
tum information science through the modeling of physical
processes via high-order operations [2]. This theoretical
framework describes in full generality the quantum resources
that are feasible within the constraints of causality. In essence,
it allows efficient optimization in quantum computing [3] and
metrology [4,5], as well as the operational modeling of quan-
tum stochastic processes [6]. From a foundational standpoint,
such maps have proven to be powerful tools for exploring
the quantum world in situations where the causality of events
defies our common sense [7], for example, when the order [8]
or the temporal direction [9] of transformations is coherently
superposed.

This article introduces an operational framework for char-
acterizing information flow between agents sharing arbitrary
quantum resources. To this end, we employ the formalism of
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higher-order quantum operations. Central to our approach is
the definition of the signaling power of a quantum channel,
a function that possesses a broad set of desirable operational
properties, admits efficient computation via semidefinite pro-
gramming, and has a clear operational interpretation as
the average success probability in a superdense-coding-like
protocol (see Fig. 1).

Building on this, we extend the concept of information
backflow [10], a central concept in the theory of quantum
non-Markovianity [11], in several directions. Notably, our
framework remains well defined even in the presence of
initial system-environment correlations, a regime in which
conventional approaches based on dynamical maps typically
fail. Furthermore, we introduce the notion of quantum infor-
mation backflow as a witness of genuine quantum memory:

FIG. 1. Communication scenario where two agents aim to trans-
mit classical information (variables X and B) using quantum systems:
the agents have available a quantum channel N to exchange quantum
systems and potentially share classical randomness and/or entangle-
ment in the form of a shared bipartite state �. In this scenario, the
quantum channel N defines what we call a “quantum process.” Al-
though illustrative, in this article we consider more general quantum
processes too; see Fig. 2.
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FIG. 2. Depiction of the general setup we consider [cf. Eq. (1)]:
Two agents manipulate quantum systems locally through quantum
instruments, with A and B representing the measurement outcomes.
ϒ defines the process matrix, that is, the most general communica-
tion resource they can use. As in Fig. 1, they may share a quantum
state �, which encodes entanglement and/or classical randomness.

specifically, the observation of quantum information backflow
indicates memory effects that cannot be simulated classically.

II. RESULTS

A. Setup

We start by fixing our notation. Hereafter HX denotes
the finite-dimensional Hilbert space for the quantum system
labeled by X. The symbols idX, Tr X, and �X refer to the
identity matrix, partial trace, and partial transposition over X,
respectively. Finally, we often invoke the Choi-Jamiółkowski
(CJ) isomorphism [12,13] to represent quantum transforma-
tions both as linear maps and as nonnormalized states. We
explain the theory behind it in detail in Appendix A.

We consider processes in which the values of two classical
variables A and B are generated by measurements performed
on quantum systems (Fig. 2). It is illustrative to think of
such variables as representing the outcomes of measurements
performed by two agents, say, Alice (A) and Bob (B), residing
in separated laboratories (labs). To generate their outcomes,
they may exchange quantum systems and share nonsignaling
resources (entanglement or classical randomness) encoded in
a bipartite quantum state. Moreover, both may have access to
local randomness sources that are independent of any resource
they share. Informally, that is to say that the agents have a
“free will” to decide which measurement to perform.

In a broad perspective, one may assume only that the
quantum probabilistic framework is locally valid inside each
laboratory [7]. Each experimenter can perform a measure-
ment on the systems that he or she has access to, which is
formally described by a suitable quantum instrument; that
is, a general measurement where the postmeasurement state
is also taken into account. Mathematically, each outcome is
associated with a completely positive (CP) map, such that the
sum of these maps is trace preserving (TP). The probability
of each outcome is computed by taking the trace of the state
after applying the corresponding CP map.

In this general scenario, the measurement statistics are
obtained via [7]

Pr(AB | EAFB) = Tr
[(

ET
A ⊗ F T

B

)
(ϒ ⊗ �)

]
. (1)

Here EA = {EA=a} and FB = {FB=b} are instruments (in the
CJ picture) of Alice and Bob, � is a bipartite state, and
the operator ϒ is the so-called process matrix, describing the
communication resources connecting the labs (see Fig. 2). If
Ai (Bi) and Ao (Bo) label the input and output systems of
Alice (Bob), then ϒ is an operator on the tensor product space
HAi

⊗ HAo
⊗ HBi

⊗ HBo
. With no further assumptions, ϒ

can be any operator for which Eq. (1) gives rise to non-
negative and normalized probabilities. All possible quantum
resources the agents may use for communication can be de-
scribed by such an operator, including channels, channels
with memory, and processes with indefinite causal order. Each
measurement operator, EA or FB, acts on one part of the bipar-
tite state � and in the corresponding input and output spaces
of each laboratory.

Given this scenario, it is natural to ask for signaling and
information flow between the agents. Intuitively, the more
sensitive Bob’s local statistics are to Alice’s encodings, the
better she can send information to him. More formally, Alice
can not signal to Bob when his local measurement statistics
are indifferent to Alice’s setting; that is, when the marginal
distribution

Pr(B | EA, FB) =
∑

a

Pr(A = a, B | EAFB) (2)

is independent on the instrument EA. Equivalently, suppose
they have agreed, a priori, with a finite alphabet of alterna-
tives X . Alice encodes a letter x ∈ X into some system by
applying a channel Ex, and then sends it out of her laboratory.
If Alice cannot signal to Bob, then his local measurement
statistics are indifferent to Alice’s encoding, i.e., the equality
Pr(B | Ex, FB) = Pr(B | Ex′ , FB) holds for all pair of channels,
Ex and Ex′ .

B. The signaling power of a channel

The simplest communication resource Alice can use to
communicate quantum systems to Bob is a quantum channel.
Mathematically, a channel is represented by a CPTP linear
map N or, in the CJ picture, by a positive semidefinite opera-
tor N satisfying Tr B N = idA.

If the labs are connected through a channel N , Eq. (1)
reduces to

Pr(AB | EAFB) = Tr
[(

ET
A ⊗ F T

B

)
(N ⊗ �)

]
. (3)

In this scenario, we can consider that Bob discards (traces
out) his system after measurement. Consequently, FB can
be considered as a positive-operator-value measure (POVM).
Notice that Eq. (2) is satisfied for all POVMs if and only
if N = idA ⊗ � for some state � ; equivalently, the channel
traces out the input state and prepare a system in a state �

fixed a priori, N (·) = Tr (·)� .
To assess the “quality” of a channel for signaling, we

introduce its signaling power as

S(N ) = log2 max
W

Tr (NW ), (4)
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with maximization to be taken over operators W representing
channels in the opposite causal direction of the channel N ,
i.e., W � 0 and Tr A W = idB. The motivation of this def-
inition will become clear below, where we demonstrate its
connection with the superdense-coding protocol; moreover,
it satisfies a plethora of properties that are required for a
quantifier of the signaling power. At the moment, it is worth
noting that S is evaluated as a semidefinite program and,
as such, can be efficiently computed with standard methods
employed in quantum information science [14]. Furthermore,
S is equivalent to (up to normalization and sign) the condi-
tional min-entropy of the CJ state of the channel (see, e.g.,
Ref. [15]).

C. Properties of the signaling power

We will now establish the main properties and operational
interpretation of the signaling power (see Appendix B for
formal proofs).

Observation 1. The signaling power [Eq. (4)] satisfies the
following properties:

(a) S(N ) is a convex and non-negative function of N
(b) S is continuous with respect to the diamond norm
(c) S(N ) = 0 if and only if N = idA ⊗ � for some density

matrix �

(d) S is additive, i.e., S(N ⊗ M ) = S(N ) + S(M ).
Concerning the operational interpretation, we make use

of the superdense coding protocol [16]. For simplicity, con-
sider a qudit channel (i.e., input and output having the same
dimensionality d). Alice and Bob agreed a priori with d2

alternatives, say, X = {(k�)}0�k,��d−1, and their communi-
cation is assisted by a maximally entangled state, |�+

d 〉 ∝∑
i |i〉 ⊗ |i〉, where {|i〉} is a fixed orthonormal basis. Alice

encodes a letter x = (k�) by applying the corresponding Weyl
unitary Vk� = X k

d Z�
d , where Xd and Zd are defined via Xd | j〉 =

| j + 1 mod d〉 and Zd | j〉 = ei2π j/d | j〉. If the communication
channel is unitary, N (·) = U · U †, Bob then receives one of
d2 states, UVk�|�+

d 〉, which are orthogonal by construction
and hence can be distinguished in a single-shot measurement.
Consequently, two dits of information were perfectly trans-
mitted. Moreover, 2S(N ) = d2 for unitary channels. For a noisy
channel, instead, one has the following result.

Observation 2. For a channel N , used for communication
in the superdense-coding protocol assisted by a maximally
entangled state, one has

2S(N ) = max
∑
x∈X

Pr(B = X |X = x), (5)

where |X | = (dim HA)2, Pr(B = X |X = x) is the probability
of correctly decoding the input x, and the maximum is taken
over all possible encoding and decoding strategies.

The effectiveness of the superdense coding protocol relies
on entanglement [17,18]. In the ideal scenario, it is pre-
served as Alice’s encoding and the communication channel
act like a local unitary transformation. For the case of an
entanglement-breaking channel, that is, a quantum channel
that when applied to a part of any bipartite state makes it
separable, one has the following.

Observation 3. For entanglement-breaking channels, the
signaling power is upper bounded by log2(dim HA).

FIG. 3. Quantum superchannel T transforming a channel NA→B

into N̂Ā→B̄ = T (N ). It is defined in terms of a pre- and postprocess-
ing channels that linked through a memory described by a channel
C.

D. A data-processing inequality

Next, we discuss how different channel transformations af-
fect the signaling power; in particular we aim to state a general
data-processing inequality (DPI). First, recall that a channel
can be transformed in many different ways, with appropriated
pre- and postprocessing operations that are potentially linked
through an auxiliary memory system (see Fig. 3). Mathe-
matically, a linear map T represents an admissible channel
transformation (or superchannel) if it maps channels into
channels, even when applied locally on a bipartite channel
[19]. As illustrated in Fig. 3, any superchannel can be decom-
posed as

T [N ] = Ppost ◦ (N ⊗ C) ◦ Ppre, (6)

In the CJ picture, we write

T [N ] = T 	 N, (7)

where T denotes the CJ representation of T and 	 the link
product [20]. The link product is formally defined in Ap-
pendix A. Without prejudice to the understanding of the rest
of this article, this equation can be read simply as a notation.

The connection between pre- and postprocessing through
the channel C defines the memory of the high-order transfor-
mation T . In a memoryless transformation, such maps are
independent of each other; equivalently, C is a trace-and-
prepare channel. Classical superchannels are those presenting
only classical memory (no quantum memory). Formally,
this is the same as saying that C is a measure-and-prepare
(entanglement-breaking) channel [21]. If the superchannel
cannot be simulated in this manner, we say that the transfor-
mation T has quantum memory.

To state the DPI for S, we first recall its version for quan-
tum states: the entropy of a quantum state cannot decrease
under the action of a bistochastic channel. A channel is bis-
tochastic if it has the maximally mixed state as a fixed point.
In particular, if input and output have the same dimension-
ality, they satisfy Tr B N = idA and Tr A N = idB; that is, N
represents at the same time a channel from A to B and a
channel from B to A. A superchannel, instead, maps channels
from A to B into channels from, say, Ā to B̄. We then define
the CJ operator T of a superchannel as bistochastic if it also
represents an admissible transformation of channels from B to
A into channels from B̄ to Ā. In essence, T is bistochastic if it
represents two causally inverse channel transformations at the
same time.
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Observation 4. For a given superchannel with CJ operator
T , the following statements are equivalent:

(a) S(T 	 N ) � S(N ) for all input channel N .
(b) It maps trace-and-prepare channels into trace-and-

prepare channels.
(c) T is bistochastic.
Bistochastic superchannels are in one-to-one correspon-

dence with nonsignaling bipartite channels (i.e., a channel
with two distinct inputs and two outputs). A bipartite channel
describes a deterministic input-output operation—sometimes
referred to as a “box”—that acts on the systems accessible to
two agents, Alice and Bob. In our setting, T corresponds to
a bipartite channel with inputs Ā B, and outputs A B̄, where
Alice has access to the pair (A, Ā) and Bob to (B, B̄).

An interesting consequence of this correspondence is that
superchannels with no communication between pre- and post-
processing operations form a strict subset of bistochastic
superchannels. This is because there exist nonsignaling boxes
(such as the well-known PR box [22]) that, while nonsignal-
ing, cannot be realized using shared quantum states alone.
In particular, the PR box violates information causality [23]:
when interpreted as a superchannel, it can increase the clas-
sical capacity of certain input channels. This suggests that
there might exist hidden fine-tuned information flow that is
not captured by violation of DPI alone. Seen through our
lens, recent breakthroughs on information causality [24,25]
show that one needs an even higher order operation (a super-
channel transformation or “super-superchannel”) to “activate”
this hidden memory (in the jargon typically employed in such
works, the super-superchannel is what defines the “protocol”).

E. Connections with antidistinguishability

It is natural to wonder what would happen if instead
of maximization we had minimization in the definition of
signaling power. By doing so, we obtain another signaling
quantifier, which also has interesting properties.

One way to consistently replace minimization with maxi-
mization is to define

P(N ) = 1 − min
W

Tr (NW ). (8)

This function retains several properties of S: it is non-negative,
convex, faithful, and continuous, and satisfies the DPI. Fur-
thermore, it is related to S via

P(N ) = [dim(HA ⊗ HB) − 1]
(
2S(N̂ ) − 1

)
, (9)

where

N̂ = (dim HA)idAB − N

dim(HA ⊗ HB) − 1
. (10)

However, in contrast to the signaling power, P does not
present any separation between classical and quantum, in the
sense that there is no value γCl such that P(N ) � γCl implies
nonclassicality (see Observation 3). In particular, there are
channels that are entanglement-breaking channels maximiz-
ing P(N ). For example, the qubit channel represented by

NEB = |0〉〈0| ⊗ |0〉〈0| + |1〉〈1| ⊗ |1〉〈1| (11)

is such that P(NEB) = 1, which is the maximum value P can
assume. Moreover, this function is superadditive. In particu-

lar, we numerically found the channel represented by

Ñ =

⎛
⎜⎜⎝

0.70836 0.23062 −0.24562 −0.07939
0.23062 0.29164 0.26927 0.24562

−0.24562 0.26927 0.64901 0.46428
−0.07939 0.24562 0.46428 0.35100

⎞
⎟⎟⎠,

which satisfies P(Ñ ) < 1, yet P(Ñ⊗2)
(!)= 1 (up to numerical

precision). Even though we focus more on the signaling power
throughout this paper, this function will be relevant when we
discuss the conditions for information backflow in terms of
the time-dependent decay rates in non-Markovian dynamics
and the bipartite scenario with indefinite causal order as we
will see below.

It is easy to verify that P(N ) � 1, with the maximum at-
tained by channels that permit perfect alternative exclusion in
a superdense-coding-like protocol. The scenario is analogous
to standard superdense coding (see Fig. 1), except that the
receiver now aims to exclude one possible encoding option
with certainty rather than correctly identifying the encoded
message. In this context, P(N ) = 1 if and only if there exists
a set of states,

{�x = (N ◦ Mx ) ⊗ IB̄[�+] : x ∈ X },
that is perfectly antidistinguishable; that is, without any prior
information one can perform a measurement that correctly
excludes with probability one at least one of them as the
correct one. More generally, P(N ) equals

P(N ) = 1 − |X | + max
∑
x∈X

Pr(B 
= X | X = x), (12)

which can be easily derived by adapting the proof of Observa-
tion 2 described in Appendix B.

F. Application to open quantum systems

Within the context of open quantum system (OQS) dynam-
ics, deviations from DPI are signatures of non-Markovianity.
The fundamental idea is that, in a Markovian evolution, all
information that is encoded on the OQS state at a given time is
monotonically lost to the environment as they interact [10]. If
an OQS is initialized (here t = 0) in a state that is uncorrelated
from its environment, its evolution is described by a quantum
dynamical map, namely, a family of CPTP maps Nt (equiv-
alently, their CJ operators Nt ). The absence of information
backflow (with respect to S) at a time t � 0 reads

− d

dt
S(Nt ) � 0. (13)

As a consequence of Observation 4, this is always satisfied
for CP-divisible dynamical maps, namely, those for which
it is possible to define quotient CPTP maps Nt |s such that
Nt = Nt |s ◦ Ns (e.g., the semigroup dynamics generated by a
Lindbladian L, Nt = etL, where Nt |s = e(t−s)L). This remains
valid if we exchange S by P.

To illustrate how non-Markovianity can be detected
through the breakdown of the inequality (13), we consider the
evolution of a two-level system under the action of a phase-
covariant noise, which includes damping and dephasing. The
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master equation for such a system takes the form [26]

�̇t = −iω(t )[σz, �t ]

+
∑

i

γi(t )

2

(
σi�tσ

†
i − 1

2
{σ †

i σi, �t }
)

, (14)

i ∈ {+,−, z}, σz = |1〉〈1| − |0〉〈0|, and σ
†
− = σ+ = |1〉〈0|.

CP divisibility is broken whenever any of the decay rates is
negative [27].

We derived conditions for no information backflow as
quantified by the functions we introduced (see Appendix C
for details), obtaining

γ (t ) + 4γz(t )

± γ (t ) exp

(
1

4

∫ t

0
[4γz(s) − γ (s)]ds

)
� 0, (15)

γ (t ) = γ+(t ) + γ−(t ), the condition with the minus sign ap-
plying to cases where the argument of the exponential is
positive, being replaced by the positivity of γ (t ) other-
wise. Therefore, the signaling power differs from all other
commonly used quantifiers (see Ref. [28]) by having a
“nonlocal-in-time” term. Furthermore, if γ (t ) = γ , a positive
constant, then the function γz(t ) for which the left-hand side
of Eq. (15) is null for all times coincides exactly with so-called
“eternally non-Markovian dynamics,” where CP divisibility
is broken at all points of time [29]; that is, the solution for
corresponding integral equation for γz(t ), for the equality in
Eq. (15) with the minus sign reads

γz(t ) = −γ

4
tanh

(
γ t

4

)
. (16)

Finally, we compare the detection of CP-divisibility break-
down of signaling power to other approaches. For this, we
look at the following simple model [30]:

γ+(t ) = e−t/2, (17a)

γ−(t ) = e−t/4, (17b)

γz(t ) = κe−3t/8

2
cos(2t ), (17c)

where κ � 0. CP divisibility is broken for all κ > 0 [since
γz(t ) assumes negative values], while P divisibility is broken
only if

√
γ+(t )γ−(t ) + 2γz(t ) < 0 [31], which occurs when

κ > 1. Information backflow, as quantified with the trace dis-
tance, is detectable only if γ+(t ) + γ−(t ) + 4γz(t ) < 0. For
the signaling power we numerically verify that it signifi-
cantly enhances the detection compared to the trace distance;
namely, we found

κ
(TD)
> cosh(π/16)︸ ︷︷ ︸

≈1.01934

(SP)
> 0.44044, (18)

where TD and SP stand for “trace distance” and “signaling
power,” respectively.

Now we go beyond the standard paradigm of dynamical
maps to describe open system information dynamics. For this,
we define quantum dynamical supermaps as

Tt,s[N ](·) = Tr Env Ut |s(N ⊗ IEnv)Us|0( · ⊗ �Env), (19)

FIG. 4. Quantum information backflow (positive values) in the
Jaynes-Cummings model. For the initial state, we set the cavity mode
in the Fock state |1〉 and the atom in the maximally mixed state.

where Ut |s is the unitary map acting on the total system (i.e.,
System + Env) and �Env is the initial state for the environ-
ment. For two given times s and t , 0 � s � t , the map Tt,s

transforms N into Tt,s 	 N through Eq. (19). If Tt,s is not
bistochastic, then for some channel, S(T 	 N ) > S(N ). This is
arguably a signature of information backflow: since the total
system is isolated, the only way the process described by Tt,s

can improve signaling of a noise channel is through transmit-
ting and retrieving information through the environment.

Next, we consider a trace-and-prepare channel as an input
for the dynamical supermap, and then quantify information
backflow based on the signaling power of the transformed
channel Mt,s := Tt,s 	 (id ⊗ � ). In some aspects, such an in-
formation backflow is more informative than the ordinary one
defined in Eq. (13). First, it detects memory even when there
is no CP-divisibility breaking, and it also allows the detection
of quantum memory. The later follows from Observation 3. In
fact, in the absence of quantum memory in the environment,
the output channel must be entanglement breaking and thus

S(Mt,s) � log2(dim HOQS). (20)

Consequently, any violation of this bound is a signature of
quantum memory, which we interpret as quantum information
backflow. In Fig. 4 we plot this function for the well-known
Jaynes-Cummings model, describing the evolution of a two-
level atom coupled to a single cavity mode (the atom plays
the role of the system S while the mode is the environment),
with Hamiltonian HJC(g) = h̄g(σ+ ⊗ b + σ− ⊗ b†), b being
the standard Bosonic lowering operator of the cavity mode,
[b, b†] = id, g is the coupling strength, and we consider the
resonant case.

G. Quantum channels with memory

In general, agents can share communication resources that
are not describable as an ordinary quantum channel. Indeed,
in a two-agent scenario where a causal order is fixed, say, that
the signaling direction is from Alice to Bob, then the most
general communication resource they share is described by a
quantum channel with memory [32].

Quantum channels with memory are in one-to-one cor-
respondence with quantum superchannels with trivial space
Ā (see Fig. 3). Employing the notation of Fig. 1, a quan-
tum channel with memory is described by the following CJ
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operator:

� = Tr Aux[(σ TAux ⊗ idAo
)(L ⊗ idAi

)]. (21)

Here we return to the initial labeling with inputs and outputs
to avoid confusion [cf. Eq. (1)]. The “auxiliary” system Aux
plays the role of the memory of the process.

Our key observation here is that Tr AiBi
� = idAo

, i.e., �

can also be seen as a channel from Ao to the combined system
Ai + Bi. Therefore, we can define the signaling power of it
accordingly,

S(�) = log2 max
W

Tr (�W ), (22)

where W � 0 and Tr Ao
W = idAiBi

. The significance of this
quantity is that it quantifies the causal influence Alice’s encod-
ing can have on Bob’s local statistics. In fact, notice that, from
Observation 1(a), S(�) is null if and only if � = η ⊗ idAo

, η

being a bipartite state. This corresponds to a common-cause
process [33]. In essence, the agents obtain correlated mea-
surement outcomes, but one cannot causally influence events
in other’s laboratory.

Within the context of OQS dynamics, the signaling power
for quantum channels with memory extends the notion of
information backflow [Eq. (13)] for the cases where the initial
system-environment state is correlated. Consider an initial
nonproduct state �SEnv. One encodes some information onto
the OQS, this action being described by the local application
of a CPTP map. Suppose one encodes a letter x, with a pres-
elected CPTP map Mx locally upon the OQS. At a later time
t , the reduced OQS state reads

St [Mx] = Tr Env Ut (Mx ⊗ IEnv)(�SEnv). (23)

The signaling power of St [computed via Eq. (22)] quantifies
the causal influence of the initial encoding on the OQS state
at times t � 0. Consequently, its nonmonotonic behavior can
also be seen as a signature of information backflow.

H. Quantum causal networks and beyond

The above reasoning can be applied to quantify informa-
tion flow between two groups in multiagent scenarios. In those
cases, the corresponding process matrix represents a family of
channels, each of which connects the outputs of one group to
the inputs of the other (see Appendix D for a discussion). Each
representation defines the communication resources between
the two chosen groups. The signaling power of the corre-
sponding channel quantifies the information flow between
them. This applies to both process having definitive causal
order defined through a directed acyclic graph and processes
with indefinite causal order.

Turning our attention back to the two-agent scenario, we
can define the signaling power for the generic process matrix
(i.e., without necessarily having a defined causal order) anal-
ogously to Eq. (22); i.e., looking at it as a quantum channel
AoBo → AiBi. By doing so, the quantity we obtain coincides
(up to the logarithm) with the “signaling robustness” intro-
duced in Ref. [34] in a resource-theoretic approach.

An interesting consequence of our results in this scenario
is the possibility of understanding in an operational and intu-
itive way that, although quantum theory allows for processes
with indefinite causal order, this additional resource does not

permit causal loops. This fact was already noticed in Ref. [7],
where the concept of indefinite causal order was formalized.
Employing our function P [Eq. (8)] and its operational inter-
pretation [Eq. (12)], we can be easily show that if two agents
share a valid process matrix then their average exclusion prob-
abilities satisfy

max
∑
x∈X

Pr(B 
= X |X = x)

+ max
∑
y∈Y

Pr(A 
= Y |Y = y) � |X | + |Y| − 1. (24)

Each term corresponds to the average probability of correctly
excluding at least one alternative in a superdense-coding-
like protocol, from Alice to Bob and from Bob to Alice,
respectively (notation is the same as in Observation 2,
a ↔ b and x ↔ y). In other words, instead of trying to guess
which alternative was input, as in standard superdense cod-
ing, the agents have the more modest goal of attempting to
exclude at least one alternative. The sum is upper bounded
by one, meaning that Alice and Bob cannot, on average,
win such a game simultaneously. In particular, if any of
them—say, Bob—can conclusively exclude Alice’s inputs,
then the marginal channel connecting his output to her in-
put is a trace-and-prepare channel, thus not allowing for any
signaling. Therefore, the information he gets cannot be sent
back to Alice (which could otherwise be used in her encod-
ing) in each round of the game, thus avoiding a paradoxical
causal loop.

Another interesting observation is that if we consider X
and Y as binary variables and divide both sides of the in-
equality (24) by two, the left-hand side coincides with the
inequality used in Ref. [7] to demonstrate indefinite causal
order. The right-hand side equals 3/2, which is twice as large
as the classical bound (i.e., assuming a definite causal order)
and strictly larger than the quantum bound of (2 + √

2)/4
[7], exactly mimicking the behavior of statistical correla-
tions in the simplest Bell test [35]. This suggests that the
notion of antidistinguishability may be useful for character-
izing extreme quantum correlations arising from indefinite
causal order under physical principles such as absence of
causal loops.

III. DISCUSSION

By defining the signaling power of channels and ex-
tending it to high-order maps, we achieved a quantitative
description of the information flow (signaling) between clas-
sical agents in general quantum processes. The concept of
information backflow, identified through the breakdown of
DPI, underwent significant expansion in various directions.
Notably, we extended it to cases involving initial system-
environment correlations. Furthermore, our approach enables
the discrimination between classical and quantum backflow of
information, while it also establishes connections with quan-
tum memory effects [21,36].

Our work paves the way for numerous potential avenues of
exploration. To highlight a few, the local detection of system-
environment properties in OQS dynamics, such as information
(back)flow and quantum memory, could be enhanced with
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optimal schemes in experimental setups. On the one hand,
having full knowledge of the process (e.g., via process tomog-
raphy) would enable the extraction of all relevant properties,
while on the other, our results demonstrate that with the as-
sistance of entanglement, a single measurement strategy per
time is sufficient. Determining optimal strategies for extract-
ing such properties in physically relevant setups presents an
interesting and highly relevant open problem.

Throughout the paper, we discuss some potential con-
nections between our approach to information flow and
foundational concepts in quantum theory. First, we highlight
the striking analogy between the gap separating bistochastic
quantum superchannels and those that prohibit information
flow between pre- and postprocessing, and the violation of the
information causality principle by postquantum correlations.
Second, in a similar vein, our results show that antidistin-
guishability plays a meaningful role in the formulation of
physical principles for quantum mechanics with indefinite
causal order: in the simplest scenario, it fully character-
izes the absence of causal loops. These observations suggest
that recasting the information causality principle within this
framework can yield novel insights in both directions, and that
antidistinguishability is a powerful concept warranting further
attention.
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APPENDIX A: CHOI-JAMIOŁKOWSKI ISOMORPHISM
AND LINK PRODUCT

A quantum channel is the most general deterministic trans-
formation between density operators that is compatible with
the probabilistic structure of quantum theory. Mathemati-
cally, it can be represented as a complete-positive (CP) and
trace-preserving (TP) linear map N : L(HA) → L(HB). Al-
ternatively, one can represent a channel as an operator N ∈
L(HA ⊗ HB) defined via

N ≡ CJ(N ) :=
∑

i j

|i〉〈 j| ⊗ N (|i〉〈 j|). (A1)

The mapping N �→ N defines the Choi-Jamiołkowski (CJ)
isomorphism [12,13]. A simple calculation reveals that its

inverse equals

N (·) = Tr A[(·T ⊗ idB)N]. (A2)

Remark. Both Eqs. (A1) and (A2) are computed with re-
spect to a fixed orthonormal basis in the input space. We
consider this standard basis-dependent definition of the CJ
isomorphism. Henceforth, all CJ operators, transpositions,
partial transpositions, and so on are computed with respect to
fixed orthonormal bases, even though we rarely make explicit
reference to it.

Lemma A1. A linear map N : L(HA) → L(HB) is CP if
and only if its Choi operator N is positive semidefinite, and
TP if and only if Tr B N = idA.

The CJ isomorphism thus provide a representation for
quantum channels that are particularly powerful if we are
doing semidefinite linear programming (SDP) or if we just
want to find out whether a map is CP or not.

From now on, in particular when proving our technical
results, we intensively use so-called link product introduced
in Ref. [20], where one can also find a detailed presentation on
the significance and main properties of that product. Here we
just summarize the main properties we will use throughout.

Definition A1. Let A and B be two finite set of indices la-
beling Hilbert spaces Hi, i ∈ A ∪ B. The link product between
U ∈ L(⊗i∈AHi ) and V ∈ L(⊗i∈BHi ) is an operator U 	 V ∈
L(⊗i∈A∪B\A∩BHi ) defined as

U 	 V = Tr A∩B[(U TA∩B ⊗ idB\A)(V ⊗ idA\B)], (A3)

where TA∩B means partial transposition over Hilbert spaces
labeled by A ∩ B.

The main motivation behind link product is to translate
composition of quantum transformations to the CJ picture. In
fact, notice that the Choi operator of the composition of two
linear maps N and M equals

CJ(M ◦ N ) = CJ(M) 	 CJ(N ). (A4)

In particular, the action of a quantum channel onto a quantum
state can be written as

N (�) = N 	 �. (A5)

The following lemma states the main properties of the link
product [20].

Lemma A2. Let A and B and C be finite sets of indices
labeling Hilbert spaces Hi, i ∈ A ∪ B ∪ C and let U ∈ L(HA),
V ∈ L(HB) and W ∈ L(HC). The link product has the follow-
ing properties:

(1) If U and V are Hermitian then U 	 V is also Hermitian
(2) If U and V are positive semidefinite then U 	 V is also

positive semidefinite
(3) U 	 V = USWAP(V 	 U )U †

SWAP, where USWAP is the
unitary SWAP between the Hilbert spaces labeled as A \ B and
B \ A

(4) If A ∩ B = ∅ then U 	 V = U ⊗ V
(5) If A = B then U 	 V = Tr (U TV )
(6) If A ∩ B ∩ C = ∅ then U 	 V 	 W = (U 	 V ) 	 W =

U 	 (V 	 W ).
Remark. Here N ∈ Ch→

AB means that N ∈ L(HA ⊗ HB),
N � 0, and Tr B N = idA. Similarly, N ∈ Ch←

AB if and only if
N ∈ L(HA ⊗ HB), N � 0, and Tr A N = idB.
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APPENDIX B: PROPERTIES OF THE SIGNALING POWER

This appendix contains demonstrations of some of the re-
sults established in the main text. For the sake of clarity, some
observations are divided into smaller propositions.

Proposition B1. S(N ) = 0 if and only if N = idA ⊗ � ,
� ∈ D(HB).

Proof. If N = idA ⊗ � , then Tr (NW ) = Tr � = 1 for all
W ∈ Ch←

AB, and hence S(N ) = 0. To prove the converse,
first we define T = N − idA ⊗ � , � = (dim HA)−1Tr A N ∈
D(HB). T is a self-adjoint operator with null marginals, i.e.,
T = T †, Tr AT = 0 and Tr BT = 0. Next, we define

Wλ = idAB

dim HA
+ λT .

Since T has null marginals, Tr AWλ = idB. Moreover, there
exists ε > 0 such that λ ∈ [−ε, ε] implies Wλ � 0. Therefore,
for those values of λ, Wλ ∈ Ch←

AB. Hence,

2S(N ) = max
W ∈Ch←

AB

Tr (NW ) � Tr (NWλ) = 1 + λTr T 2.

Finally, S(N ) = 0 implies λTr T 2 � 0 for all λ ∈ [−ε, ε],
consequently T = 0; that is, N = idA ⊗ � . �

Proposition B2. S is continuous with respect to the dia-
mond norm.

Proof. Since x, y � 1 implies | log x − log y| � |x − y|,
we have

|S(N ) − S(M )| �
∣∣∣∣max

W
Tr (NW ) − max

Ŵ
Tr (MŴ )

∣∣∣∣,
where the positivity of S was used. Next, we assume, without
loss of generality,

max
W

Tr (NW ) � max
Ŵ

Tr (MŴ ),

so that∣∣∣∣max
W

Tr (NW ) − max
Ŵ

Tr (MŴ )

∣∣∣∣
�

∣∣∣max
W

Tr (NW ) − Tr
{

Marg max
W

[Tr (NW )]
}∣∣∣

=
∣∣∣Tr

{
(N − M )arg max

W
[Tr (NW )]

}∣∣∣.
Following the same construction for the proof of Proposition
B3 below, we can define a set of bipartite states {�x}x∈X ⊂
D(HA ⊗ HĀ ), HĀ � HA, and a POVM {Ex}x∈X such that∣∣∣Tr

{
(N − M )arg max

W
[Tr(NW )]

}∣∣∣
�

∣∣∣∣∣
∑
x∈X

Tr {Ex[(N − M) ⊗ IĀ](�x )}
∣∣∣∣∣

�
∑

x

∣∣Tr {Ex[(N − M) ⊗ IĀ](�x )}∣∣
� |X | max

�∈D(HA⊗HĀ )
max

0�E�id
Tr {E [(N − M) ⊗ IĀ](�)}

= |X | ‖N − M‖�,

that is, |S(N ) − S(M )| � |X | ‖N − M‖�. �
Proposition B3. For channel with CJ operator N , used for

communication in the superdense coding protocol assisted by

a maximally entangled state, one has

2S(N ) = max
∑
x∈X

Pr(B = X |X = x), (B1)

where |X | = (dim HA)2, Pr(B = X |X = x) is the probability
of correct decoding the input x and the maximum is taken over
all possible encoding and decoding strategies.

Proof. By definition, the sum of the coincidence prob-
abilities in the superdense coding protocol, assisted by a
maximally entangled state �+ ∈ D(HĀ ⊗ HB̄ ), HĀ � HB̄,
and with communication channel represented by a CPTP lin-
ear map N : L(HA) → L(HB) is, by definition,∑

x∈X
Pr(B = X |X = x)

=
∑
x∈X

Tr {Ex (N ◦ Mx ) ⊗ IB̄[�+]}. (B2)

Here Mx ∈ Ch→̄
AA are the encoding channels, Ex ∈ L(HB ⊗

HB̄ ) are POVM effects of the decoding measurement and
IB̄ denotes the identity map acting upon B̄. Invoking the CJ
isomorphism and the link product we can write Eq. (B2) as∑

x∈X
Pr(B = X |X = x) =

∑
x∈X

Ex 	 N 	 Mx 	 �+

= N 	
∑
x∈X

Mx 	 �+ 	 Ex

= N 	 W̃ ,

where N and Mx are CJ representations of N and Mx, respec-
tively, and we have defined

W̃ =
∑
x∈X

Mx 	 �+ 	 Ex.

We now notice that W̃ ∈ L(HA ⊗ HB), W̃ � 0 and

Tr AW̃ = idA 	
∑
x∈X

Mx 	 �+ 	 Ex

= 1

dim HA

∑
x∈X

Tr B̄Ex

= idB,

where the fact that {Ex} is a POVM was used, in particular∑
x∈X Ex = idBB̄. Therefore, W̃ ∈ Ch←

AB, and hence

max
∑
x∈X

Pr(B = X |X = x) � 2S(N ). (B3)

To prove the reverse inequality, and thus establish the equality,
we first define

W = arg max
Ŵ ∈Ch←

AB

Tr NŴ

and fix an orthogonal basis of maximally entangled states
which, up to normalization, represent unitary channels; that
is, let ux ∈ Ch→

AB̄, Tr (uμuν ) = (dim HA)2δμν , and

1

dim HA

∑
x∈X

ux = idAB̄.
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Next, we define ûx ∈ Ch→
AĀ, which, for each x ∈ X , represents

the inverse unitary transformation represented by ux. For each
x ∈ X , ûx 	 ux represents the identity channel and, hence,

Tr (NW ) = N 	 W

= N 	 ûx 	 ux 	 W

= 1

(dim HA)2

∑
x∈X

N 	 ûx 	 ux 	 W. (B4)

Now we define Ex = (dim HA)−1(ux 	 W ). For all x ∈ X ,
Ex � 0 and

∑
x∈X

Ex = 1

dim HA

∑
x∈X

ux 	 W

= idB̄ ⊗ Tr AW

= idBB̄.

That is, {Ex} is a POVM. The other term in Eq. (B4),
(dim HA)−1(N 	 ûx ), is the state obtained from the application
of the local unitary channel represented by ûx, say, Ûx, to
one part of the maximally entangled state ψ followed by
application of the channel represented by N ,

N 	 ûx

dim HA
= ((N ◦ Ûx ) ⊗ IB̄ )[ψ].

Therefore, {Ûx} (encoding) together with {Ex} (decoding)
define a valid strategy for the superdense coding with coin-
cidence probabilities given by

Pr(B = X |X = x) = N 	 ûx 	 ux 	 W

(dim HA)2
.

Consequently,

2S(N ) � max
∑
x∈X

Pr(B = X |X = x). (B5)

This inequality together with Eq. (B3) leads to the equality of
Eq. (B2). �

Proposition B4. For entanglement-breaking channels, the
signaling power is upper bounded by log2 dim HA.

Proof. Every entanglement-breaking channel can be writ-
ten in its Holevo form [37], i.e., written as a measure-and-
prepare channel,

N =
∑

x

Ex ⊗ �x, (B6)

where {Ex} is a POVM and �x are density operators. Hence,

max
W

Tr (NW ) = max
W

∑
x

Tr [(Ex ⊗ �x )TW ]

= max
W

∑
x

Tr [Ex(W 	 �x )]

�
∑

x

Tr Ex = dim HA, (B7)

and the inequality S(N ) � log2 dim HA follows from the
monotonicity of the logarithm. �

Proposition B5. For a given superchannel with CJ operator
T , the following are equivalent:

(1) S(T 	 N ) � S(N ) for all input channel N .

(2) It maps trace-and-prepare channels into trace-and-
prepare channels.

(3) T is bistochastic.
Proof. Clearly, (1) ⇒ (2). Mathematically, (2) can be

stated as T 	 (idA ⊗ � ) = idĀ ⊗ σ , σ ∈ D(HB̄ ), for all � ∈
D(HB) or, equivalently, Tr A (T 	 � ) = idĀ ⊗ σ . Invoking the
result of Ref. [20] (Theorem 3 there), one has that, for each � ,
T 	 � represents a channel with memory that maps channels
B̄ → Ā into states for the system A. Since this should hold
true for all input states � , we conclude that T represents
a superchannel transforming channels B̄ → Ā into channels
B → A, i.e., T is bistochastic. Finally, if T is bistochastic,
then W ∈ Ch←̄

AB̄ implies T 	 W ∈ Ch←
AB and, consequently, (3)

⇒ (1). �
Proposition B6. S(N ⊗ M ) = S(N ) + S(M ).
Proof. Let N ∈ Ch→

AB and M ∈ Ch→
ÃB̃. Given any W ∈

Ch←
AB and W̃ ∈ Ch←

ÃB̃, one has W ⊗ W̃ ∈ Ch←
AÃBB̃. Here X ∈

Ch←
AÃBB̃ if and only if X ∈ L(HA ⊗ HÃ ⊗ HB ⊗ HB̃ ), X � 0

and Tr AÃ X = idBB̃. Therefore,

S(N ) + S(M ) � S(N ⊗ M ). (B8)

To prove the reverse inequality, we first set basis of maximally
entangled states, ux ∈ Ch→

AA′ and vy ∈ Ch→
AÃ′ , that represent

unitary channels, x ∈ X and y ∈ Y . Next, we define

Exy = (ux ⊗ vy) 	 W

dim(HA ⊗ HÃ )
.

Clearly Exy � 0 and

∑
xy

Exy = 1

dim(HA ⊗ HÃ )

⎛
⎝∑

x∈X
ux ⊗

∑
y∈Y

vy

⎞
⎠ 	 W

= idA′ ⊗ idÃ′Tr AÃ W

= idA′Ã′BB̃.

If ûx and v̂x represent the inverse of the unitaries represented
by ux and vy, respectively, then

(N ⊗ M ) 	 W

=
∑

xy[(N 	 ûx ) ⊗ (M 	 v̂y)] 	 (ux ⊗ vy) 	 W

[dim(HA ⊗ HÃ )]2

=
∑

xy

Tr [Exy(�x ⊗ ςy)], (B9)

where �x = (dim HA)−1N 	 ûx ∈ D(HA ⊗ HA′ ) and ςy =
(dim HÃ )−1M 	 v̂y ∈ D(HÃ ⊗ HÃ′ ). The right-hand side of
Eq. (B9) can be seen as being (proportional to) the average
correct probability of discriminating the set of states {�x ⊗ ςy}
with no prior information with the POVM {Exy}. It is always
possible to find local POVMs, say, {Fx} and {Gy}, that give
rise to a decoding strategy that is at least as good as the
one given by {Exy}. In fact, if {Fx} and {Gy} are optimal
POVM for discriminating the set of states {�x} and {ςy} with
no prior information, respectively, then

∑
x Fx�x − �x′ � 0

and
∑

y Gyςy − σy′ � 0 for all x′ and y′ [38]. As a conse-
quence,

∑
xy(Fx ⊗ Gy)(�x ⊗ ςy) − �x′ ⊗ σy′ � 0 for all x′ and

y′, which implies that {Fx ⊗ Gy} is an optimal POVM for dis-
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criminating {�x ⊗ ςy} with no prior information. Therefore,∑
xy

Tr [Exy(�x ⊗ ςy)] �
∑

xy

Tr [(Fx ⊗ Gy)(�x ⊗ ςy)].

This, together with the result of Proposition B3, leads to

S(N ) + S(M ) � S(N ⊗ M ), (B10)

which, together with Eq. (B8), lead to the additivity of S. �

APPENDIX C: INFORMATION DYNAMICS IN PHASE
COVARIANT MASTER EQUATIONS

Here we analyze the information dynamics of a two-
level open quantum system under the action of a general
phase-covariant noise. In this scenario a qubit evolves un-
der the action of a quantum dynamical map that commutes
with the group of unitaries generated by σz, Uz(g) = e−igσz ·
eigσz , g ∈ R. Equivalently [26], the evolution of such a system
can be described by a local-in-time master equation that has
the form

�̇t = − iω(t )

2
[σz, �t ] + γ+(t )

2

(
σ+�tσ− − 1

2
{σ+σ−, �t }

)

+ γ−(t )

2

(
σ−�tσ+ − 1

2
{σ−σ+, �t }

)

+ γz(t )

2
(σz�tσz − �t ). (C1)

In other words, the system is under the action of pure dephas-
ing, energy dissipation, and energy gain with time-dependent
rates γz(t ), γ−(t ), γ+(t ), respectively.

In the computational basis, one can write the solution of a
generic phase-covariant master equation in terms of the matrix
elements,

〈1|ρt |1〉 = G(t, 0)2〈1|ρ0|1〉 + H (t ), (C2a)

〈0|ρt |1〉 = G(t, 0)�z(t )�(t )〈0|ρ0|1〉, (C2b)

where we have introduced the functions

G(t, s) = exp

(
−1

4

∫ t

s
[γ+(τ ) + γ−(τ )]dτ

)
, (C3)

H (t ) =
∫ t

0
G(t, s)2γ+(s)ds, (C4)

�z(t ) = exp

(
−

∫ t

0
γz(s)ds

)
, (C5)

�(t ) = exp

(
−i

∫ t

0
2ω(s)ds

)
. (C6)

Since the evolution commutes with rotations generated by σz,
the last term will not contribute to the memory effects, and
thus will neglected throughout; that is, we will fix �(t ) = 1
for all t � 0.

To evaluate the information (back)flow in such a system,
we first compute the CJ operator of the quantum dynamical
map in the computational basis,

Nt =

⎛
⎜⎜⎝

1 − H (t ) 0 0 G(t )�z(t )
0 H (t ) 0 0
0 0 1 − G(t )2 − H (t ) 0

G(t )�z(t ) 0 0 G(t )2 + H (t )

⎞
⎟⎟⎠,

(C7)

G(t, 0) ≡ G(t ). If we write the matrix representation of W ,
W = [wi j], assuming Tr A W = idB, we get

Tr (NtW )=1 + G(t )2(w11 + w44 − 1) + 2G(t )�z(t )Re(w14).

(C8)

In this case, the optimization yields a closed form solution.
To obtain it, it is enough to notice that the only elements
appearing above are w11, w44, and w14. Moreover, due to
the symmetry, we can set w11 = w44 � 1 (since w11 + w44 �
Tr W = 2) and |w14| � √

w11w44. Next, define fα (x, y) =
x + αy, where 0 � x � 1 and |y| � x. The maximum of this
function for α > 0 equals 1 + α. Consequently,

2S(Nt ) = 1 + G(t )2 + 2G(t )�z(t ), (C9)

since α = �z(t )/G(t ) > 0. If α > 1, the minimum of fα (x, y)
equals 1 − α. In that case, for P(Nt ) = 1 − minW Tr (NtW ) we
obtain

P(Nt ) = 2G(t )�z(t ) − G(t )2, (C10)

where α = �z(t )/G(t ) > 1. Taking the derivative of this ex-
pression, we conclude that the condition for no information
backflow reads

γ+(t ) + γ−(t ) + 4γz(t ) ± [γ+(t ) + γ−(t )]
G(t )

�z(t )
� 0, (C11)

where the condition with the minus sign is valid only if
�z(t )/G(t ) > 1. If, instead, 0 < α � 1, then the minimum of
fα (x, y) is zero and, consequently,

P(Nt ) = G(t )2. (C12)

In this case, no information backflow is equivalent to

γ+(t ) + γ−(t ) � 0, (C13)

assuming �z(t )/G(t ) � 1.
As mentioned in the main text, the eternally non-

Markovian evolution [29] is obtained when we consider,
γ+(t ) + γ−(t ) = γ > 0, and the left-hand side of Eq. (C11)
null for all times. Consider

γ + 4γz(t ) − γ exp

(
−1

4

∫ t

0
[γ − 4γz(s)]ds

)
= 0. (C14)

This is an integral equation for γz(t ). Taking the derivative of
it, and keeping the information that γz(0) = 0 (which follows
from the above equality), one obtains

16γ̇z + γ 2 − 16γ 2
z = 0. (C15)

This is a simple separable ordinary differential equation. Its
integration yields

γz(t ) = −γ

4
tanh

(
γ t

4

)
, (C16)

corresponding to “eternally non-Markovian dynamics” of
Ref. [29].

APPENDIX D: INFORMATION FLOW IN CAUSAL
NETWORKS AND BEYOND

We now discuss how to extend the notion of signaling
power to scenarios involving n parties [or laboratories(labs)]
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that exchange and measure quantum systems. Each party
opens their laboratory exactly once. If a laboratory acts mul-
tiple times, each action is treated as a distinct party with a
separate label. Inside each laboratory, we assume that quan-
tum mechanics holds locally. Specifically, party j receives an
input system described by a finite-dimensional Hilbert space
Hi

j and performs a measurement represented by an arbitrary
quantum instrument. In the CJ picture, this instrument is given
by a collection of operators E j = {EAj=a j } corresponding
to different measurement outcomes. After the measurement,
party j outputs a (potentially different) quantum system in a
postmeasurement state associated with the Hilbert space Ho

j .
If we assume local linearity of the measurement operators

(in order to ensure convex linearity of probabilities under local
mixtures of measurements), the joint probability distribution
should be determined as in

Pr(A1 . . . An | E1 . . . En)

= Tr
[(

ET
A1

⊗ · · · ⊗ ET
An

)
(ϒn ⊗ �)

]
. (D1)

Here ϒn ∈ L(Hi
1 ⊗ Ho

1 ⊗ · · · ⊗ Hi
n ⊗ Ho

n ) is the so-called
process matrix, and � ∈ D(Hns

1 ⊗ · · · ⊗ Hns
n ) is a multipartite

quantum state. For a process with definite causal order, one
can always define an enumeration [n] such that i � j implies
that the jth laboratory cannot signal to the ith laboratory. That
is, the marginal distribution∑

a j

Pr(A1 . . . Ai . . . Aj = a j . . . An|E1 . . . Ei . . . E j . . . En)

is independent of the instrument E j . These constraints are
encoded in ϒn as a hierarchy of trace conditions [20]:

Tr ij ϒ j = idoj−1 ⊗ ϒ j−1 for 2 � j � n, (D2)

where ϒ j are recursively defined, starting with ϒ1 ∈ D(Hi
1 ).

Since the nth laboratory cannot signal to any other, we may,
without loss of generality, take Ho

n � C.
In the bipartite case, with labs being named Alice (A) and

Bob (B), we have ϒ2 ∈ L(Hi
A ⊗ Ho

A ⊗ Hi
B), ϒ2 � 0 and

Tr iB ϒ2 = � ⊗ idoA, (D3)

where � ∈ D(Hi
A). This operator represents an admissible

transformation that maps quantum channels M : L(Hi
A) →

L(Ho
A) into quantum states η ∈ D(Hi

B) as well as a quantum
channel with input being the outputs of Alice. In fact, notice
that Tr iA ◦ Tr iB ϒ2 = idoA. Based on this observation one can
define

S(ϒ2) = log max
W

Tr (ϒ2W ), (D4)

where the maximum is taken over positive semidefinite oper-
ators satisfying Tr o

AW = idiAB. In the main text, we observe
that

S(ϒ2) = 0 ⇐⇒ ϒ2 = η ⊗ idoA, (D5)

where η ∈ D(Hi
A ⊗ Hi

B). These process matrices correspond
to common cause processes: even though Alice and Bob can
get correlated outcomes, there is no causal influence from
A to B. In fact, notice that within this process, Alice can-
not signal Bob, i.e., effectively they only share nonsignaling
resources.

FIG. 5. Direct causal influence in processes consisting of coher-
ent (blue) and incoherent (green) mixtures of common cause and
direct cause.

As an example, in Fig. 5 we plot this function for pro-
cesses consisting of coherent and incoherent superposition of
common cause, i.e., ϒcc

2 = η ⊗ idoA, and direct cause, ϒdc
2 =

� ⊗ K , where K ∈ L(Ho
A ⊗ Hi

B), K � 0 and Tr iB K = idoA.
The processes we use to plot Fig. 5 was the one considered
in Ref. [39]. The common-cause and direct-cause processes
are, respectively, ϒcc

2 = |�+
2 〉〈�+

2 | ⊗ idoA and ϒdc
2 = idiA ⊗

|�+
2 〉〈�+

2 |, where
√

2|�+
2 〉 = |00〉 + |11〉. An incoherent mix-

ture between common-cause and direct-cause is a process of
the form

ϒ incoh
2 (α) = αϒcc

2 + (1 − α)ϒdc
2 . (D6)

To define a coherent mixture of causal relations, one can
employ the partial SWAP unitary,

UPS(θ ) = cos

(
θ

2

)
id + i sin

(
θ

2

)
USWAP. (D7)

We then define

ϒcoh
2 (α) = �+

2 	 ‖UPS(πα)〉〈UPS(πα)‖ 	 idAux′ , (D8)

where ‖UPS(πα)〉 is the vectorization of the unitary UPS(πα).
Clearly, ϒcoh

2 (0) = ϒdc
2 and ϒcoh

2 (1) = ϒcc
2 .

For processes with indefinite causal order, one can also
state a similar observation. In particular, consider a bipartite
process matrix ϒ2, where now we do not assume an external
causal structure. The constrains on this operator can be written
as (see Ref. [40] for details)

ϒ2 = Ao
ϒ2 + Bo

ϒ2 − AoBo
ϒ2, (D9a)

AiAo
ϒ2 = AiAoBo

ϒ2, (D9b)

BiBo
ϒ2 = BiBoAo

ϒ2, (D9c)

together with ϒ2 � 0 and Tr ϒ2 = dim(HAo
⊗ HBo

). Here
we use the notation introduced in Ref. [40], namely, XW =
(dim HX )−1Tr XW ⊗ idX .

Now notice that Tr AiBi
ϒ2 = idAoBo

, therefore, ϒ2 also rep-
resents a channel connecting outputs to inputs. A consequence
of this observation is that one can state the fact already notice
in Ref. [7] that no causal loops are allowed in a process
satisfying Eq. (D9a) with an “operational flavor” as discussed
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in the main text. This is possible because Eq. (D9a) implies

P

(
Tr BiAo

ϒ2

dim HBo

)
+ P

(
Tr AiBo

ϒ2

dim HAo

)
� 1, (D10)

which leads to our interpretation in the main text. This in-
equality is derived as follows. First, we multiply both sides of
the first condition in Eq. (D9a) by W ⊗ W̃ , where W ∈ Ch→

BiAo

and W̃ ∈ Ch→
AiBo

arbitrary. Next, we use the other two condi-
tions together with the definition of P. Finally, the inequality
follows from the positivity of the process matrix ϒ2. The
inequality (24) in the main text is equivalent to Eq. (D10),
when we use our construction of Proposition B3 replac-
ing maximum by minimum for the corresponding marginal
channels.
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[26] A. Smirne, J. Kołodyński, S. F. Huelga, and R. Demkowicz-
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