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Abstract
Let𝑁𝑎(𝑥) denote the number of primes up to𝑥 forwhich
the integer 𝑎 is a primitive root. We show that𝑁𝑎(𝑥) sat-
isfies the asymptotic predicted by Artin’s conjecture for
almost all 1 ⩽ 𝑎 ⩽ exp((log log 𝑥)2). This improves on a
result of Stephens (1969). A key ingredient in the proof
is a new short character sum estimate over the integers,
improving on the range of a result of Garaev (2006).

MSC 2020
11A07, 11L40, 11N25 (primary)

1 INTRODUCTION

1.1 Background and set-up

Artin’s famous conjecture on primitive roots asserts that any integer 𝑎 ≠ −1, which is not a perfect
square, is a primitive root for a set of primes of positive relative density, with the density depending
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2 KLURMAN et al.

on the arithmetic structure of 𝑎. This has been established conditionally under the generalised
Riemann hypothesis (GRH) for Dedekind zeta functions of certain number fields, in a celebrated
work of Hooley [5].
More precisely, if 𝑎 is an integer that is not −1 or a perfect square, let 𝑏 ∈ ℕ be the squarefree

part of 𝑎 and let ℎ ⩾ 1 be the largest integer such that 𝑎 is a perfect ℎth power. We also define

𝐴(ℎ) =
∏
𝓁∣ℎ

(
1 −

1

𝓁 − 1

)∏
𝓁∤ℎ

(
1 −

1

𝓁(𝓁 − 1)

)
,

where 𝓁 runs over primes. Denoting

𝑁𝑎(𝑥) = #{𝑝 ⩽ 𝑥∶ 𝑎 is a primitive root modulo 𝑝},

by a result of Hooley [5, Section 7] under GRH we have

∙ if 𝑏 ≢ 1(mod 4), then

𝑁𝑎(𝑥) = 𝐴(ℎ)𝜋(𝑥) + 𝑂𝑎

(
𝑥 log log 𝑥

(log 𝑥)2

)
;

∙ if 𝑏 ≡ 1(mod 4), then

𝑁𝑎(𝑥) = 𝐴(ℎ)

⎛⎜⎜⎜⎝1 − 𝜇(𝑏)
∏
𝓁∣ℎ
𝓁∣𝑏

1

𝓁 − 2

∏
𝓁∤ℎ
𝓁∣𝑏

1

𝓁2 − 𝓁 − 1

⎞⎟⎟⎟⎠𝜋(𝑥)
+𝑂𝑎

(
𝑥 log log 𝑥

(log 𝑥)2

)
,

where, as usual, 𝜇(𝑏) denotes the Möbius function, 𝜋(𝑥) is the prime counting function, and 𝑂𝜌

and≪𝜌 indicates that the implied constants may depend on the parameter 𝜌; see Section 1.3 for
an exact definition. We also refer to the exhaustive survey of Moree [10] for a wide variety of other
results and references; see also [7, 8, 13] for more recent developments and further references.
In another direction, we mention the celebrated result of Heath-Brown [4], improving on a

beautiful work of Gupta and Murty [3], which shows that Artin’s conjecture holds for all but
possibly two primes. Heath-Brown also shows that

#{|𝑎| ⩽ 𝑦∶ lim sup
𝑥→∞

𝑁𝑎(𝑥) < ∞} ≪ (log 𝑦)2.

However, the methods of [3, 4] do not yield an asymptotic for 𝑁𝑎(𝑥) for almost all 𝑎 (and in fact
the lower bounds are off from the conjectured magnitude by a factor of (log 𝑥)−1, since all the
primes 𝑝 detected are such that (𝑝 − 1)∕𝐾 has at most two prime factors for some small positive
integer 𝐾).
Since an unconditional proof of Artin’s conjecture still seems to be out of reach, it is interesting

to study 𝑁𝑎(𝑥) for almost all 𝑎 (with an ultimate goal of reducing the amount of averaging). We
observe that for a ‘typical’ integer 𝑎, we have ℎ = 1, while 𝑏 is quite large, making the main terms
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ON ARTIN’S CONJECTURE ON AVERAGE 3

in the above asymptotic formulas for 𝑁𝑎(𝑥) to be 𝐴𝜋(𝑥) in both cases, with

𝐴 = 𝐴(1) =
∏
𝓁

(
1 −

1

𝓁(𝓁 − 1)

)
= 0.373955… , (1.1)

which is called Artin’s constant.
In particular, Stephens [14], improving on a previous result of Goldfeld [2], established in 1969

the following almost all result.

Theorem A. Let 𝐷 ⩾ 1, and let 𝑥, 𝑦 ⩾ 3 satisfy

𝑦 ⩾ exp
(
6(log 𝑥 log log 𝑥)1∕2

)
. (1.2)

Then we have

||𝑁𝑎(𝑥) − 𝐴𝜋(𝑥)|| ⩽ 𝜋(𝑥)

(log 𝑥)𝐷
(1.3)

for all but 𝑂𝐷

(
𝑦∕(log 𝑥)𝐷

)
integers 𝑎 ∈ [−𝑦, 𝑦].

In this paper, we augment the ideas of Stephens [14] with arguments involving short character
sums and the anatomy of integers and reduce quite significantly the range (1.2) of 𝑦 for which (1.3)
holds.

Theorem 1.1. Let 𝐷 ⩾ 10, and let 𝑥, 𝑦 ⩾ 100 satisfy

𝑦 ⩾ exp

(
60(𝐷 + 1)

log 2
⋅
(log log 𝑥)2

log log log 𝑥

)
. (1.4)

Then we have

||𝑁𝑎(𝑥) − 𝐴𝜋(𝑥)|| ⩽ 𝜋(𝑥)

(log 𝑥)𝐷

for all but 𝑂𝐷

(
𝑦∕(log 𝑥)𝐷

)
integers 𝑎 ∈ [−𝑦, 𝑦].

1.2 Short character sums

As in [14], our approach is based on bounds for short character sums for almost all integer mod-
uli. However, we can obtain cancellation in significantly shorter character sums, leading to an
improved range in the application to Artin’s conjecture. We refer to [6, Chapter 3] for the relevant
background on character sums.

Theorem 1.2. Let 𝑥, 𝑦 ⩾ 3 and

3 ⩽ 𝜆 ⩽ (log 𝑦)∕(log log 𝑦)2, (1.5)
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4 KLURMAN et al.

and suppose that

exp (20𝜆(log(𝜆 log log 𝑥))(log log 𝑥)) ⩽ 𝑦 ⩽ 𝑥. (1.6)

Then, for all but at most 𝑂(𝑥0.49) natural numbers 𝑞 ⩽ 𝑥, we have

max
𝜒∈∗

𝑞

||||||
∑

1⩽𝑎⩽𝑦

𝜒(𝑎)

|||||| ≪ 𝑦∕(log 𝑦)𝜆 log 2−1, (1.7)

where ∗
𝑞 denotes the set of all primitive Dirichlet characters modulo 𝑞.

Remark 1.3. It is important to note that the implied constants in Theorem 1.2 do not depend on 𝜆,
which we choose to grow with 𝑥 in the proof of Theorem 1.1; see (3.1).

Remark 1.4. From the proof of Theorem 1.2 in Section 2, one can see that one could enlarge the
range of 𝑦 in (1.6) by replacing 20𝜆with 7.721𝜆 there, at the cost of increasing the size of the excep-
tional set of natural numbers from 𝑂(𝑥0.49) to 𝑂(𝑥1−𝛿) for some small 𝛿 > 0. On the other hand,
one can decrease the size of the exceptional set of natural numbers to 𝑂(𝑥𝑐∕𝐾) (with an absolute
constant 𝑐 > 0) by replacing 20𝜆 with 𝐾𝜆 in (1.6) for 𝐾 a large constant. For our application, it is
helpful to have an exponent smaller than 1∕2.

We remark that a result of Garaev [1, Theorem 9] gives a power-saving bound for the character
sums in (1.7) for almost all moduli 𝑞 ⩽ 𝑥, provided that

𝑦 = exp
(
𝑐
√
log 𝑥

)
for a suitable constant 𝑐 > 0. In fact, [1, Theorem 10] gives more flexibility for larger values
of 𝑦. Here we are mostly interested in small values of 𝑦, which are not covered by the results
of [1].

1.3 Notation

We recall that the notations 𝑈 = 𝑂(𝑉), 𝑈 ≪ 𝑉 and 𝑉 ≫ 𝑈 are equivalent to |𝑈| ⩽ 𝑐𝑉 for some
positive constant 𝑐, which we take to be absolute unless indicated with subindices. For example,
𝑂𝐷 and≪𝐷 both mean the implied constant may depend on the parameter 𝐷. We use𝑈 ≍ 𝑉 as a
shorthand for 𝑈 ≪ 𝑉 ≪ 𝑈.
The letter 𝑝, with or without subscripts, always denotes a prime number.
We use

∑∗
𝑟(mod 𝑞) to denote summation over the primitive residue classes modulo 𝑞.

We denote by𝑞 the set of Dirichlet charactersmodulo 𝑞 and by∗
𝑞 the set of primitiveDirichlet

characters modulo 𝑞.
We use the standard notation 𝜇(𝑛), 𝜑(𝑛) and Ω(𝑛) for the Möbius function, the Euler func-

tion, and the number of prime divisors function (counted with multiplicities), respectively.
Furthermore, 𝜋(𝑥) denotes the number of primes 𝑝 ⩽ 𝑥.
Finally, we use # to denote the cardinality of a finite set  .
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ON ARTIN’S CONJECTURE ON AVERAGE 5

2 PROOF OF THE CHARACTER SUM BOUND

2.1 Preliminaries

In this section, we prove Theorem 1.2. We begin with a useful estimate for the number of integers
with a given number of prime factors.

Lemma 2.1. Let 𝑥 ⩾ 3 and let𝑚 be a positive integer. Then we have

(i) for 3 log log 𝑥 ⩽ 𝑚 ⩽ (log 𝑥) ∕ log 2,

𝑥

2𝑚 log 𝑥
≪ #{𝑛 ⩽ 𝑥∶ Ω(𝑛) = 𝑚} ≪

𝑥

2𝑚
log

𝑥

2𝑚
+ 1;

(ii) for any𝑚 ⩽ (log 𝑥)∕ log 2,

#{𝑛 ⩽ 𝑥∶ Ω(𝑛) = 𝑚} ≫
𝑥

2𝑚 log 𝑥
.

Proof. If (log 𝑥)∕ log 2 − 1∕10 < 𝑚 ⩽ (log 𝑥)∕ log 2, then clearly

{𝑛 ⩽ 𝑥∶ Ω(𝑛) = 𝑚} = {2𝑚}.

Hence the cardinality to be estimated is equal to 1, so both bounds (i) and (ii) are trivial.
For 3 log log 𝑥 ⩽ 𝑚 ⩽ (log 𝑥)∕ log 2 − 1∕10, the bound (i), and thus also (ii) in this range, follows

from a result of Nicolas [12] (see also [15, Part II, Equation (6.30) and Exercise 217], which in fact
gives an asymptotic formula

#{𝑛 ⩽ 𝑥∶ Ω(𝑛) = 𝑚} = (𝐶 + 𝑂((log 𝑦)−𝜂))𝑦 log 𝑦, (2.1)

where 𝑦 = 𝑥∕2𝑚, 𝜂 > 0 is some absolute constant, and the constant 𝐶 = 0.3786⋯ is given by an
explicit Euler product (note that 𝑦 ⩾ 21∕10 > 1). Indeed, we note that (2.1) always gives the desired
upper bound (even in the regime when 𝑦 ≪ 1. To extract a lower bound from (2.1) we need to
assume that 𝑦 → ∞. However since 2𝑚 ∈ {𝑛 ⩽ 𝑥∶ Ω(𝑛) = 𝑚} in the above range of 𝑚, for 𝑦 <

log log 𝑥 the lower bound is trivial, so we indeed get (i).
Finally, to establish the lower bound (ii) for𝑚 < 3 log log 𝑥, we note that in this range

#{𝑛 ⩽ 𝑥∶ Ω(𝑛) = 𝑚} ⩾ #{2𝑚−1𝑝∶ 𝑝 ⩽ 𝑥∕2𝑚−1}

= 𝜋(𝑥∕2𝑚−1) ≫
𝑥

2𝑚 log(𝑥∕2𝑚)
≫

𝑥

2𝑚 log 𝑥
,

which concludes the proof. □

Remark 2.2. We remark that the coefficient 3 in Lemma 2.1(i) can be replaced with 2 + 𝛿 with any
fixed 𝛿 > 0.
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6 KLURMAN et al.

2.2 Proof of Theorem 1.2

We may assume that 𝑥 is larger than any given absolute constant. We may also assume that 𝑦 ⩽

𝑥0.34, say, since otherwise the result follows from theBurgess bound [6, Theorem 12.4]. By applying
Garaev’s result [1, Theorem 10] with 𝛿 = 1∕10, we may further assume that

𝑦 ⩽ exp((log 𝑥)0.51), (2.2)

say.
For 𝑤 ∈ ℕ, let

𝑤(𝑦) = {𝑎 ⩽ 𝑦∶ Ω(𝑎) = 𝑤}.

For 𝑘 ∈ ℕ, we also denote

𝑆𝑘(𝑤, 𝑥, 𝑦) =
∑
𝑞⩽𝑥

max
𝜒∈∗

𝑞

||||||
∑

𝑎∈𝑤(𝑦)

𝜒(𝑎)

||||||
2𝑘

.

We first give a bound for 𝑆𝑘(𝑤, 𝑥, 𝑦). By replacing the maximum with summation over all
primitive characters and applying the multiplicative large sieve [6, Theorem 7.13], we have

𝑆𝑘(𝑤, 𝑥, 𝑦) ⩽
∑
𝑞⩽𝑥

∑
𝜒∈∗

𝑞

||||||
∑

𝑎∈𝑤(𝑦)

𝜒(𝑎)

||||||
2𝑘

≪ (𝑥2 + 𝑦𝑘)𝑇𝑘(𝑤, 𝑦), (2.3)

where

𝑇𝑘(𝑤, 𝑦) =
∑
𝑚⩽𝑦𝑘

𝑟𝑘(𝑚,𝑤, 𝑦)2

is the number of solutions to the equation

𝑎1⋯𝑎𝑘 = 𝑏1⋯ 𝑏𝑘, 𝑎1, 𝑏1, … , 𝑎𝑘, 𝑏𝑘 ∈ 𝑤(𝑦).

By considering the number of choices for (𝑎1, … , 𝑎𝑘) for a given 𝑘-tuple (𝑏1, … , 𝑏𝑘) ∈ 𝑤(𝑦)
𝑘, we

have

𝑇𝑘(𝑤, 𝑦) ⩽

(
𝑘𝑤

𝑤,… ,𝑤
⏟⎴⏟⎴⏟
𝑘 times

)
(#𝑤(𝑦))

𝑘,

since each choice of 𝑎1, … , 𝑎𝑘 corresponds to partitioning the multi-set of the 𝑘𝑤 (not necessary
distinct) primes dividing 𝑏1⋯ 𝑏𝑘 into 𝑘 groups of 𝑤 primes. Using the elementary inequalities

(𝑛∕𝑒)𝑛 ⩽ 𝑛! ⩽ 𝑒2(𝑛∕𝑒)𝑛+1,
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ON ARTIN’S CONJECTURE ON AVERAGE 7

we see that (
𝑘𝑤

𝑤,… ,𝑤
⏟⎴⏟⎴⏟
𝑘 times

)
=

(𝑘𝑤)!

(𝑤!)𝑘
⩽ 𝑒2

(𝑘𝑤∕𝑒)𝑘𝑤+1

(𝑤∕𝑒)𝑘𝑤
= 𝑒𝑤𝑘𝑘𝑤+1.

Therefore

𝑇𝑘(𝑤, 𝑦) ≪ 𝑤𝑘𝑘𝑤+1(#𝑤(𝑦))
𝑘,

which after the substitution in (2.3) implies

𝑆𝑘(𝑤, 𝑥, 𝑦) ≪ 𝑤𝑘𝑘𝑤+1
(
𝑥2 + 𝑦𝑘

)
(#𝑤(𝑦))

𝑘. (2.4)

We now define the integer 𝑘 ⩾ 1 by the inequalities

𝑦𝑘 < 𝑥2 ⩽ 𝑦𝑘+1. (2.5)

For a given 𝛿 > 0, we consider the set

(𝑤, 𝑥, 𝑦; 𝛿) =

⎧⎪⎨⎪⎩𝑞 ⩽ 𝑥∶ max
𝜒∈∗

𝑞

||||||
∑

𝑎∈𝑤(𝑦)

𝜒(𝑎)

|||||| ⩾ 𝛿 ⋅ #𝑤(𝑦)

⎫⎪⎬⎪⎭.
From (2.4) and our choice of 𝑘, we derive

#(𝑤, 𝑥, 𝑦; 𝛿) ≪ (#𝑤(𝑦)𝛿)
−2𝑘𝑦𝑘+1(#𝑤(𝑦))

𝑘𝑤𝑘𝑘𝑤+1

≪ 𝑘𝑤𝑦

(
𝑘𝑤𝑦

𝛿2#𝑤(𝑦)

)𝑘

.

(2.6)

We impose the restriction

𝑤 ⩽ 𝜆 log log 𝑦. (2.7)

Note that by the assumption (1.5) on 𝜆 we have 𝑤 ⩽ (log 𝑦)∕(log log 𝑦). By Lemma 2.1(ii), under
the condition (2.7) we have

#𝑤(𝑦) ≫
𝑦

2𝑤
1

log 𝑦
.

Hence, taking 𝛿 = (log 𝑦)−𝜆 log 2 in the bound (2.6), we obtain

#(𝑤, 𝑥, 𝑦; (log 𝑦)−𝜆 log 2) ≪ 𝑘𝑤𝑦
(
𝑘𝑤(log 𝑦)4𝜆 log 2

)𝑘
, (2.8)

Next, recalling the choice of 𝑘 from (2.5), we see that

2
log 𝑥

log 𝑦
− 1 ⩽ 𝑘 < 2

log 𝑥

log 𝑦
. (2.9)
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8 KLURMAN et al.

Hence, we derive from (2.8) that

#(𝑤, 𝑥, 𝑦; (log 𝑦)−𝜆 log 2) ≪ 𝑥𝜉,

where, using the upper bound on 𝑘 from (2.9), we conclude

𝜉 = 2
𝑤 log log 𝑥 + 4𝜆(log 2)(log log 𝑦)

log 𝑦
+ 𝑂

(
log(𝑘𝑤𝑦)

log 𝑥

)
.

Recalling our assumptions (1.5), (2.2), (2.7) and the estimate (2.9) again, we see that

log(𝑘𝑤𝑦)

log 𝑥
≪ (log 𝑥)−0.48.

Now, from (1.5), (2.7), and then also from (1.6), we derive

𝜉 ⩽ 2
𝑤 log log 𝑥 + 4𝜆(log 2)(log log 𝑦)

log 𝑦
+ 𝑂

(
(log 𝑥)−0.48

)
⩽ 2𝜆

(log log 𝑥)(log log 𝑦)

log 𝑦
+ 𝑂

(
(log 𝑥)−0.48 + (log log 𝑦)−1

)
⩽ 2𝜆

log(20𝜆 log(𝜆 log log 𝑥)) + log log log 𝑥

20𝜆 log(𝜆 log log 𝑥)

+ 𝑂
(
(log 𝑥)−0.48 + (log log 𝑦)−1

)
⩽
2 log(20𝜆)

20 log 𝜆
+
2 log log(𝜆 log log 𝑥)

20 log(𝜆 log log 𝑥)
+

2

20
+

1

1000

⩽
2 log 60

20 log 3
+

1

1000
+

2

20
+

1

1000

⩽ 0.485,

provided that 𝑥 (and hence 𝑦) is large enough in absolute terms. This implies that

#(𝑤, 𝑥, 𝑦; (log 𝑦)−𝜆 log 2) ⩽ 𝑥0.485 (2.10)

for each 𝑤 satisfying (2.7) and any 𝑥 that is large enough in absolute terms.
It now remains to estimate the quantity

𝐹𝜆(𝑦) = #{𝑎 ⩽ 𝑦∶ Ω(𝑎) > 𝜆 log log 𝑦}.

Using Lemma 2.1(i), which applies since by (1.5), we have 𝜆 ⩾ 3, we derive

𝐹𝜆(𝑦) ⩽
∑

𝜆 log log 𝑦<𝑚⩽(log 𝑦)∕ log 2

#{𝑎 ⩽ 𝑦∶ Ω(𝑎) = 𝑚}

≪ 𝑦 log 𝑦
∑

𝑚>𝜆 log log 𝑦

2−𝑚 + log 𝑦

≪ 𝑦(log 𝑦)1−𝜆 log 2 + log 𝑦 ≪ 𝑦(log 𝑦)1−𝜆 log 2,

(2.11)
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ON ARTIN’S CONJECTURE ON AVERAGE 9

since under (1.5) we clearly have the bound (log 𝑦)𝜆 log 2 = 𝑦𝑜(1).
Let

(𝑥, 𝑦) =
⋃

0⩽𝑤⩽𝜆 log log 𝑦

(𝑤, 𝑥, 𝑦; (log 𝑦)−𝜆 log 2),

which by (2.10) and (1.5) is of cardinality

#(𝑥, 𝑦) ⩽ 𝑥0.485𝜆 log log 𝑦

⩽ 𝑥0.485
log 𝑦

log log 𝑦
≪ 𝑥0.49.

Then, for any natural numbers 𝑤 ⩽ 𝜆 log log 𝑦 and 𝑞 ⩽ 𝑥 with 𝑞 ∉ (𝑥, 𝑦), we have

max
𝜒∈∗

𝑞

||||||
∑

𝑎∈𝑤(𝑦)

𝜒(𝑎)

|||||| ≪ 𝑦∕(log 𝑦)𝜆 log 2. (2.12)

Writing

||||||
∑
𝑎⩽𝑦

𝜒(𝑎)

|||||| ⩽
∑

0⩽𝑤⩽𝜆 log log 𝑦

||||||
∑

𝑎∈𝑤(𝑦)

𝜒(𝑎)

|||||| + 𝐹𝜆(𝑦)

and using the bounds (2.11) and (2.12), and the assumed upper bound in (1.5) for 𝜆, we conclude
the proof.

3 PROOF OF THEOREM 1.1

3.1 Moments of𝑵𝒂(𝒙)

The main task in this section is to prove the following second moment estimate.

Proposition 3.1. Let the assumptions be as in Theorem 1.1. Then we have

∑
|𝑎|⩽𝑦 ||𝑁𝑎(𝑥) − 𝐴𝜋(𝑥)||2 ≪𝐷 𝑦

𝜋(𝑥)2

(log 𝑥)3𝐷
.

The deduction of Theorem 1.1 from this is immediate via Chebyshev’s inequality.
For the proof of Proposition 3.1, we establish the following mean value estimate.

Proposition 3.2. Let the assumptions be as in Theorem 1.1. Then we have

∑
|𝑎|⩽𝑦 𝑁𝑎(𝑥) = 2𝐴𝑦𝜋(𝑥) + 𝑂𝐷

(
𝑦

𝜋(𝑥)

(log 𝑥)3𝐷

)
.
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10 KLURMAN et al.

Proof. Let us fix some 𝐷 > 10. We may assume that 𝑥, 𝑦 are larger than any given absolute
constant. We are going to use Theorem 1.2 with

𝜆 =
3𝐷 + 2

log 2
⋅
log log(𝑥2)

log log 𝑦
+

1

log 2
. (3.1)

Note that by (1.4) the condition (1.5) holds. Also note that for this choice of 𝜆 we have

𝑦 > exp(20𝜆 log(𝜆(log log(𝑥2))) log log(𝑥2)).

Now, by Theorem 1.2, we see that there is a set  of size # ≪ 𝑥1∕2 (say) such that for all primes
𝑝 ∈ [1, 𝑥] ⧵  we have

max
𝜒∈∗

𝑝

||||||
∑

1⩽𝑎⩽𝑦

𝜒(𝑎)

|||||| ⩽ 𝑦∕(log 𝑥)3𝐷+2. (3.2)

Let

 = {𝑝 ⩽ 𝑥} ⧵  .

Let us denote by 𝑝 the set of primitive roots modulo 𝑝. We can write∑
−𝑦⩽𝑎⩽𝑦

𝑁𝑎(𝑥) =
∑

−𝑦⩽𝑎⩽𝑦

∑
𝑝⩽𝑥
𝑎∈𝑝

1 =
∑
𝑝⩽𝑥

∑
−𝑦⩽𝑎⩽𝑦
𝑎∈𝑝

1.

=
∑
𝑝∈

∑
−𝑦⩽𝑎⩽𝑦
𝑎∈𝑝

1 + 𝑂(𝑥1∕2𝑦).
(3.3)

Using the standard inclusion-exclusion argument to detect primitive roots (see, for example, [9,
Problem 5.14; 11, Proposition 2.2]), we see that for any integer 𝑎 we have

𝜑(𝑝 − 1)

𝑝 − 1

∑
𝑡∣𝑝−1

𝜇(𝑡)

𝜑(𝑡)

∑
𝜒∈𝑝

ord(𝜒)=𝑡

𝜒(𝑎) =

{
1 if 𝑎 ∈ 𝑝,

0, otherwise,
(3.4)

where ord(𝜒) denotes the order of 𝜒 in the group of characters 𝑝.
Separating the contribution of the principal character, corresponding to 𝑡 = 1 in (3.4), we arrive

at ∑
𝑝∈

∑
−𝑦⩽𝑎⩽𝑦
𝑎∈𝑝

1 = #([−𝑦, 𝑦] ∩ ℤ) ⋅
∑
𝑝∈

𝜑(𝑝 − 1)

𝑝 − 1
+ 𝑂(𝐸 + 𝑦 log 𝑦) (3.5)

with

𝐸 =
∑
𝑝∈

∑
𝑡∣𝑝−1
𝑡>1

|𝜇(𝑡)|
𝜑(𝑡)

∑
𝜒∈∗

𝑝

ord(𝜒)=𝑡

||||||
∑

−𝑦⩽𝑎⩽𝑦

𝜒(𝑎)

||||||,
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ON ARTIN’S CONJECTURE ON AVERAGE 11

where the 𝑂(𝑦 log 𝑦) term comes from the contribution∑
𝑝⩽𝑦

(2𝑦∕𝑝 + 𝑂(1)) = 2𝑦
∑
𝑝⩽𝑦

1∕𝑝 + 𝑂(1) ≪ 𝑦 log 𝑦

of the principal characters modulo 𝑝 on values 𝑎 ≡ 0(mod 𝑝).
First, we note that ∑

𝑝∈

𝜑(𝑝 − 1)

𝑝 − 1
=

∑
𝑝⩽𝑥

𝜑(𝑝 − 1)

𝑝
+ 𝑂(𝑥1∕2).

Since by [14, Lemma 1] we have∑
𝑝⩽𝑥

𝜑(𝑝 − 1)

𝑝
= 𝐴𝜋(𝑥) + 𝑂𝐷

(
𝜋(𝑥)

(log 𝑥)3𝐷

)
, (3.6)

with 𝐴 given by (1.1), we can rewrite (3.5) as

∑
𝑝∈

∑
−𝑦⩽𝑎⩽𝑦
𝑎∈𝑝

1 = 2𝐴𝑦𝜋(𝑥) + 𝑂𝐷

(
𝑦𝜋(𝑥)

(log 𝑥)3𝐷
+ 𝐸

)
. (3.7)

Thus it remains to estimate 𝐸.
Using (3.2), we bound

𝐸 ≪𝐷

𝑦

(log 𝑥)3𝐷+2

∑
𝑝∈

∑
𝑡∣𝑝−1
𝑡>1

||𝜇(𝑡)||
𝜑(𝑡)

∑
𝜒∈∗

𝑝

ord(𝜒)=𝑡

1. (3.8)

Since the group 𝑝 is cyclic of order 𝑝 − 1, for each divisor 𝑡 ∣ 𝑝 − 1 there are 𝜑(𝑡) characters
𝜒 ∈ ∗

𝑝 with ord(𝜒) = 𝑡. Therefore we have

∑
𝑡∣𝑝−1
𝑡>1

||𝜇(𝑡)||
𝜑(𝑡)

∑
𝜒∈∗

𝑝

ord(𝜒)=𝑡

1 =
∑
𝑡∣𝑝−1
𝑡>1

|𝜇(𝑡)| = 2𝜔(𝑝−1) − 1.

Recalling (3.8), we see that

𝐸 ≪𝐷

𝑦

(log 𝑥)3𝐷+1

∑
𝑝⩽𝑥

2𝜔(𝑝−1) ≪
𝑦𝑥

(log 𝑥)3𝐷+2
≪

𝑦𝜋(𝑥)

(log 𝑥)3𝐷

by the Titchmarsh divisor estimate ∑
𝑝⩽𝑥

2𝜔(𝑝−1) ≪ 𝑥 (3.9)

(see [16]) and the prime number theorem. This together with (3.3) and (3.7) concludes the
proof. □
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12 KLURMAN et al.

3.2 Proof of Proposition 3.1

Let 𝐷 ⩾ 10 be fixed. Expanding out the square and applying Proposition 3.2, we have∑
−𝑦⩽𝑎⩽𝑦

||𝑁𝑎(𝑥) − 𝐴𝜋(𝑥)||2
=

∑
−𝑦⩽𝑎⩽𝑦

𝑁𝑎(𝑥)
2 − 2𝐴𝜋(𝑥)

∑
−𝑦⩽𝑎⩽𝑦

𝑁𝑎(𝑥) + 𝐴2𝜋(𝑥)2
∑

−𝑦⩽𝑎⩽𝑦

1

=
∑

−𝑦⩽𝑎⩽𝑦

𝑁𝑎(𝑥)
2 − 2𝐴2𝑦𝜋(𝑥)2 + 𝑂𝐷

(
𝑦𝜋(𝑥)2

(log 𝑥)3𝐷

)
.

Let

 = {(𝑝1, 𝑝2) ∈ [1, 𝑥]2 ∶ (log 𝑥)3𝐷+2 ⩽ 𝑝1, 𝑝2 ⩽ 𝑥, 𝑝1 ≠ 𝑝2,

𝑝1, 𝑝2, 𝑝1𝑝2 ∉ },

where  is the set of natural numbers 𝑞 ⩽ 𝑥2 for which

max
𝜒∈∗

𝑞

||||||
∑

1⩽𝑎⩽𝑦

𝜒(𝑎)

|||||| >
𝑦

(log 𝑥)3𝐷+2
.

We apply Theorem 1.2 with 𝜆 as in (3.1). Note that this is an admissible choice, since we have
𝑦 > exp(20𝜆 log(𝜆(log log(𝑥2)))(log log(𝑥2))). Now we conclude that

# ≪ 𝑥2⋅0.49 = 𝑥0.98.

Hence we have

# = #{(𝑝1, 𝑝2) ∈ [1, 𝑥]2 ∶ (log 𝑥)3𝐷+2 ⩽ 𝑝1, 𝑝2 ⩽ 𝑥, 𝑝1 ≠ 𝑝2}

+ 𝑂(𝑥1.98).

Again denoting by 𝑝 the set of primitive roots modulo 𝑝, we have∑
−𝑦⩽𝑎⩽𝑦

𝑁𝑎(𝑥)
2 =

∑
−𝑦⩽𝑎⩽𝑦

∑
𝑝1,𝑝2⩽𝑥

𝑎∈𝑝1
𝑎∈𝑝2

1 =
∑

𝑝1,𝑝2⩽𝑥

(𝑝1,𝑝2)∈

∑
−𝑦⩽𝑎⩽𝑦

𝑎∈𝑝1
𝑎∈𝑝2

1 + 𝑂(𝑦𝑥1.98).

Using (3.4), the main term in the above equation becomes

𝑆 =
∑

𝑝1,𝑝2⩽𝑥

(𝑝1,𝑝2)∈

𝜑(𝑝1 − 1)𝜑(𝑝2 − 1)

(𝑝1 − 1)(𝑝2 − 1)

∑
𝑡1∣𝑝1−1

𝑡2∣𝑝2−1

𝜇(𝑡1)𝜇(𝑡2)

𝜑(𝑡1)𝜑(𝑡2)∑
𝜒1∈𝑝1

ord(𝜒1)=𝑡1

∑
𝜒2∈𝑝2

ord(𝜒2)=𝑡2

∑
−𝑦⩽𝑎⩽𝑦

𝜒1𝜒2(𝑎),
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ON ARTIN’S CONJECTURE ON AVERAGE 13

where 𝜒1𝜒2(𝑎) = 𝜒1(𝑎)𝜒2(𝑎) is a now a character modulo 𝑝1𝑝2 (since 𝑝1 ≠ 𝑝2). Let us split this
as

𝑆 =
∑

𝑝1,𝑝2⩽𝑥
(𝑝1,𝑝2)∈

𝜑(𝑝1 − 1)𝜑(𝑝2 − 1)

(𝑝1 − 1)(𝑝2 − 1)

∑
−𝑦⩽𝑎⩽𝑦

gcd(𝑎,𝑝1𝑝2)=1

1 + 𝑆1 + 𝑆2 + 𝑆3,

where 𝑆1 corresponds to those terms with 𝑡1 = 1, 𝑡2 > 1, 𝑆2 corresponds to those terms with 𝑡1 >

1, 𝑡2 = 1, and 𝑆3 corresponds to those terms with 𝑡1, 𝑡2 > 1. By completing the sum over (𝑝1, 𝑝2) ∈
 to all pairs (𝑝1, 𝑝2) ∈ [1, 𝑥]2 and applying (3.6), we see that

𝑆 = 2𝑦

(∑
𝑝⩽𝑥

𝜑(𝑝 − 1)

𝑝 − 1

(
1 −

1

𝑝

))2

+ 𝑆1 + 𝑆2 + 𝑆3 + 𝑂𝐷

(
𝑦𝑥2

(log 𝑥)3𝐷+2

)
= 2𝐴2𝑦𝜋(𝑥)2 + 𝑆1 + 𝑆2 + 𝑆3 + 𝑂𝐷

(
𝑦𝜋(𝑥)2

(log 𝑥)3𝐷

)
.

(3.10)

The sums 𝑆1 and 𝑆2 are bounded symmetrically; let us bound 𝑆1. Note that if 𝜒1 is a non-principal
character (mod 𝑝1) and 𝜒0 is the principal character (mod 𝑝2), by the assumption (𝑝1, 𝑝2) ∈ 

(which implies 𝑝1 ∉  and 𝑝2 ⩾ (log 𝑥)3𝐷+2), we have

||||||
∑

−𝑦⩽𝑎⩽𝑦

𝜒1𝜒0(𝑎)

|||||| =
||||||

∑
−𝑦⩽𝑎⩽𝑦

𝜒1(𝑎)

|||||| + 𝑂

(
𝑦

𝑝2

)
≪𝐷

𝑦

(log 𝑥)3𝐷+2
.

Hence, we have

𝑆1 ≪𝐷

𝑦

(log 𝑥)3𝐷+2

∑
𝑝1,𝑝2⩽𝑥

∑
𝑡1∣𝑝1−1

|𝜇(𝑡1)|
𝜑(𝑡1)

∑
𝜒1∈𝑝1

ord(𝜒1)=𝑡1

1

≪
𝑦𝜋(𝑥)

(log 𝑥)3𝐷+2

∑
𝑝1⩽𝑥

2𝜔(𝑝1−1)

≪
𝑦𝜋(𝑥)2

(log 𝑥)3𝐷

by the Titchmarsh divisor bound (3.9).
We are left with bounding 𝑆3. Since in this sum 𝜒1𝜒2 is a primitive character modulo 𝑝1𝑝2 ⩽ 𝑥2

with 𝑝1𝑝2 ∉  , we have

𝑆3 ≪𝐷

𝑦

(log 𝑥)3𝐷+2

∑
𝑝1,𝑝2⩽𝑥

∑
𝑡1∣𝑝1−1
𝑡2∣𝑝2−1

|𝜇(𝑡1)||𝜇(𝑡2)|
𝜑(𝑡1)𝜑(𝑡2)

∑
𝜒1∈𝑝1

ord(𝜒1)=𝑡1
𝜒2∈𝑝2

ord(𝜒2)=𝑡2

1
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≪
𝑦

(log 𝑥)3𝐷+2

(∑
𝑝⩽𝑥

2𝜔(𝑝−1)

)2

≪
𝑦𝜋(𝑥)2

(log 𝑥)3𝐷

by the Titchmarsh divisor bound (3.9). Now the claim follows by collecting the bounds for
𝑆1, 𝑆2, 𝑆3 and recalling (3.10).
This concludes the proof of Proposition 3.1, which aswe havementioned, is enough to conclude

the proof of Theorem 1.1.
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