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Abstract

Reliable estimation of the classification performance of inferred predictive
models is difficult when working with small data sets. Cross-validation is in
this case a typical strategy for estimating the performance. However, many
standard approaches to cross-validation suffer from extensive bias or variance
when the area under the ROC curve (AUC) is used as performance measure.
This issue is explored through an extensive simulation study. Leave-pair-out
cross-validation is proposed for conditional AUC-estimation, as it is almost
unbiased, and its deviation variance is as low as that of the best alternative
approaches. When using regularized least-squares based learners, efficient
algorithms exist for calculating the leave-pair-out cross-validation estimate.
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1. Introduction

The area under the ROC curve (AUC) (Hanley and McNeil, 1982) is a
ranking-based measure of classification performance, which has gained sub-
stantial popularity in the machine learning community during recent years
(Bradley, 1997; Fawcett and Flach, 2005; Huang and Ling, 2005; Provost
et al., 1998; Waegeman et al., 2008; Vanderlooy and Hüllermeier, 2008). Its
value can be interpreted as the probability that a classifier is able to distin-
guish a randomly chosen positive instance from a randomly chosen negative
instance. In contrast to many alternative performance measures, the AUC is
invariant to relative class distributions, and class-specific error costs. These
properties have prompted the use of the AUC measure in medical decision
making (Swets, 1988), microarray studies (Baker and Kramer, 2006; Gevaert
et al., 2006), natural language processing (Pahikkala et al., 2009a), and in
the evaluation of information extraction systems (Airola et al., 2008; Miwa
et al., 2009), to name a few examples.

In the above domains, the available data often exhibits properties that
make it challenging to reliably evaluate the quality of inferred predictive mod-
els. For example, it is typical for genomic studies to produce data containing
thousands of features, measured from a small sample, possibly containing
only tens of instances. Further, the relative distribution of the classes to be
predicted is often highly imbalanced and their discriminability can be quite
low.

When setting aside data for parameter estimation and validation of re-
sults cannot be afforded, cross-validation (CV) is typically used. However,
many commonly used CV schemes suffer from substantial negative bias, when
considering AUC in the small-sample setting. Of concern is also the variance
in the quality of estimates.

In this work we explore the suitability of different types of CV estima-
tors for measuring the conditional expected AUC performance of a classifier.
In Section 2 we introduce the concept of conditional expected AUC, and
discuss related work. In Section 3 we consider the pooled and averaged CV
approaches, discuss their strengths and weaknesses, and introduce leave-pair-
out CV. Next, in Section 4 we discuss the computational costs of different
CV strategies thereby providing references to efficient methods. Finally, in
Section 5 we present our main contribution, an extensive simulation study
comparing the bias and variance of different CV strategies for conditional
AUC estimation. We conclude in Section 6.
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2. Preliminaries

Let D be a probability distribution over a sample space Z = X × Y ,
where the input space X is a set and the output space Y = {−1, 1}. An
instance z = (x, y) ∈ Z is thus a pair consisting of an input and an associated
label, which describes whether the instance belongs to the positive or to the
negative class. The conditional distribution of an input from X , given that it
belongs to the positive class is denoted byD+, and given that it belongs to the
negative class byD−. Further, let the sequence Z = ((x1, y1), . . . , (xm, ym)) ∈
Zm drawn i.i.d. from D be a training set of m training instances, with
X = (x1, . . . , xm) ∈ Xm denoting the inputs and Y = (y1, . . . , ym) ∈ Ym the
labels in the training set.

Now let us consider a prediction function fZ : X → R returned by a
learning algorithm based on a fixed training set Z. The values taken by fZ
on a set of inputs can be used to produce a ranking where inputs receiving
the highest predicted values are considered as being the most likely to belong
to the positive class. Alternatively, a decision threshold t can be chosen, so
that for a new input x the positive class is predicted if fZ(x) > t, and the
negative class otherwise.

We are interested in the generalization performance of this function, that
is, how well it will predict on unseen future data. The generalization perfor-
mance of fZ can be measured by its expected AUC A(fZ), sometimes also
known as expected ranking accuracy (Agarwal et al., 2005), over all possible
positive-negative instance pairs, that is

A(fZ) = Ex+∼D+,x−∼D− [H(fZ(x+)− fZ(x−))],

where H is the Heaviside step function defined as

H(a) =


1, if a > 0
1/2, if a = 0
0, if a < 0

.

We call this measure the conditional expected AUC of the prediction function,
as it is conditioned on a fixed training set Z.

In practice we almost never can directly access the probability distribution
D to calculate A, but are rather limited to using some estimate Â instead,
such as one obtained from CV. To measure the quality of a conditional ex-
pected AUC estimator, we consider the deviation B(Z) = Â(fZ) − A(fZ),
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which measures the difference between the estimated and true conditional
expected AUC of a prediction function (Braga-Neto and Dougherty, 2004).

In this work we consider the expected value EZ∼Dm [B(Z)] of the devia-
tion distribution as a measure of the biasedness of the estimator. Further,
we also consider the variance VarZ∼Dm [B(Z)] of the deviation distribution,
which can be considered as a measure of the reliability of individual esti-
mates. Preferably, an estimator would have both close to zero deviation
mean and variance. The effects of bias and variance are sometimes combined
by considering the mean squared error E[(B(Z))2] = E[B(Z)]2 + Var[B(Z)]
or the root mean squared error.

In certain settings, instead of considering the quality of a single prediction
function fZ inferred from a fixed training set, one may need to consider the
expectation taken over all possible training sets of size m. The unconditional
expected AUC can be defined as

EZ∼Dm [A(fZ)] .

As discussed for example by Dietterich (1998), Schiavo and Hand (2000)
and Hastie et al. (2009), these two measures correspond to two different
questions of interest. The conditional expected performance corresponds to
the question how well we expect that a prediction function inferred from a
given training set will generalize to future instances. The question arises
whenever a researcher is using a certain data set and wants to know how well
a predictive model inferred from that particular data set will do on future
instances. The unconditional expected performance measures the quality of
the learning algorithm itself, that is, how well on average will a prediction
function returned by the algorithm of interest based on a training set of a
given size generalize to new data.

More often, machine learning related articles concentrate on the uncondi-
tional performance, as the goal usually is to measure the quality of learning
algorithms, where training data is treated as a random variable. Among re-
sults found in this setting, we mention those of Kohavi (1995), which suggest
that the use of 10-fold CV for unconditional error rate estimation achieves a
good balance in trade-off between bias and variance of the estimate in this
setting.

It has been common in machine learning and statistical literature to
cast the problem of assessing the quality of a conditional performance es-
timator as that of measuring its ability to measure unconditional perfor-
mance (see Krzanowski and Hand (1997); Dietterich (1998); Schiavo and
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Hand (2000) for discussion). However, this approach can be considered
problematic as the variance VarZ∼Dm [Â(fZ)] of the unconditional perfor-
mance estimate does not directly inform us about its quality as a condi-
tional performance estimator. Indeed, if the performance of the inferred
predictive models varies significantly when different training sets are sam-
pled, it is to be expected that estimates of a high quality conditional per-
formance estimator would vary accordingly. Rather, what is of interest in
this setting is the variance in deviation. From bias point of view there
is no difference in whether one considers the unconditional or conditional
AUC estimation. The expected value of the deviation can be re-written as
EZ∼Dm [Â(fZ) − A(fZ)] = EZ∼Dm [Â(fZ)] − EZ∼Dm [A(fZ)], which is the same
as the expected difference between estimated and true unconditional AUC.
Thus, an unconditional AUC estimator with low bias will also have low ex-
pected deviance.

In light of these considerations, several simulation studies have been
undertaken during recent years to assess the relative quality of different
conditional error estimators (Krzanowski and Hand, 1997; Braga-Neto and
Dougherty, 2004; Hastie et al., 2009; Kim, 2009). Braga-Neto and Dougherty
(2004) questioned the usefulness of CV estimates due to large variance ob-
served in their experiments, unlike Kim (2009) who found CV more reliable.
Hastie et al. (2009) noted the overall difficulty of conditional prediction er-
ror estimation. It is questionable to what extent the results observed for
conditional error rate estimation can be generalized to conditional expected
AUC estimation. Due to the differing nature of these two performance mea-
sures, their behavior can in certain conditions substantially differ (Cortes
and Mohri, 2004).

There have not been many empirical studies about AUC estimation with
CV. The simulation study of Parker et al. (2007) considered unconditional
AUC estimation mainly on small low-dimensional data sets, and found that
pooling-based CV techniques often had significant negative bias in this set-
ting. Further experimental results about the bias of pooled CV techniques
were presented by Forman and Scholz (2010). Recently, Hanczar et al. (2010)
have studied conditional expected AUC estimation, demonstrating that in
the small sample setting it is very difficult to accurately estimate the AUC
performance. Preliminary results from the study presented in this paper were
presented in (Airola et al., 2009).
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3. Cross-validation

The AUC measure can be calculated using the following formula, also
called the Wilcoxon-Mann-Whitney statistic:

Â(S, fZ) =
1

|S+||S−|
∑
xi∈S+

∑
xj∈S−

H(fZ(xi)− fZ(xj)),

where S is a sequence of instances, and S+ ⊂ S and S− ⊂ S denote the
positive and negative instances in S, respectively (Cortes and Mohri, 2004).

Perhaps the simplest performance estimator one can use is the resubsti-
tution estimate Â(Z, fZ), that is, performance on the training set. It is a
well-known fact that resubstitution often leads to highly overoptimistic eval-
uation of performance, though Braga-Neto and Dougherty (2004) note that
in some very specific settings resubstitution can provide reasonable perfor-
mance estimates with low variance. We do not further consider the resub-
stitution estimate in our study, as in our simulations the estimate typically
yields an AUC of 1 whenever the number of dimensions exceeds the number
of instances, even if there is no signal present.

When there is a large amount of data available, a standard approach is to
set aside a test set T that is not used for learning the model, and use Â(T, fZ)
to estimate the expected AUC of the learned model. This approach, however,
cannot be used when there is not enough data available, such that a separate
test set could be afforded.

In this paper, we consider CV, a performance evaluation technique com-
monly used in practice. Here, the data set is repeatedly partitioned into
two non-overlapping parts, a training set and a hold-out set. For each par-
titioning, the hold-out set is used for testing while the remainder is used for
training. The two most popular variants are tenfold cross-validation (10-fold
CV), where the data is split into ten mutually disjoint folds, and leave-one-
out cross-validation (LOO), where each training instance constitutes its own
fold.

Stratification is commonly done to ensure that the hold-out sets share
approximately the same class distributions. Further, for stratified CV on
small data sets, Parker et al. (2007) have recently suggested a balancing
strategy to ensure that all the training sets share the same number of positive
and negative instances. When the sample size for a class is not a multiple of
the number of folds, some folds will contain one extra instance from that class
compared to the other folds. The balancing is done by randomly removing
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members of overrepresented classes on each round of CV, so that all the
training sets share the same number of instances from each class.

Two alternative strategies can be used to calculate the CV estimate over
the folds, pooling and averaging (Bradley, 1997; Parker et al., 2007).

In pooling, the predictions made in each CV round are pooled into one set
and one common AUC score is calculated from it. For LOO this is the only
way to obtain the AUC score. The assumption made when using pooling is
that classifiers produced on different CV rounds come from the same popu-
lation. This assumption may make sense when using performance measures
such as classification accuracy, but it is more dubious when computing AUC,
since some of the positive-negative pairs are constructed using data instances
from different folds. Indeed, Parker et al. (2007) show that this assumption
is generally not valid for CV and can lead to large pessimistic biases. In
their experiments with no-signal data sets, AUC values of less than 0.3 were
observed instead of the expected 0.5. Similar results have been demonstrated
by Forman and Scholz (2010).

An alternative approach, averaging, is to calculate the AUC score sepa-
rately for each CV fold and average them to obtain one common performance
estimate. Unlike with pooling, when using averaging predictions made for in-
stances in different folds are never compared. While it was shown by Parker
et al. (2007) that averaging eliminates the bias seen in pooling, we note it has
one serious issue that pooling does not have. For N -fold CV, only a small
subsample of all the possible positive-negative instance pairs present in the
training set is considered, when calculating the AUC estimate. This can, as
we will show in the following simulation study, lead to a high variance in the
estimates when using small data sets. Also, as an extreme case, if there are
more folds than observations for the minority class, some of the folds will not
have instances from this class. For such folds, the AUC cannot be calculated.

To combine the strengths of the pooling and averaging strategies, we
propose using leave-pair-out CV (LPO) for AUC estimation. In this approach
each positive-negative instance pair constitutes its own fold, and the CV
estimate is calculated by averaging over all these pairs. Thus, similarly to
pooling, LPO makes maximal use of the available training data, while it also
guarantees that only instances from the same round of CV are compared.

Previously, Krzanowski and Hand (1997) have introduced a leave-pair-
out approach for error rate estimation as a means to achieve lower variance
than that of the leave-one-out estimate. The reported improvements were
however modest. Cortes et al. (2007) considered the LPO as an estimate

7



for pairwise ranking losses, and introduced an approximative algorithm for
efficiently calculating LPO for learning algorithms that minimize the squared
pairwise ranking loss. An exact version of the efficient LPO algorithm was
derived recently by Pahikkala et al. (2008). For further discussion on efficient
algorithmic implementations, see Section 4.

We formalize the CV approaches as follows. Let I = {1, . . . ,m} denote
the indices of the training instances. In CV, we have a set U = {U1, . . . , UN}
of hold-out sets, where N ∈ N and Ui ⊆ I.

By fU we denote the prediction functions inferred from all the training
instances except those indexed by U . Further, we use U+ ⊆ U to denote the
set of positive, and U− ⊆ U the set of negative instances belonging to U .

The pooling approach can be written as

1

C

∑
U,U ′∈U

∑
i∈U+,j∈U ′

−

H(fU(xi)− fU ′(xj)),

where the normalizer C =
∑

U,U ′∈U |U+||U ′
−| is the number of positive-

negative pairs encountered in the summation. For pooling we assume that
the folds are defined such that U ∩ U ′ = ∅ for all U,U ′ ∈ U .

The averaging estimate can be written as

1

C

∑
U∈U

∑
i∈U+,j∈U−

H(fU(xi)− fU(xj)),

where C =
∑

U∈U |U+||U−|.
The AUC performance is calculated with LPO, which is a special case of

averaging, as
1

|I+||I−|
∑
i∈I+

∑
j∈I−

H(f{i,j}(xi)− f{i,j}(xj)),

where f{i,j} denotes a classifier trained without the i-th and j-th training
instance, and I+ ⊂ I and I− ⊂ I denote the indices of the positive and
negative instances in the training set Z, respectively.

Next, we show that LPO is an almost unbiased estimator of unconditional
expected AUC. The proof is analogous to the proof of Cortes et al. (2007)
about the same property of LPO as an estimate for unconditional expected
pairwise ranking error. As discussed in Section 2, the bias in unconditional
AUC estimation and the expected deviance in conditional AUC estimation
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coincide. This means that a method that produces close to unbiased esti-
mates of the unconditional AUC also has the same property when estimating
the conditional AUC.

Let Dp,n denote the distribution of instance sequences containing p pos-
itive and n negative training instances. As before, we assume that the sets
of p positive and n negative instances consist of an i.i.d. sample from their
respective distributions. Let I+ and I− denote the indices of the positive
and negative instances belonging to a training sequence sampled from Dp,n.
Then, by definition |I+| = p and |I−| = n. The expected value of LPO is

EZ∼Dp,n

 1

pn

∑
i∈I+

∑
j∈I−

H
(
f{i,j}(xi)− f{i,j}(xj)

)
= EZ∼Dp,n,i∈I+,j∈I−

[
H

(
f{i,j}(xi)− f{i,j}(xj)

)]
= EZ∼Dp−1,n−1

[
Ex+∼D+,x−∼D− H

(
fZ(x

+)− fZ(x
−)
)]

= EZ∼Dp−1,n−1 [A(fZ)] ,

which is the unconditional expected AUC, assuming a training set with p−1
positive and n − 1 negative instances. By i ∈ I+ and j ∈ I− we denote
the selection of arbitrary members of the corresponding index sets. The
first equality follows from the linearity of the expected value, and the fact
that both the positive and negative instances are sampled i.i.d. (from their
respective distributions). The final equality follows simply from the definition
of unconditional expected AUC. Thus, LPO is an almost unbiased estimator
of unconditional expected AUC. LOO is known to have an analogous property
for univariate performance measures, such as the classification error rate or
the mean squared error (Luntz and Brailovsky, 1969). From this perspective,
LPO can be considered as an extension of LOO to pairwise performance
measures.

4. Computational Efficiency

The computational cost can be seen as a limitation of CV techniques in
general, and in particular for the LOO and LPO methods. For a training set
of m instances, a straightforward implementation of LOO requires training
the learning algorithm m times, while for LPO the required number of train-
ing rounds is of the order O(m2). Even though these computational costs
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may be affordable on small training sets, they can become a limiting factor
as the training set size increases.

Regularized least-squares (RLS) (Rifkin, 2002), also known as the least-
squares SVM (Suykens and Vandewalle, 1999) or kernel ridge regression (Ho-
erl and Kennard, 1970; Saunders et al., 1998), is a state-of-the-art classifica-
tion method, which we consider in our experiments. RLS is a kernel method
based on regularized risk minimization, where a least-squares approximation
of the classification error is minimized together with a quadratic regularizer.
The method is closely related to the SVM classifier (Vapnik, 1995), one of
the most successful classification methods in machine learning, the difference
being that the SVM optimizes the hinge loss rather than the least-squares
loss. The similar behavior of the two methods has been demonstrated both
theoretically and empirically in the literature (see e.g. (Suykens and Van-
dewalle, 1999; Fung and Mangasarian, 2001; Rifkin, 2002; Zhang and Peng,
2004)). An analogous relationship holds between the RankRLS (Pahikkala
et al., 2007; Cortes et al., 2007; Pahikkala et al., 2009b) and the RankSVM
(Herbrich et al., 1999) methods, which extend the RLS and SVM respectively
to minimize the pairwise least-squares and pairwise hinge losses, which can
be considered convex approximations for AUC (for further discussion and
comparisons, see (Pahikkala et al., 2009b)).

A main benefit in using RLS based learning algorithms is that CV pro-
cedures can be implemented very efficiently without having to sacrifice ex-
actness by approximating. The existence of an efficient LOO procedure is
a classical result (Vapnik, 1979). This result has been recently extended to
repeated hold-out and CV with arbitrary sized, possibly overlapping holdout
sets by Pahikkala et al. (2006) and An et al. (2007), independently of each
other. Analogously, for RankRLS, an efficient and exact leave-pair-out proce-
dure has been derived by Pahikkala et al. (2008, 2009b). The CV algorithms,
which are based on matrix calculus, utilize the fact that the results of the
most expensive matrix decomposition operations required in training can be
re-used in the repeated hold-out procedure. The computational complexities
of the efficient LOO and LPO methods both equal O(m2), assuming O(m3)-
complexity operations, necessary for training the RLS or RankRLS methods,
have been previously computed. Since these algorithms combine state-of-the-
art classification performance with efficient computational shortcuts for CV,
they are a natural fit to settings where CV is to be used.
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method type abbreviation
leave-pair-out averaged LPO
leave-one-out pooled LOO
balanced leave-one-out pooled BLOO
averaged 5-fold averaged A 5-F
averaged 10-fold averaged A 10-F
pooled 10-fold pooled P 10-F

Table 1: Cross-validation strategies considered in the simulation study

5. Experimental Study

In the simulation study, we measure the mean and variance of the devi-
ation distribution of several CV estimators. The considered approaches are
summarized in Table 1. We consider three pooled strategies, LOO, balanced
LOO (BLOO) (Parker et al., 2007) and pooled 10-fold CV, as well as the
averaged 5-fold CV, averaged 10-fold CV and LPO. Stratification is used
where possible.

5.1. Basic setup

Two learning algorithms are used in the experiments, RLS and RankRLS.
RLS minimizes an approximation of the classification error rate, like most
machine learning algorithms. RankRLS in contrast optimizes an approxi-
mation of the AUC. Since the RLS algorithm behaves very similarly to the
SVM, and RankRLS to the RankSVM algorithm, the results of the simula-
tions should be also quite directly applicable to these algorithms. To test
this assumption, we perform an additional experiment with SVMs (see Sec-
tion 5.4). We use the linear kernel in all the experiments.

The considered algorithms have a regularization parameter, which con-
trols the trade-off between model complexity and fit to the training data.
We noticed the considered simulation setting to be fairly robust with respect
to the choice of this parameter. In preliminary experiments conducted on
both low and high-dimensional, and signal and non-signal data, shifting the
parameter value by several orders of magnitude did not greatly affect the
resulting deviations. Therefore, to simplify the experimental setup, we fixed
the regularization parameter to the value of 1. In the absence of any prior
knowledge about a suitable value for the parameter, its value can be selected
by combining grid search with CV. However, using the CV estimates both for
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parameter selection and estimation of generalization performance at the same
time can be expected to result in overoptimistic evaluation of performance.

The prediction function returned by the RLS method with linear kernel
can be written as f(x) = wTx+ b, where w ∈ Rn contains the coefficients of
the linear model, x ∈ Rn contains the feature representation of an instance,
and b is an intercept term. Following the approach discussed for example
in (Zhang, 2002) we introduce the intercept term by adding a feature with
constant value 1 to each instance (note that for x̂ = [xT, 1]T, ŵ = [wT, b]T,
f(x) = ŵTx̂). The intercept considerably increases the representational
power of the RLS classifiers if the dimensionality of the data is low. How-
ever, adding an intercept feature has no effect to the RankRLS optimization
problem, as the minimizer of RankRLS loss will always set the corresponding
coefficient to zero.

The used learning and CV algorithms are from the RLScore software
package, available at http://www.tucs.fi/rlscore. The software is based
on the matrix libraries of NumPy and SciPy. Data generation was imple-
mented using the R statistical environment.

Our setting is similar to that of Parker et al. (2007), who compared the
bias of pooling and averaging approaches mainly on low-dimensional data.
We consider synthetic data, as this allows estimating the conditional expected
AUC of the inferred prediction functions. The training set size is 30 instances
in the simulations, unless otherwise explicitly stated. All the results are
calculated over 10000 repetitions, where in each repetition a new training set
is sampled.

In the no-signal simulations, where no signal occurs in the data, instances
from both classes are drawn from normal distributions with zero mean, unit
variance and no covariance between the features. In the signal experiments,
the means of a number of discriminating features are shifted to 0.5 for the
positive, and to −0.5 for the negative class. The conditional expected AUC
of a prediction function is for the no-signal experiments always equal to 0.5,
as no model can do either better or worse than random in this setting, in
terms of AUC. For the signal experiments, generated test sets with 10000
instances are used to estimate the conditional expected AUC of the inferred
prediction functions. The test set estimates thus represent the true general-
ization performance A(fZ), to which the CV estimates Â(fZ) are compared
to.

One question we explored in the simulations was whether the almost un-
biased LPO empirically differs significantly in terms of bias from the other
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estimators. We assess the significance of the difference between the devia-
tion of the LPO estimate and the alternative estimates using the Wilcoxon
signed-rank test (Wilcoxon, 1945), with p = 0.05, applying the conservative
Bonferroni correction for multiple hypothesis testing.

Previously, a rather surprising result has been reported by Hastie et al.
(2009), who observed in a simulation study in many cases negative corre-
lations between conditional performance estimates and the true conditional
performance. Thus, in their simulation, when sampling a more informative
training set than on average, the CV estimates had a tendency to be lower
than on average, and vice versa. The correlations were always calculated for
a fixed learning method and fixed data distribution. We also calculated the
correlations between the true conditional performance and the estimates for
all experiments with signal data. In our simulations, the correlations were in
all cases found to be positive. We note that our experimental setup is quite
different from the one used by Hastie et al. (2009), and that the subject of
their study was conditional error rate rather than conditional AUC.

We do not consider squared error separately, but note that its behavior
is in these experiments dominated by the contribution made by the variance.
This means that any conclusion drawn about the variability of the estimators,
based on these simulation results, holds also for the squared error of the
estimators. Results for the averaged N -fold CV strategies are provided only
when at least N instances from both classes are present, as AUC can not
be calculated for folds that have no instances from both classes. We also
performed limited experiments with the averaged N -times repeated holdout
method, in which the holdout sets are allowed to overlap. The method showed
a much higher variance than any of the approaches considered in this study.

5.2. First simulation study

In the initial simulation study we studied the effect of the presence or
absence of signal in the data and the relative class distributions of posi-
tive/negative pairs on the reliability of different AUC estimators. The rel-
ative distribution of positive instances was varied between 10% and 50% in
steps of 10%. Results for the relative distributions between 60% and 90%
were the same as those between 40% and 10%, as is to be expected. Therefore,
they will not be separately considered in the following. Both low-dimensional
data with 10, and high-dimensional data with 1000 features were considered.
We considered both non-signal and signal data. For the signal data with
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Figure 1: Deviation means with non-signal data.

10 features, 1 feature contains signal, and with 1000 features, 10 features
contain signal.

Figure 1 displays the deviation results for non-signal data. When using
the RLS algorithm on low-dimensional data, we observe a substantial nega-
tive bias for the pooled estimators, with BLOO being the least biased of them.
The averaging strategies work better, with LPO showing significantly less
bias than all of the pooled strategies. These results are consistent with those
reported in (Parker et al., 2007). With RankRLS and low-dimensional data,
the pessimistic bias of the pooled strategies is much smaller, but nonethe-
less significant differences compared to the LPO are observed. LPO and the
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Figure 2: Deviation means with signal data.

other averaging strategies behave similarly. On high-dimensional data the
pessimistic bias disappears.

Figure 2 displays the results for signal data. Compared to the non-signal
results, the negative bias in pooled estimators is larger. Unlike with non-
signal data, some negative bias is now present also in the averaged estimation
strategies. This is to be expected, as there is an inherent negative bias in
the CV procedure due to the fact that some instances are left unused on
each round. This does not effect the non-signal simulation results as there
is no information to be learned from the held out instances anyway. On
signal results the effect is however clear. Comparing the averaged strategies
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Figure 3: Variances of the deviation on non-signal data and RLS.

we see that the larger the folds, the greater the bias. LPO is less biased
than averaged 10-Fold CV, which in turn is less biased than averaged 5-
fold CV. Again for RankRLS the negative bias of the pooled estimators is
smaller on the low-dimensional setting than the bias with RLS. In case of
high-dimensional data, the excess pessimistic bias again disappears from the
pooled estimates, making them competitive with the averaged strategies in
that setting. In fact with RankRLS and high dimensional data, LOO provides
significantly less biased estimates than LPO.

In Figure 3 we present the deviation variances for RLS on non-signal data.
The results for signal data were essentially the same. The RankRLS results
were also very similar with the exception that in the most imbalanced setting
(only 10% of positive instances) BLOO and LPO always had higher variance
than the LOO and pooled 10-fold CV. In all the experiments, the averaged
N -fold CV strategies have a larger variance than the pooled strategies and
LPO. The more imbalanced the relative class distributions, the higher the
variance becomes.

To conclude, LPO seems to be often the least biased of the alternatives
and it has a very similar variance as the pooled strategies. Averaged 10-fold
CV is also very competitive in terms of bias. For averaged 5-fold CV, a large
pessimistic bias appears in the signal experiment, as a fifth of the training
data is held out of the already very small training set in each round. Both of
the averaged N -fold CV strategies suffer from a large variance. Pooling leads

16



0.1 0.2 0.3 0.4 0.5
fraction of positive examples

0.08

0.06

0.04

0.02

0.00

0.02

m
ea

n 
of

 d
ev

ia
tio

n
RLS, non-signal data

d=10
d=20
d=50
d=250
d=1000

0.1 0.2 0.3 0.4 0.5
fraction of positive examples

0.08

0.06

0.04

0.02

0.00

0.02

m
ea

n 
of

 d
ev

ia
tio

n

RankRLS, non-signal data

d=10
d=20
d=50
d=250
d=1000

Figure 4: Mean deviation of LOO with varying feature space dimensionality.

to a lower variance, but can also result in a large bias, as seen especially with
RLS on low-dimensional data. Balancing can help to reduce this bias, as
demonstrated by the BLOO results. For RankRLS the pooled CV estimates
were on low-dimensional data much less biased than for RLS.

5.3. Second simulation study

Based on the results of the initial study, we designed a further suite of
experiments, to explore some of the issues encountered. As the dimension-
ality of the feature space was found to be one of the most important factors
influencing the amount of bias in the estimators, we chose to explore this
further. In addition, we studied the effect of varying the amount of signal in
the data, and the sample size.

First, we consider results for non-signal data and varying feature space
dimensionality. In this experiment, we run the non-signal experiment with
10, 20, 50, 250 and 1000 dimensional data. We noticed that the deviation
variance was not greatly affected by changing the feature space dimensional-
ity. Similarly to results presented in Figure 3, averaged 10-fold and 5-fold CV
always had a higher variance than pooled strategies and LPO. Also, averaged
estimators again did not show any systematic bias in this experiment. They
are therefore not considered further here.

In Figure 4 we present the mean deviations for LOO, as it is representative
of how the pooled estimators in general behaved. Increasing dimensionality
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Figure 5: Mean deviations for signal experiments with 10 features

was found to lead to a positive bias in the pooled estimators. At 20 dimen-
sions much of the negative bias has disappeared, and at 50 dimensions we
can see a clear positive bias. At 250 dimensions the positive bias has mostly
disappeared. To conclude, the pooled strategies show a clear bias in several
different settings on non-signal data, though the magnitude and even the
direction of the bias does change with feature space dimension.

Additional analysis about the behavior of LOO in low and high dimen-
sions can be found in the Appendix. While the analysis does not fully explain
the observed phenomena, it yields some insight into why LOO with RLS has
such strong negative bias in low dimensions, while the effect disappears with
high enough dimensionality.
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Figure 6: Mean deviations for signal experiments with 100 features

In the signal experiment we studied the behavior of the deviation bias
and variance as a function of signal strength. In each experiment the dimen-
sionality of the feature space is fixed, and signal strength is varied from 10%
of the features being informative to all of them being informative. As the
number of informative features grows, so does the true conditional expected
AUC of the inferred models. The results are presented for the setting where
the class distribution is balanced. We also run the experiments in an imbal-
anced setting where only 10% of the instances belonged to the positive class.
The observed trends were similar, though the magnitude of the variance was
about twice as high.

Figure 5 shows the deviation means for 10-dimensional data; we observe
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Figure 7: Deviation variance plotted against signal strength

again a pessimistic bias in the pooled estimators, though for LOO most of
the bias disappears for RankRLS. As before, 5-fold CV also has a negative
bias. With 100-dimensional data and RLS (see Figure 6), all the pooled es-
timators show some negative bias, and averaged fivefold has a slight positive
bias. For RankRLS the signal in the data has now become strong enough
that it can learn to separate the classes almost perfectly, achieving uncondi-
tional expected AUCs close to 1 from 30 signal features onwards. All of the
estimators predict this correctly with their mean deviations reaching almost
0 at this point. The same could be achieved for RLS when the number of
features was increased to 1000 and the number of signal features to 100.

Figure 7 plots the deviation variance against the amount of informative

20



50 100 150 200 250 300
number of training instances

0.08

0.06

0.04

0.02

0.00

0.02

m
ea

n 
of

 d
ev

ia
tio

n

RLS, non-signal data: 10 features

LPO
LOO
BLOO
A 5-F
A 10-F
P 10-F

50 100 150 200 250 300
number of training instances

0.08

0.06

0.04

0.02

0.00

0.02

m
ea

n 
of

 d
ev

ia
tio

n

RLS, non-signal data: 50 features

LPO
LOO
BLOO
A 5-F
A 10-F
P 10-F

50 100 150 200 250 300
number of training instances

0.000

0.005

0.010

0.015

0.020

0.025

va
ria

nc
e 

of
 d

ev
ia

tio
n

RLS, non-signal data: 10 features

LPO
LOO
BLOO
A 5-F
A 10-F
P 10-F

Figure 8: Sample size experiments for non-signal data and RLS with 10 and 50 features
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Figure 9: Sample size experiments for non-signal data and RankRLS with 10 and 50
features
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features. For 10-dimensional data, the variances of RLS and RankRLS were
essentially identical. It can be clearly seen from the plot that increasing
the signal strength effects the variance; the stronger the signal the smaller
the variance. In the lower picture we can see that for RankRLS on 100-
dimensional data and strong enough signal, the deviation variance finally
reaches 0. The same effect occurs for RLS in 1000 dimensions.

To conclude, while for non-signal data the pooled estimators were neg-
atively biased in low-dimensional spaces, this bias was seen to shift to a
positive one, and finally disappear, as the dimensionality of the feature space
increased. For the averaged estimators neither a negative nor a positive bias
was observed for non-signal data. In the signal experiment, increasing the
strength of signal in the data did not remove the negative bias of pooled
estimators encountered on 10-dimensional data. In high dimensions, with
a strong enough signal, the negative bias disappeared first from averaged
N -fold CV strategies, and finally from pooled CV strategies.

All experiments considered, LPO and averaged 10-fold CV are again the
least biased. An increase in signal strength leads to a smaller variance in
the estimates. However, the relative differences in variance always remain,
with averaged N -fold CV strategies typically having a much larger deviation
variance than the other CV estimators.

Finally, we consider the effect of the sample size. On non-signal data we
incrementally increase the sample size from 30 instances to 300, and examine
the effect on the deviation. Figure 8 summarizes the results on 10 and 50-
dimensional data for RLS, and Figure 9 for RankRLS. For 10-dimensional
data a small decrease in the magnitude of the pessimistic bias is seen as
the sample size grows. Still, the bias is quite noticeable even for a sample
size of 300, indicating that the phenomenon is not only limited to extremely
small sample sizes. With 50-dimensional data we notice that, unlike the
negative bias, the positive bias shown by the pooled estimators disappears
as the sample size increases. This suggests that the positive bias of pooled
estimators may appear only in certain quite specific circumstances. As shown
for 10-dimensional data, the variance of the estimators becomes much smaller
when the sample size grows. The same trend was observed in experiments
on higher-dimensional data. Moreover, it is interesting that averaged N -fold
CV estimators become competitive in terms of variance when the sample size
grows.
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Figure 10: Mean deviations with SVM, RLS and RankRLS on 10-dimensional non-signal
data with balanced class distribution.

5.4. SVM experiment

To demonstrate that effects similar to those observed in the previous
experiments do appear also when using other learning methods than RLS
or RankRLS. we repeat one of the experiments using the soft margin SVM
classifier (Vapnik, 1995). We implement the SVM based on the BMRM
training algorithm (Teo et al., 2010), using the CVXOPT open source opti-
mizer for quadratic programming. We use the linear kernel and the value 1
for the regularization parameter, as was done in the previous experiments.
Using 30 training instances, 10-features and a balanced data distribution,
we measure the mean deviations of the different estimators for SVM. Due
to computational costs, we limit the experiment to 2000 repetitions instead
of the 10000 repetitions used in all the previous experiments. In Figure 10
are the mean deviations. The results are very close to those observed with
RLS. The pooled estimators have a clear negative bias, with LOO being the
most biased, while the averaged estimators have a close to zero deviation.
Similarly to earlier experiments, averaged 10-fold had the highest deviation
variance also for SVM. The main drawback of using SVMs is the lack of fast
exact CV methods, which makes especially computing LOO, BLOO, and
LPO computationally inefficient, as discussed in Section 4.
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6. Conclusions

In this work we have considered the merits and drawbacks of different CV
estimators for the conditional expected AUC. In line with earlier results of
Parker et al. (2007), we observed a large negative bias in the pooled CV esti-
mators on low-dimensional data. This bias was seen to persist even when the
signal strength or the sample size was increased, suggesting that the pooled
estimators can systematically fail in a wide variety of settings when using
low-dimensional data. Increasing the feature space dimensionality caused a
positive bias to appear on small data sets with no signal or a weak signal,
but this phenomenon disappeared with an increased signal or an increased
sample size. On high-dimensional data, the pooled estimators did not show
substantial bias. Averaged strategies did not suffer from the same bias effect
as the pooled ones. However, averaged N -fold estimates had larger deviation
variance on small data sets than the pooled approaches. LPO performed
significantly better than the pooled estimators in terms of bias in most of
the experiments, and had competitive variance. The main difference between
the RLS and RankRLS results was that the negative bias in pooled estimates
on low dimensional data was much stronger with RLS than with RankRLS.

A natural question that arises is, to which extent can our results be
generalized to other learning methods? The differences between the RLS
and RankRLS results demonstrate that the underlying learning method
does affect the behavior of the CV estimators. Still, some general learner-
independent principles can be recognized behind the experimental results.
The pooling approach can result in bias, as the predictions made by different
models are combined together before calculating the AUC, whereas this is
not the case for averaging. Pooled approaches and LPO allow making use of
all the positive-negative pairs in the training set, which allows lower variance
compared to averaged N -fold estimates. Finally, CV with large folds can
lead to a negative bias with signal data, since a large part of the training set
is not used for learning in each round.

LPO was observed to be the most robust of the considered approaches, as
it provided in all our experiments close to unbiased performance estimates,
and showed a variance that was competitive with that of the pooled estima-
tors. Therefore, we suggest that LPO is the preferred method for conditional
AUC estimation. However, due to its computational costs, it may not always
be a practical choice when using learners that do not have fast algorithms
for CV. Of the alternative approaches, we suggest that averaged N -fold es-
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Dimensionality
Sample size low high

small (e.g. 30 instances)
LPO LPO
Balanced pooling Balanced pooling

medium (e.g. 300 instances)
LPO LPO
Averaging Averaging

Table 2: Recommendations about preferred cross-validation strategies in different settings

timates are the most reliable, as long as one has at least several hundreds of
training instances available to achieve an acceptable level of variance. Pooled
estimators may be useful on very small data sets due to their variance being
lower than that of averaged N -fold estimates in this setting. However, their
bias seems to be a serious problem especially on low-dimensional data. As
previously recommended by Parker et al. (2007), balancing should be done
when applying pooling, as it can reduce this bias. While in our experiments
pooling did not show a strong bias in high dimensions, care should be exer-
cised in generalizing this result. The basic problem of making comparisons
between predictions made in different CV rounds remains, meaning that bias
might appear also in high dimensions for other types of data distributions or
learning methods than those considered in our simulations. We summarize
our recommendations in Table 2.

We note the existence of particularly efficient algorithms for calculating
the CV estimates for RLS and RankRLS. Possible future directions of study
include exploring ways to reliably and efficiently assess the statistical signif-
icance of achieved results, for example by applying permutation tests. The
efficient CV algorithms and learning methods used in this study are made
publicly available under open source license as part of the RLScore machine
learning software package, distributed at http://www.tucs.fi/rlscore.
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Appendix

Here, we analyze the effect the data dimensionality has on the amount
of bias in pooled estimation. We restrict our considerations to LOO with
non-signal data, because the largest negative bias was seen in this setting.
The bias was strong with low-dimensional non-signal data, but it was seen
to disappear with large enough dimensionality. Instead of analyzing RLS
directly, we consider the Parzen window classifier, which is easier to analyze
and is known to be an approximation of both RLS (Zhang et al., 2005) and
SVM (Hastie et al., 2004). Here, we denote by ⟨x1,x2⟩ the inner product
between two vectors x1 and x2.

The prediction function for the linear Parzen window classifier is:

fZ(x) =
∑

(xi,yi)∈Z

yi⟨xi,x⟩.

Let x̂+ = x+ + µ and x̂− = x− + µ be feature vectors of a positive and a
negative training instance, where µ is the mean vector of the training set.
Now let z+ = (x̂+, 1) ∈ Z and z− = (x̂−,−1) ∈ Z. Further, let

a =
∑

(x̂i,yi)∈Z∖{z+,z−}

yix̂i.

The difference of LOO hold-out predictions for a positive x+ and negative
x− training instance is:

e = fZ∖{z+}(x̂
+)− fZ∖{z−}(x̂

−)

= fZ∖{z+,z−}(x̂
+)− ⟨x̂−, x̂+⟩ − (fZ∖{z+,z−}(x̂

−) + ⟨x̂+, x̂−⟩)
= fZ∖{z+,z−}(x̂

+ − x̂−)− 2⟨x̂+, x̂−⟩
= ⟨a,x+ − x−⟩ − 2⟨x+,x−⟩ − 2⟨x+, µ⟩ − 2⟨µ,x−⟩ − 2∥µ∥2. (1)

Recall that if e > 0, the holdout instances are correctly ranked. As discussed
before, AUC is the relative frequency of correctly ranked positive-negative
pairs, with 0.5 being the expected value for non-signal data.

For simplicity, we now assume that the data having no signal follows a
normal distribution as is the case in our experiments. For other distributions,
the analysis is more complicated. The probability of the first four terms of
(1) being positive is 0.5, while the last term −2∥µ∥2 is always negative. As a
consequence, if the mean of the data is not zero, a negative bias is introduced
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into the LOO estimate, since the probability of correctly ordering the two
holdout instances becomes less than 0.5.

In our experiments with data having no signal, the data follows a normal
distribution with zero mean. Of course, the finite training samples have a
nonzero mean. Nevertheless, the norm of the mean vector is usually negligible
compared to the other four terms of (1), and hence it is only able to cause
a minor bias in the LOO results. However, as discussed in Section 5.1,
the feature vectors of the training instance were appended with a constant
valued feature in order to increase the representational power of the learning
algorithms in low dimensions. This operation directly increases the norm
of the mean vector of the training set by the absolute value of the constant
feature. This increase, in proportion to the other four terms of 1, is large in
low dimensional data, while it again becomes negligible as the dimensionality
of the data increases.

The analysis suggest that the existence of the intercept term can introduce
substantial bias to LOO AUC estimates with the Parzen window classifier,
and by extension to the RLS and SVM classifiers. However if the value of
this term is held constant, the effect lessens with increase in dimensionality.
The results do not apply to RankRLS, which ignores the intercept term if
present. The analysis is consistent with results observed in the experiments,
where LOO estimates for RLS are extremely biased on low-dimensions, but
the effect disappears in higher dimensions, whereas RankRLS is much less
biased. Further, based on this analysis we performed an experiment on low-
dimensional non-signal data both for RLS and SVM, where we removed the
intercept term from the optimization problem. This reduced the negative
bias considerably, suggesting a possible way to trade off the expressive power
of these learning algorithms for lessened bias in pooled estimation. We do
not however recommend this approach, as with low dimensional signal data
the intercept term can be crucial for allowing the inferred model to separate
the classes.

Thus, we conjecture that this analysis partly explains the phenomenon
observed in our experiments that the bias of LOO is for RLS much more
severe in low-dimensions than in high dimensions.
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