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Abstract

The Maker-Breaker domination game is a positional game played on a graph by
two players called Dominator and Staller. The players alternately select a vertex
of the graph that has not yet been chosen. Dominator wins if at some point
the vertices she has chosen form a dominating set of the graph. Staller wins if
Dominator cannot form a dominating set. Deciding if Dominator has a winning
strategy has been shown to be a PSPACE-complete problem even when restricted
to chordal or bipartite graphs. In this paper, we consider strategies for Dominator
based on partitions of the graph into basic subgraphs where Dominator wins as
the second player. Using partitions into cycles and edges (also called perfect [1,2]-
factors), we show that Dominator always wins in regular graphs and that deciding
whether Dominator has a winning strategy as a second player can be computed
in polynomial time for outerplanar and block graphs. We then study partitions
into subgraphs with two universal vertices, which is equivalent to considering the
existence of pairing dominating sets with adjacent pairs. We show that in interval
graphs, Dominator wins if and only if such a partition exists. In particular, this
implies that deciding whether Dominator has a winning strategy playing second
is in NP for interval graphs. We finally provide an algorithm in n*+3 for interval
graphs with at most k nested intervals.



1 Introduction

The Maker-Breaker domination game is played on a graph G = (V,E). The two
players, called Dominator and Staller, claim turn by turn unclaimed vertices of the
graph. If at some point the vertices claimed by Dominator form a dominating set
of G, then Dominator wins. Otherwise, that is, if Staller manages to claim a vertex
and all its neighbors, Staller wins. This game has been defined recently by Duchéne,
Gledel, Parreau and Renault [8]. The game belongs to the larger family of Maker-
Breaker positional games played on hypergraphs, that was introduced first by Hales
in 1963 [15], and later by Erdés and Selfridge in [9]. The famous game HEX belongs
to this family [17]. In this general context, two players called Maker and Breaker
alternately claim a vertex from a given hypergraph. Maker wins if she manages to
claim all the vertices of a hyperedge, otherwise Breaker wins. The Maker-Breaker
domination game played on a graph G is a particular instance of such games, where
the corresponding hypergraph has as its set of hyperedges all the dominating sets of
G, and Maker corresponds to Dominator. The two reference books [3, 17] constitute
a good introduction to the field of positional games for the uninitiated reader.

The main issue concerning positional games is about the computation of the out-
come of the game, i.e., who wins regardless of the opponent’s strategy. The input of
the problem is generally the (hyper)graph on which the game is played (also called in
this paper a game position, a term that includes graphs where several vertices may
already have been claimed). In the case of the Maker-Breaker domination game, it has
been proved in [8] that there are only three possible outcomes:

¢ D, meaning that Dominator wins whoever starts;
e S, meaning that Staller wins whoever starts;
e N, meaning that the first player has a winning strategy.

A general result about Maker-Breaker games shows that it is never advantageous
to miss a turn [3]. Therefore, an outcome D corresponds to a game position where
Dominator wins when playing second.

It has been proved in [8] that the computation of the outcome of the domination
game is a PSPACE-complete problem in general and also on chordal graphs, but
can be done in linear time on trees and cographs. Recall that a problem belongs to
PSPACE if it can be solved with a polynomial amount of space. Also recall that
PSPACE is a superclass of the class NP, so PSPACE-complete problems are generally
considered as very hard problems to deal with. In [11, 14], a variation of the domination
game has been defined using the total domination property. For these two kinds of
domination games, there are several families of graphs (like paths, cycles or particular
cases of cycles or grids) for which winning strategies for Dominator can be exhibited
by partitioning the vertex set of the graph. More precisely, if the vertices of the graph
can be partitioned with partial subgraphs where each outcome is D, then the overall
outcome is also D (see Proposition 3 of [8]). Indeed, it suffices for Dominator to apply
her winning strategy as a second player on each subgraph. As an illustration, in the
standard domination game, cycles and cliques of size at least 2 have an outcome D.



Therefore, if the game is played on a graph that admits a Hamiltonian cycle or a
perfect matching, then the outcome is D. As depicted by Figure 1, it is also the case
if the graph can be partitioned with a union of cliques of size at least 2. For all
these situations, the computation of the outcome and the computation of the winning
strategy (i.e., the sequence of winning moves corresponding to this outcome) can both
be done in polynomial time. Indeed, the winning strategies for paths, cycles, grids or
cliques are easy to describe with pairing arguments. Yet, the two problems are not
always correlated in terms of complexity.

Fig. 1 A graph having a partition into three cliques of size at least 2: the outcome is D.

The aim of the current paper is to explore the correlation between the existence of
such partitions and the existence of a winning strategy for Dominator. In particular,
there are cases for which these two problems are proved to be equivalent. For exam-
ple, in [8], it is proved that the domination game has outcome D in trees if and only
if the graph admits a perfect matching. Such an equivalence is not true on general
graphs as in terms of first-order logic, combinatorial structures of graphs and 2-player
games are fundamentally different. In addition, the well-known concept of pairing
strategies [3] in positional games is strongly correlated to such partitioning strategies.
Pairing strategies have been instantiated in the domination game under the name of
pairing dominating sets. The relation between pairing dominating sets and winning
strategies for Dominator is also explored in [8]. In terms of algorithmic complexity,
equivalences between partition or pairing strategies and the outcome of a game open
a door to a reduction of the general complexity of the latter problem. Indeed, the
existence of a pairing dominating set in a graph is proved to be a NP-complete prob-
lem, whereas the outcome of the domination game is PSPACE-complete in general.
The main motivation of the current paper is to investigate such equivalences, as it
corresponds to a rare way to decrease the natural complexity of 2-player games (i.e.,
PSPACE) to the one of standard combinatorial problems (i.e., NP).



The paper is organized as follows. In Section 2, we give the suitable general material
to have a formal definition of such partitions of the graph. More precisely, the notion
of F-factor of a graph will be introduced, where the set F corresponds to the set of
graphs allowed in the partition. In order to yield winning strategies for Dominator in
larger classes of graphs, a natural objective is to consider sets of simple or small graphs
having outcome D for F. As an example, the set of cliques for F can be reduced by
considering only the graphs with two adjacent universal vertices, that are also D. On
Figure 1, any edge of the K can thus be removed without changing the result.

In Section 3, the case of graphs having perfect [1,2]-factors is developed. They
correspond to the case where F is the set of edges and cycles. Deciding whether a
graph admits such a factor is polynomial. By proving the equivalence between this
problem and the computation of the outcome, this leads us to a polynomial time
algorithm (both for the outcome and the winning strategy) for the domination game
played on a family of graphs including outerplanar graphs and block graphs. Regular
graphs always admit perfect [1, 2]-factors, leading to a direct outcome D for them.

In Section 4, we recall the notion of pairing dominating sets, and see how they can
be connected to F-factors. In particular, if pairing dominating sets have the property
that both elements of the pairs are adjacent, then they correspond exactly to F-factors,
where F is the set of complete bipartite graphs, with an additional edge between the
two vertices of the first part. We then focus on interval graphs for which this property
of adjacency is true. We solve the case of unit interval graphs. Then, the major result
of the paper is given: we prove that deciding the existence of a pairing dominating set
in this class is equivalent to deciding whether the outcome is D. This result improves
the known complexity of the domination game in interval graphs (i.e., NP). We then
investigate the resolution of the pairing dominating set problem in interval graphs and
provide an algorithm in O(n**+3) for k-nested interval graphs that are interval graphs
with at most k intervals included in each other.

Table 1 gives a summary of the currents results for the complexity of the problem
of deciding if Dominator wins playing second.

Graph class Complexity Partition strategies

Bipartite graphs PSPACE-c - [8] -

Chordal graphs PSPACE-c - [8] -

Interval graphs NP - Corollary 4.16 pairing dominating sets

k-nested interval graphs | P - Corollary 4.21 pairing dominating sets

Trees P - [8] matchings

Cographs P - [8] pairing dominating sets

Block graphs P - Corollary 3.12 perfect [1, 2]-factors

Outerplanar graphs P - Corollary 3.12 perfect [1, 2]-factors

Regular graphs O(1) - Corollary 3.5 | perfect [1,2]-factors (always exist)

Table 1 Complexity of deciding whether Dominator has a winning strategy playing second
for different classes of graphs. The rightmost column indicates the equivalence with some
partition strategy when it exists.



2 Preliminaries

2.1 Graphs

We give here the terminology about graphs that is required for a good understanding
of this paper. First, all considered graphs here will be finite and simple. They will
generally be described by pairs (V, E) where V is the set of vertices and E the set of
edges. We will denote by N[v] the closed neighborhood of a vertex v (i.e., v and all its
neighbors). If X is a subset of vertices, we define N(X) as the set of all the vertices
that are neighbors to at least one vertex of X. Two vertices = and y are twins if they
satisfy N[x] = Ny

Given a graph G with (V) E) and a subset V' of V', we say that a subgraph G’ of
G is induced by V' if it has V' as set of vertices, and an edge (x,y) belongs to G’ if
and only if (x,y) € E.

A set S of vertices of a graph G is a dominating set if for every vertex v, there is
a vertex z in SN N[v].

An interval graph is the intersection graph of intervals of the real line, i.e., each
vertex corresponds to an interval, and two vertices are adjacent if their corresponding
intervals intersect.

A graph is said to be outerplanar if it is planar and all the vertices belong to the
outer face of the planar drawing.

Given a vertex u of a graph G, the graph G — u is the subgraph of G where u and
all the edges incident to v have been removed. A cut-vertex in a graph is a vertex that
disconnects the graph when removed.

A 2-connected graph is a connected graph that remains connected after the removal
of any vertex. A 2-connected component of a graph is a maximal 2-connected subgraph
of it. A graph is called a block graph if every 2-connected component is a clique.

A graph is said regular if all its vertices have the same degree. The term k-regular
is used when this degree is equal to k.

We say that H = (Vg, Eg) is a spanning subgraph of G = (Vg, Eg) if Vg = Vg
and Eyg C FEg. We say that a spanning subgraph H of G is a perfect matching if all
the vertices of H have degree one. A graph is Hamiltonian if it admits a connected
spanning subgraph where all the vertices have degree two.

2.2 Maker-Breaker domination game

We recall the rules of the game:

Maker-Breaker domination game Given a graph G, two players called Dom-
inator and Staller alternately select a vertex of G that has not yet been chosen.
Dominator wins if at some point the vertices she has chosen form a dominating set of
the graph. Staller wins if Dominator cannot form a dominating set.

As mentioned in the introduction, there are three possible outcomes for this game,
namely D, § and NV. In general, we will consider game positions where all the vertices
are unclaimed at the beginning. Yet, there are some situations where it is useful to



consider game positions where some moves have already been played by Dominator
and/or Staller. Such positions played on a graph G will be denoted by (G, D, S), with
DnNS =0, and where D (resp. S) is a set of vertices that are already claimed by
Dominator (resp. Staller). Note that a position G simply denotes the position (G, 0, ).

As explained in the introduction, in Maker-Breaker positional games, for any
player, there is only a disadvantage to skipping a turn. Therefore, if a player has a
winning strategy as a second player, then he also wins being first. As the current
paper deals with strategies for Dominator, we will mainly identify some of the situa-
tions where she always wins (being first or second) or not. The previous remark leads
us to consider only the outcome where Dominator is the second player. Therefore,
for the study we are concerned with, the decision problem related to the domination
game will be defined as follows:

D-OUTCOME
Input: A graph G
Output: Is G of outcome D 7

Note that for the sake of convenience, it is standard in combinatorial game theory
on graphs to speak of the outcome of a graph to consider the outcome of the game
played on that graph.

It is known from [8] that D-oUTCOME is a PSPACE-complete problem. The next
two lemmas are easy observations that constitute the starting point for partition
strategies.

Lemma 2.1 ([8]). Let G1 and Ga be two graphs on disjoint sets of vertices with
outcome D. Then the disjoint union of G1 and Gs, denoted by G1 U G4, has outcome
D.

Lemma 2.2 (Monotonicity [8]). Let G be a graph and H be a spanning subgraph of
G. If H has outcome D, then G also has outcome D.

The next definition has been introduced by the authors of [8] and illustrates a

graph structure that guarantees the existence of a winning strategy for Dominator. It
will be a key element of Section 4 dedicated to interval graphs.
Definition 2.3 ([8]). Let G = (V,E) be a graph. A set of pairs of vertices
{(u1,v1), ..., (ug, vi)} of V is a pairing dominating set (PDS for short) if all the ver-
tices in the pairs are distinct and if the intersection of the closed neighborhoods of each
pair covers the vertices of the graph:

V= Uf=1N[’UJZ} N N[UZ}

Figure 2 gives an example of a pairing dominating set.

Having a pairing dominating set is a sufficient condition for a graph to have out-
come D. Indeed, Dominator playing second can claim at least one vertex of each pair
and thus dominate the graph.

Lemma 2.4 ([8]). Let G be a graph. If G has a pairing dominating set, then G has
outcome D.
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Fig. 2 The set {(u1,v1), (u2,v2), (u3,v3)} is a pairing dominating set.

The next lemma is a consequence of the general super Lemma 1.84 from Oijid’s
thesis [21] in the context of the Maker-Breaker domination game:

Lemma 2.5 (Super lemma [21]). Let (G, D,S) be any game position, and let (x,y)
be any pair of unclaimed vertices. If x and y are twins, then the positions (G, D, S)
and (G, D U{z},SU{y}) have the same outcome.

As a consequence of this result, from a position of outcome D, if a vertex w of the
graph has its neighborhood included in the neighborhood of another vertex v, then one
can assume that Dominator keeps her winning strategy by answering v (if available)
after a move of Staller in w.

Lemma 2.6. Let G be a position with outcome D and let us have two vertices w,v €
V(G) with N[w] C Nv]. There also exists a winning strategy for Dominator playing
second in (G, {v}, {w}).

Proof. Consider the supergraph G’ of G with the same set of vertices, by adding all
the necessary edges incident to w so that v and w are now twins. By application
of Lemma 2.5, we have that Dominator wins on (G, {v}, {w}). In this graph, since
the vertex v is claimed by Dominator, all the edges that have been added have their
two extremities dominated by v. Therefore, Dominator also wins playing second in

(G, {v}, {w}). O

2.3 F-factors

Lemmas 2.1 and 2.2 allow us to define a type of strategy for Dominator based on
a decomposition of the graph into small graphs of outcome D. We formalize these
strategies using the notion of F-factors (see for example [1, 18, 19]).

Definition 2.7. Let F be a family of graphs. Let G be a graph. An F-factor of G is a
spanning subgraph H such that each connected component of H is isomorphic to some
graph in F.

Proposition 2.8. Let G be a graph. If G has an F-factor where all the elements of
F have outcome D, then G has outcome D.

Proof. Let F be a family of graphs of outcome D and H be an F-factor of G. Since
H is a union of graphs of outcome D, by Lemma 2.1, it has outcome D. Since it is a
spanning subgraph of G, by Lemma 2.2, G has outcome D. O

Depending on the choice of F, we obtain different strategies for Dominator. For
example, if one takes for F the smallest graph of outcome D, the graph Ks, then a
{K3}-factor is simply a perfect matching. Proposition 2.8 says that if a graph has a
perfect matching, then it has outcome D [8]. Other simple graphs have outcome D like



any (odd) cycle (see [8]). Combining K3 and odd cycles we obtain perfect [1, 2]-factors
that will be investigated more in Section 3.

— vV {7 A

Ks = K3y K3 = Ky, Ky

Fig. 3 Small graphs of outcome D used for covering strategies.

We will consider in Section 4 another family of graphs of outcome D that permits
us to express the pairing strategies used in [8] in our framework. Let ¢ be an integer.
We define the graph K. ;r , as the complete bipartite graph K5, with an additional edge

between the two vertices in the part of size 2. By extension, K;: o denotes K. See
Figure 3 for an illustration. Since this graph has two universal vertices, Dominator
can take one of the universal vertices at her first turn and thus it has outcome D.
We will see in Section 4 that a {Ké|r s, ¢ > 0}-factor actually corresponds to a pairing
dominating set where the pairs of vertices are adjacent. We will in particular prove
that an interval graph G has outcome D if and only if it has such a factor.

Note that if one can compute in polynomial time a strategy for Dominator as
second player for each element of F, then once we have an F-factor, one can find a
winning strategy for Dominator in polynomial time: it suffices to follow the strategy
in the component where Staller has played. This will be the case for all the graphs of
outcome D which we are considering in this paper.

3 Perfect [1, 2]-factors

In this section we focus on covering strategies with edges and cycles, i.e., on F-factors
with F = {K3} U{C,,n > 3}. Such factors are also called perfect [1,2]-factors [1].
We first give a characterisation of graphs admitting perfect [1, 2]-factors using perfect
matchings in a special bipartite graph [22]. This characterisation has two consequences.
First, deciding if a graph has a perfect [1,2]-factor and exhibiting one if it exists
is polynomial. Second, regular graphs always have a perfect [1,2]-factor, and thus
outcome D. Then we prove that having a perfect [1, 2]-factor is equivalent to outcome
D in a class of graphs that contains block and outerplanar graphs. As a consequence,
deciding if a graph has outcome D can be computed in polynomial time in these classes.

3.1 Perfect [1,2]-factors as matchings

A [1, 2]-factor is a spanning subgraph where all the vertices have degree 1 or 2, i.e., all
the connected components are cycles or paths. It is perfect if all the connected compo-
nents are regular. Thus a perfect [1, 2]-factor must have all its connected components
isomorphic to an edge or a cycle. This is exactly a {Ks,C,, : n > 3}-factor. Since any



cycle has outcome D [8], by Proposition 2.8, if a graph G has a perfect [1,2]-factor,
then it has outcome D. Note that the reverse does not hold, as we can see with K2+’3.
Lemma 3.1. Let G be a graph that admits a perfect [1,2]-factor. Then the outcome
of G is D.

Tutte [22] gives a characterisation of graphs having a perfect [1,2]-factor using
the incidence bipartite graph B(G) of G: the vertices of B(G) are two copies V; and
V5 of the vertices of G. There is an edge between u; € Vi and uy € V5 if and only
if the vertices corresponding to u; and wuy are adjacent in G. See Figure 4 for an
illustration of the construction of B(G). Perfect [1,2]-factors in G are equivalent to
perfect matching in B(G), as stated in the following theorem.

o % @ =

0

B(G)

Fig. 4 The bipartite graph B(G) constructed from G. A perfect [1, 2]-factor in G correspond to a
perfect matching in B(G) (see the edges in bold).

Theorem 3.2. [22] Let G be a graph. Then G has a perfect [1,2]-factor if and only
if B(G) has a perfect matching. Moreover, one can find the perfect [1,2]-factor of G
from the perfect matching of B(G) in polynomial time.

A nice proof of Theorem 3.2 can be found in [1, Theorem 7.2]. This theorem has
two important consequences. First, since deciding if a graph has a perfect matching
is polynomial (using for example Ford-Fulkerson algorithm, [12]), deciding if a graph
has a perfect [1, 2]-factor is also polynomial.

Corollary 3.3. Given a graph G, deciding if G has a perfect [1, 2]-factor is polynomial.
Moreover, if G has such a factor, then it can be computed in polynomial time.

Second, using Hall’s theorem, there is a sufficient condition on the neighborhoods
of B(G) for G to have a perfect [1,2]-factor.

Theorem 3.4 (Hall’s theorem [16]). Let B = (X UY, E) be a bipartite graph with
bipartition to X and Y. There is a perfect matching in B if and only if | X| = |Y| and,
for any subset X' of X, IN(X")| > |X'|.

In our setting, it means that there is a perfect [1,2]-factor in G if and only if for
every subset of vertices X, the number of neighbors of vertices in X is at least | X|.
This is in particular the case for regular graphs.



Corollary 3.5. Let G be an r-regular graph with r > 1. Then G has a perfect [1,2]-
factor and thus, has outcome D. Moreover, the winning strategy for Dominator can be
computed in polynomial time.

Proof. Tf G is r-regular, then, for any set of vertices X, we have |[N(X)| > | X|. Indeed,
there are r edges adjacent to each vertex in X and hence, the multiset of neighbors of
vertices in X has r|X| vertices. Since G is r-regular, each vertex in the multiset can
be adjacent to at most r vertices in X. Thus, |[N(X)| > |X|. Hence, B(G) satisfies
Hall’s condition and thus has a perfect matching. Hence, G admits a perfect [1,2]-
factor by Theorem 3.2 that can be computed in polynomial time by Corollary 3.3. In
particular, G has outcome D by Lemma 3.1 and the winning strategy for Dominator
can be computed in polynomial time. O

Note that this result is tight in the sense that there exist graphs with A(G) =
5(G) + 1 such that Dominator loses as the second player. See for example the graphs

of Figure 5.

G1 GQ

Fig. 5 Examples of graphs for which A = ¢ + 1 and Dominator loses as the second player.

3.2 The cut-factor property

We say that a subgraph F' of G is a partial perfect [1,2]-factor if every component
of F is 1- or 2-regular. We say that a partial perfect [1,2]-factor is mazimal if there
does not exist another partial perfect [1, 2]-factor F’ of G such that |V (F)| < |V (F")|.
Furthermore, a subgraph F of G is a cut-factor if it is a partial perfect [1,2]-factor
such that it is maximal but not perfect and for some cut-vertex u € V(F) of G with
w € Np(u), there exists a vertex v € N(u) \ V(F) of G such that G — u has vertex v
in some component G, and vertex w in another component G,,. In this case, vertex
u is called cut-factor vertex of F. See Figure 6 for an example of a cut-factor. We say
that a class of graphs G satisfies the cut-factor property if every graph G € G either
has an isolated vertex, or admits a perfect [1,2]-factor or has a cut-factor F'.

To illustrate the notion of cut-factor, consider cut-factors in trees. If a tree T' does
not admit a perfect [1, 2]-factor (i.e., a perfect matching) and is not an isolated vertex,
it admits a cut-factor. Indeed, consider a maximal matching M in T. When M is not
perfect, consider = that is not covered by M. Then any vertex u adjacent to x must
be covered by M and be a cut-factor vertex since in 7' — u the vertex paired with
u in M cannot be in the same component than z. Hence, trees have the cut-factor
property. Moreover, they are also closed by induced subgraphs. Thus, if we consider
the following lemma for trees, then we obtain the known result that the outcome of T'
is D if and only if T has a perfect matching [8].

10
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Fig. 6 Both F; and F> are maximal [1,2]-partial factors of G. However, only F5 is a cut-factor of
G as i, the only vertex not in F1, is not adjacent to a cut-vertex in G but ¢, the only vertex not in
F>, is adjacent to d which is a cut-vertex. Moreover, in G — d the vertex e, the neighbor of d in Fj,
is not in the same connected component as c.

Lemma 3.6. Let G be a class of graphs, closed by induced subgraphs, that satisfies the
cut-factor property. Then, for any graph G € G, the outcome of G is D if and only if
G admits a perfect [1,2]-factor.

Proof. Observe first that if a graph G admits a perfect [1, 2]-factor, then the outcome
of G is D by Lemma 3.1. Secondly, if G has an isolated vertex, then it does not admit
a perfect [1, 2]-factor and Staller wins as the first player. Thus, we will consider graphs
of G which have a cut-factor and prove that Staller wins being first in these graphs.

We first observe that the only graph on three vertices that admits a cut-factor is
the 3-path Ps. In Pj5, Staller wins playing first by claiming the cut-vertex.

We prove the claim by induction on the number of vertices. Assume that the claim
is true for every graph on strictly less than n > 3 vertices. Let G € G be a graph on
n > 3 vertices which admits a cut-factor F' and has cut-factor vertex u. Furthermore,
we denote by w a vertex in Np(u) and by v a vertex in N(u) \ V(F') such that in
G — u vertices v and w belong to different connected components denoted by G, and
G, respectively. Vertices v and w exist since u is a cut-factor vertex.

Consider the component G,. Assume that it contains a perfect [1,2]-factor F,.
However, now F,, together with components of F' outside of G, form a partial perfect
[1,2]-factor F with |V(F})| > |V(F)|. Thus, F is not a partial maximum perfect
[1, 2]-factor of G, a contradiction. Thus, G, does not admit a perfect [1, 2]-factor.

Consider next component G,,. Assume that it contains a perfect [1,2]-factor F,,.
However, now F,, together with Ks-component on vertices v and v and components of
F outside of G, form a partial perfect [1,2]-factor F,, with |V(F.)| > |V (F)|. Thus,
G, does not admit a perfect [1,2]-factor.

11



Consider the following strategy for Staller: he starts by claiming u. Since neither G,
nor G, admits a perfect [1,2]-factor and since G,,G,, € G, by induction, Staller wins
as the first player in both G,, and G,. Thus, if Dominator plays in G,, (respectively
G,) after Staller has claimed u, then Staller wins by following his strategy as the first
player on G, (resp. Gy,). O

3.3 Consequences for outerplanar and block graphs

In the following lemma, we present a large class of graphs which has the cut-factor
property. Later we prove that it contains outerplanar and block graphs. Note that we
cannot immediately apply Lemma 3.6 to the graph class of the following lemma since
it is not closed under induced subgraphs.

Lemma 3.7. Let G be a class of graphs such that every 2-connected component with
at least three vertices is Hamiltonian. Then graph class G has the cut-factor property.

Proof. Let G be as in the claim. Assume in contrary that there exists a graph G € G
that does not have an isolated vertex, does not admit a perfect [1, 2]-factor and does
not admit a cut-factor. In the following, we assume that G is connected. We may
assume this since if components separately admit a cut-factor, then the union of those
components also admits a cut-factor. Let us denote the 2-connected components of
G with at least three vertices by Aj,..., A;. We have h > 1 since otherwise G is a
tree. Furthermore, for each i, let C(A;) be a Hamiltonian cycle of A;. We call edges
between two vertices of C(A;) chords when they do not belong to the cycle C'(4;).
Observe that if F is a partial maximum perfect [1,2]-factor of G, then it remains
partial maximum perfect [1,2]-factor of G when we transform every even cycle of F
into a set of Ko-components. Thus, we may assume that any partial maximum perfect
[1, 2]-factor of G, which we consider, does not contain even cycles.

Let F be a partial maximum perfect [1, 2]-factor (without even cycles) such that it
minimizes the number of chords of G among the edges in E(F). By our assumptions,
F is not a perfect [1,2]-factor. Thus, there exists a vertex v € V(G) \ V(F). Notice
that if v is not in a 2-connected component containing at least three vertices, then it
is adjacent to some cut-vertex u € V(F'). Moreover, there exists a vertex w € Np(u)
such that w and v are in different components of G — u and the claim follows. Hence,
we assume without loss of generality that v € V(A;).

We denote by Cut(F) C V(A;) the set of cut-vertices of G such that for any
u € Cut(F) we have u € V(F)NV (A1) and there exists a vertex w € Np(u)\ V(A;).
In other words, Cut(F) is the set of cut-vertices of A; which are also in V(F') and
adjacent in F' to a vertex outside of A;.

By our assumptions A; has a cut-vertex ¢, otherwise G = A; is a 2-connected
graph that is Hamiltonian and thus admits a perfect [1, 2]-factor. Furthermore, we may
choose ¢ such that ¢ € Cut(F). Indeed, if such a vertex does not exist, then we could
select C(A1) as a component of F' which is a contradiction on the maximality of F.

We consider ¢ € Cut(F) with a shortest distance to v along the cycle C'(A4;) among
the vertices in Cut(F'). Notice that we have a vertex w € Np(c) \ V(A1). Let P4 be
a shortest path along C'(A;) from v to c. Let us denote by V(P4) = {v,v1,...,vp,¢}
its vertices and by F(Pa) = {vv1,v1v2,...,Uh_10s, vpc} its edges. Notice that if all
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vertex-pairs {vg;_1,v9;} form Ks-components in F, then we could instead consider
Ky-components formed by vertex-pairs {v, v1} and {va;, ve;41}. In this manner, if h is
even, then v, would be adjacent to ¢ and not in F' and ¢ would be a cut-factor vertex.
While if h is odd, then we would increase the size of F. Thus, we may assume that
on the path P4, there is a vertex z # ¢ such that Np(z) € V(Pa). Let z be the first
such vertex on the path P4 from v to ¢. Furthermore, let Np(z) = {21, 22} (note that
we can have z; = z9 if Np[z] induces a K5). Notice that since ¢ is the closest vertex
in Cut(F) to vertex v along C(A;), we have z & Cut(F'). Thus, 21,22 € V(A1) and at
least one of the edges zz1 and zz5 is a chord. In the following, we assume without loss of
generality that zz; is a chord. Let us denote z = v.. Notice that vertex pairs vo; 1, v2;
for 2i < e form Ks-components in F'. Consequently, as in the previous paragraph, we
may “shift” Ks-components so that v € V(F) and v._1 ¢ F. Thus, we may assume,
without loss of generality, that e = 1 and v € Ng(z). Assume first that z belongs to
a cycle C, in F. By our assumption on F', cycle C, has odd length. Hence, instead of
C, we could have considered Ks-components in F' using vertices {v} UV (C,) which
is against the maximality of F'. Thus, z belongs to a Ks-component in F and z; = z5.
However, now we could modify F' by removing Ks-component on vertices z, z; and by
adding Ks-component containing z and v. This is against F' containing a minimum
number of chords of G. Thus, z does not exist and the claim follows. O

Lemmas 3.6 and 3.7 imply that if graph class G is closed under taking induced
subgraphs and for any graph G € G every 2-connected component is Hamiltonian,
then the outcome of G is D if and only if graph G admits a perfect [1,2]-factor. In
particular, we obtain following results for block and outerplanar graphs.

Theorem 3.8. Let G be a block graph. The outcome of G is D if and only if G admits
a perfect [1,2]-factor.

Proof. The class of block graphs is closed by induced subgraphs. Moreover, each 2-
connected component of a block graph is a clique. Consequently, every 2-connected
component of size at least 3 is Hamiltonian. By Lemma 3.7, block graphs have the
cut-factor property and thus, by Lemma 3.6, we obtain the equivalence. O

We note that if a block graph G admits a perfect [1,2]-factor F, then it admits a
perfect [1, 2]-factor which has only K, and K3-components. Such a factor can be seen
as a pairing dominating set, which leads to the following corollary.

Corollary 3.9. Let G be a block graph. Then the outcome of G is D if and only if G
admits a pairing dominating set.

We next consider outerplanar graphs.

Theorem 3.10. Let G be an outerplanar graph. The outcome of G is D if and only
if G admits a perfect [1,2]-factor.

Proof. Every 2-connected component on at least three vertices of an outerplanar graph
has a Hamiltonian cycle [4]. Thus by Lemma 3.7, outerplanar graphs have the cut-
factor property. Since they are closed by induced subgraphs, using Lemma 3.6 we
obtain the equivalence. O

In the particular case of bipartite graphs, if there is a perfect [1, 2]-factor, there is
a perfect matching. Therefore we have the following result.
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Corollary 3.11. Let G be a bipartite outerplanar graph. The outcome of G is D if
and only if G has a perfect matching.

The results of this section lead to polynomial algorithms for deciding who wins in
outerplanar and block graphs.
Corollary 3.12. Given an outerplanar or a block graph G, D-OUTCOME is polyno-
maeal.

Proof. Claim follows from Theorems 3.8 and 3.10 together with Corollary 3.3. O

Note that the strategy for both players when Staller starts can be described in
polynomial time. When Dominator wins, she just answer in each component of the
perfect [1,2]-factor following her strategy in it. When Staller wins, he follows the
strategy exhibited in Lemma 3.6: he plays on a cut-factor vertex and follows the
strategy on the component where Dominator did not play that does not have a perfect
[1, 2]-factor.

4 Pairing strategies and application to interval
graphs

In this section we focus on F-factors with F = {K.,, ¢ > 0} that are equivalent to
pairing dominating sets with adjacent pairs. We first give some properties of pairing
dominating sets when the pairs are adjacent. We then focus on interval graphs for
which, if there is a pairing dominating set, then there is an adjacent pairing dominating
set. Then we prove that an interval graph has outcome D if and only if it has a pairing
dominating set. It implies in particular that the problem of deciding if an interval
graph has outcome D is in NP (instead of PSPACE). Finally, we discuss the complexity
of finding a pairing dominating set in an interval graph.

4.1 Adjacent pairing dominating sets

In Definition 2.3 of pairing dominating sets, the pairs are not necessarily adjacent.
When all the pairs are adjacent, such sets will be called adjacent pairing dominat-
ing sets (APDS in short). We first prove that an adjacent pairing dominating set is
equivalent to a {K;fg, ¢ > 0}-factor.
Proposition 4.1. Let G = (V,E) be a graph. Then G admits an adjacent pairing
dominating set if and only if G has a {K;:Z,E > 0}-factor.

Note that a {K;e,é > 0}-factor is also a {K», K3, K, ,, ¢ > 3}-factor.

Proof. Assume that G has an APDS S = {(u1,v1),..., (ur,vr)} whose pairs are adja-
cent vertices. By definition, for each vertex x of G, there exists a pair (u;,v;) of S such
that = is adjacent to both u; and v;. Thus we can partition the vertices of G in k sets
Xq,..., Xk such that every vertex in X; is adjacent to both u; and v;. Since u; and v;
are adjacent, we can assume that X; contain u; and v;. Let E; = {u;z,v;z|x € X;}.
Note that the graph (V;, E;) is either an edge (if X; = {u;,v;}) or isomorphic to K;Z.
Let H be the graph on vertex set V with edges the union of sets F;. Then H is a
{K;e,é > 0}-factor of G.
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Let now H be a {Kzfé,ﬁ > 0}-factor of G. Note that each connected component
of H admits two universal vertices. Let S be the set of pairs constituted by the
two universal vertices of each connected component. Then S is an adjacent pairing
dominating set. O

Deciding if a graph has an adjacent pairing dominating set is NP-complete. Indeed
the reduction in [8] for PDS can be easily adapted for APDS. However, we will prove
that the property of having an APDS is definable in Monadic Second Order Logic
MSOs which implies in particular that it can be checked in linear time for graphs of
bounded treewidth [5]. Informally, a graph property P is definable in MSOj if there
exists formula ¢ using quantifiers over vertices or edges, sets of edges or vertices and
incidence relation inc(u, e) such that, a graph G satisfies P if and only if ¢ is true for
G (see [5] for a formal definition).

Theorem 4.2. [5] Let P be a graph property definable in MSOq. Then there exists a
function f such that deciding whether a graph G satisfies P can be computed in time
f(t)n where t is the treewidth of G and n is the number of vertices of G.
Proposition 4.3. Let G be a graph. The property “G has an adjacent pairing
dominating set” is definable in MSOs.

Proof. Given a graph G = (V, E), the following formula expresses the property for G
to have a pairing dominating set with adjacent pairs:

IS C E, (Vv € V,3e € S,dom(e,v)) Anon_adj(S) (1)
where dom(e, v) is defined by
dom(e,v) :=inc(v,e) V Ju, us € V(u1 # ug A inc(ug, e)
Ainc(ug,e) A edge(uy,v) A edge(us, v))
edge(u,v) is defined by
edge(u,v) := u # v A Je(inc(u, €) A inc(v,e))
and where non_adj(S) is defined by
non_adj(S) :=Vey,eq € P,3u € V,inc(u,e1) A inc(u,e2) = e; = ea.
The formula for dom states that a vertex v is dominated by the vertices incident
to the edge e. Indeed, for a vertex to be dominated by these vertices, it needs to be in
the closed neighborhood of both of them. Therefore, it is either incident to the edge

or adjacent to both the incident vertices of the edge.

The formula for non_adj states that no vertex is incident to two different edges of
S.

Therefore, Formula (1) states that there exists a set of edges S such that all the
vertices of the graph are dominated by at least one of the edges of S and no two edges
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of S are incident to each other, which the definition of a pairing dominating set with
adjacent pairs. O

Notice that a complete bipartite graph K, ,, admits an adjacent pairing dominat-
ing set if and only if n = m. Thus, we can reuse the proof of Proposition 5.13 in [6]
concerning hamiltonicity to show that the property “G has an adjacent pairing domi-
nating set” is not definable in Monadic Second Order Logic MSO; where one cannot
quantify over set of edges. As a consequence, it is not definable in first order logic.

Note that when the pairs of a pairing dominating set are not adjacent, it is not
clear that it can be written as a factor. Moreover, we do not know if having a general
(i.e., not necessarily adjacent) PDS can be written with an MSOs-formula.

4.2 Pairing dominating sets in interval graphs

In all the rest of this section, interval graphs will be represented by a family of closed
intervals of R. For an interval u, we denote by min(u) (respectively max(u)) the
left endpoint or starting date (resp. right endpoint or ending date) of u. An interval
representation of an interval graph G is proper if no interval is included in another
interval. A unit interval graph is an interval graph that has a representation where all
the intervals have length 1. It is well known that an interval graph is a unit interval
graph if and only if it has a proper representation.

We first prove that having a pairing dominating set or an adjacent pairing
dominating set is equivalent in interval graphs.
Proposition 4.4. Let G be an interval graph that has a pairing dominating set. Then
G has a pairing dominating set whose pairs are adjacent.

Proof. Let G be an interval graph that has a pairing dominating set S. We choose
S that contains a minimal number of pairs that are not adjacent. If there are only
adjacent pairs in .S, then we are done. Thus, assume that there exists a non-adjacent
pair (u, v) in S and among all non-adjacent vertex pairs, choose vertex u that minimises
max(u). Since u and v are not adjacent, we have max(u) < min(v). By minimality,
the pair (u,v) cannot be removed from S. This means that there exists an interval w
that is pair-covered only by (u,v) (see Figure 7 for a depiction of the situation). We
necessarily have the following inequalities: min(v) < min(w) < max(u) < min(v) <
max(w) < max(v). Indeed, the first and last inequalities follow from the fact that u
and v must be pair-covered by pairs of S distinct from (u, v). If w was containing u or
v, then it would be pair-covered by one of these pairs, which contradicts the fact that
w is only pair-covered by (u,v). The other inequalities are just the translation that w
is intersecting u and v.

Assume first that w is not in a pair of S. Let S = (S'\ {(u,v)}) U {(uw,w)}. We
claim that S’ is still a PDS. Indeed, any vertex pair-covered by (u,v) must contain
max(u) and thus is intersecting w and is pair-covered by (u,w).

Assume next that w is in a pair (w,t) of S. Since w is only pair-covered by (u,v),
vertices w and t are not adjacent. By minimality of max(u) among the non-adjacent
pairs of S, we must have t after w. In other words, max(w) < min(¢). Let S’ =
(S\ {(u,v), (t,w)}) U {(u,w), (v,t)}. We claim that S’ is a PDS. Indeed, as before,
any vertex pair-covered by (u,v) is pair-covered by (u,w). Consider now a vertex x
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pair-covered by (w,t), it must contain max(w). Since min(v) < max(w) < max(v),
interval z is also intersecting v and thus is pair-covered by (v, t).

In both cases, we exhibit a PDS S’ with less non-adjacent pairs, contradicting the
minimality of S. O

Fig. 7 (u,v) is a non-adjacent pair of the pairing dominating set and w is only covered by this pair.
If v cannot be switched with w in the pair (u,v), it must be because w is already paired with another
interval t. However, then we may consider pairs (u,w) and (v,t).

Thus, by Proposition 4.1, considering strategies using J-factors or pairing dom-
inating sets is equivalent in interval graphs. In the following we will rather use the
pairing dominating set approach. We will always consider adjacent pairing dominating
sets.

We now solve the case of unit interval graphs. In particular, having a PDS or
having a [1, 2]-factors are equivalent in unit interval graphs to have outcome D.
Theorem 4.5. Let G be a connected unit interval graph on n > 2 wvertices. Let
v1,. .. ,U, be the vertices of G indexed by increasing starting dates. Then the following
propositions are equivalent:

1. G has outcome D;

2. G has a {Ks, K3}-factor;

3. G has a pairing dominating set;

4. m 1s even or some vertexr vo; 1S not a cut-vertex.

Note that if a connected unit interval does not have outcome D then its outcome
is N. Indeed, Dominator wins as first by starting at v, and then pairing ve; with
vo;41 for i > 2. All the vertices vy; must be cut-vertices. See Figure 8 for a general
illustration of these interval graphs.

Proof. First note that since G is connected and a unit interval graph, v; is adjacent to
v;41 for all i. Moreover, since K; , is not a unit interval graph for £ > 3, by Propositions
4.1 and 4.4 a unit interval graph has a pairing dominating set if and only if it has
a {Ks, K3}-factor. Thus (2) and (3) are equivalent. By Proposition 2.8, (2) and (3)
implies (1).

We now prove that (4) implies (2). If n is even, there is a perfect matching M =
{(v2i—1,v2i),7 € {1,...,n/2}} in G and thus a {K», K3}-factor. If n is odd and wvy; is
not a cut-vertex for some ¢, it means that ve;,_; and wve; 41 are adjacent. Then there is
a {Ks, K3}-factor with edges v1v2 up to vg;_3v2;_2, triangle va; 1, ve;, v2;41 and edges
V2i4+202i+3 UpP 10 Vp_1vp.

Finally, we prove that (1) implies (4) by contraposition: we assume that (4) is not
true and prove that Staller has a winning strategy as first player. Since (4) is not true,
n is odd and all vertices vg; are cut-vertices. Then Staller starts by claiming vo. Then
Dominator must claim v; that is only adjacent to vy. Staller goes on by claiming all
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the vertices vy; in increasing order. Each time, Dominator has to answer vy; 1 that
can only be dominated by itself. At the end, Staller can claim v,, and wins. O

Fig. 8 Representation of the unit intervals with nine vertices where Dominator cannot win in second.
Dashed edges can be added or not in G. Any other edge added to G will make the graph winning for
Dominator in second position by Theorem 4.5.

4.3 Equivalence between PDS and outcome D in interval
graphs

So far, in Subsection 4.2, we have shown that an interval graph admits a PDS if and
only if it admits an APDS. Furthermore, in Subsection 4.1, we have proven that the
property of a graph admitting an APDS can be written using an MSO-formula which
implies that checking whether a graph on n vertices admits an APDS can be done in
f()n time for some function f and treewidth t¢. In this subsection, we continue by
showing that for an interval graph G, the outcome of G is D if and only if graph G
admits a PDS (or equivalently, an APDS). In particular, this implies that the problem
of checking whether the outcome is D is in NP rather than in PSPACE for interval
graphs.
Theorem 4.6. Let G be an interval graph. The outcome of G is D if and only if G
admits a pairing dominating set.

In the following, we present multiple lemmas that will be combined together to
obtain the proof of the above result. This proof will be done by contradiction, by
assuming that there exists an interval graph G such that:

® the outcome of G is D;
® (7 does not admit a pairing dominating set.

We assume that this counterexample G satisfies the above conditions with mini-
mum number of vertices and among them minimum number of edges. Then, the proof
is organized in three major steps:

1. We prove that G — u admits a pairing dominating set where u is the first interval
to end (Lemmas 4.7 and 4.8). The same property holds for G — v’ with v being
the last interval to start.

2. We then consider the first interval v for which Dominator has to answer on the
left of v if Staller starts by claiming v. We then show that v is twin with another
interval z (Lemmas 4.10 to 4.13).

3. The end of the proof then considers the two following cases to show the con-
tradiction, i.e., that G admits a pairing dominating set: if u (or equivalently ')
corresponds to one of the twins, then it is possible to adapt the pairing dominating
set of G — u to build a pairing dominating set of G by simply doing an exchange
with one of the twin intervals. In the other case, the graph G will be partitioned
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into two non-empty parts that are winning for Dominator. The minimality of the
counterexample ensures that each part admits a pairing dominating set. Then a
general pairing dominating set of G will be build from these two sets by adding the
twin pair in the set.

We say that a set of pairs of vertices S pair-covers a vertex x if there is a pair
(u,v) € S such that z is adjacent to both u and v. It is valid if all the pairs are disjoint
and if the vertices inside a pair are adjacent. Note that if S is valid and pair-covers
all vertices in V, then S is an adjacent pairing dominating set.

We consider an interval representation of G where no intervals start or finish in
the same point. Let u be the interval in G with the smallest max(u) such that there is
a valid set of pairs of vertices of G that pair-covers all the vertices, called Y’, ending
strictly after max(u). We further denote Y = {u} UY’. By minimality of u and since
G has no APDS, there are no valid sets of pairs that pair-cover all vertices in the set
Y. In the following lemma, we first show that no intervals end between min(u) and
max(u).

Lemma 4.7. There are no intervals that end between min(u) and max(u). In partic-
ular, all the intervals intersecting u contain max(u). Therefore, u is simplicial (i.e.,
Nlu] is a clique).

Proof. We prove that there are no intervals ending between min(u) and max(u).
Assume by contradiction that there is such an interval v. Consider a valid set of pairs
S that pair-covers all the vertices in Y. We have u &€ S since S does not pair-cover u.
If v is not in a pair of S, then S U {(u,v)} pair-covers vertices in Y, a contradiction.
Thus, let w be such that (v, w) € S. If w ends after min(u), then (v, w) is covering u,
a contradiction. Thus w ends before min(u). Then the intervals that are covered by v
and w are starting before min(u). Thus, S = (SU{(u,v)})\{(v,w)} is valid and pair-
covers every interval ending after max(u) and also u. Indeed, if an interval was ending
after max(u) and was pair-covered by (v, w) it is also pair-covered by (v,u). Thus we
obtain a contradiction. The claim follows by contradiction since now w cannot start
before or after min(u). O

We next show that no intervals end before interval w.
Lemma 4.8. Interval u is the first interval to end, that is, max(u) < max(z) for all

x € V(G)\ {u}.

Proof. Let G' = G[Y] be the graph G that is induced by Y. We want to prove that
G = G’'. Assume by contradiction that it is not the case.

Graph G’ has no adjacent pairing dominating sets. Indeed, such a set of pairs would
pair-cover u and all the intervals ending after max(u), contradicting the definition of
u. We give a strategy for Dominator to win as the second player in G’, contradicting
the minimality of G.

Let S be the strategy of Dominator in G. Dominator follows S in G’. When S
asks Dominator to play outside of G’, Dominator claims any vertex of G’. At the end,
the only vertices of G’ that could not be dominated are the vertices in Ngv[u]. But
u is dominated in the game G. Since Ng[u] = N¢/[u] by Lemma 4.7, vertex u is also
dominated in the game G’. Thus, Dominator wins as the second player, a contradiction
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with the minimality of G. Hence, G = G’. In particular, there are no vertices that end
before max(u), so w is the first interval to end. O

As a consequence, there is a valid set of pairs S that pair-covers V' \ {u}. Moreover,
we can use symmetrical arguments for the last interval to start (denoted by u’).
Corollary 4.9. Let v’ be the last interval to start. Then, there is a valid set of pairs
that pair-covers V \ {u'}.

Without loss of generality, we may assume that « is the first interval to start (and
to end by Lemma 4.8) and ' is the last interval to end (and to start as in Corollary
4.9).

In the proofs of following lemmas, we will often partition the intervals according
to their rightmost points and use two different strategies for Dominator on each part.
Before going into the details of these proofs, we give two general lemmas that will let
us apply a strategy of Dominator on a small part of a graph and then merge strategies.
Note that these lemmas are actually true for any graph. Following notation will be
used in multiple following lemmas. Let (Vi,V3) be a partition of G. Let V] be the
vertices of V] that are adjacent to at least one vertex of V4 and Vi be the vertices of
V5 that are adjacent to at least one vertex of V7.

Lemma 4.10. Assume that Dominator has a winning strateqy from the position
(G, D, S) playing second. Then there exists a strategy for Dominator playing second
to dominate all the vertices of Vi \ V| using only unclaimed vertices of V;.

Note that vertices of D that are in V5 are not useful for Dominator to dominate

the vertices of V1 \ V7.

Proof. Assume by contradiction that this is not true. Then Staller playing first can
isolate a vertex of V7 \ V{ with Dominator playing only vertices in V;. But then Staller
could win playing first in (G, D,S) by applying this strategy. Indeed the vertex of
V1 \ V{ that is isolated by Staller cannot be dominated by a move in V. O

Lemma 4.11. Consider the position (G, D, S). Assume that Dominator has a strategy
Sy playing second to dominate all the vertices of Vi \ V{ using only unclaimed vertices
of V1 and a strategy S playing second to dominate all the vertices of Vo \ V3 using only
unclaimed vertices of Vo. Finally, assume that the vertices of V/ UVy are all dominated
by a vertex in D. Then Dominator has a winning strategy in (G, D, S) playing second.

Proof. When Staller claims a vertex in V;, Dominator follows S; and claims a vertex
in V;. The vertices of V; \ V/ will be dominated by the strategy S; whereas the vertices
in V/ UVy are dominated directly by D. O

Let us denote by G~? the position (G,0,{v}) and by G~Y*t% the position
(G,{w}, {v}). Following lemma states that the first move of Dominator in G can be
adjacent to the move of Staller.

Lemma 4.12. For any vertezxv € V(QG), there exists a winning strategy for Dominator
from position G for some vertex x € N(v).

Proof. Let us assume on the contrary that there exists a vertex v, such that for each
vertex x € N(v), there is a winning strategy for Staller from position G=?**. By
Lemma 2.6, there is no interval w such that N[v] C N[w], otherwise Dominator could
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win from position G~V*%. In particular, v ¢ {u,u'} (where u and u’ are the first and
last intervals of ). Since Dominator is winning second in G, there exists a vertex
y & N(v) such that there is a winning strategy for Dominator from position G~V1Y.

Let us assume, without loss of generality, that min(y) > max(v). Let S, be a
pairing dominating set in G \ {u}. Let h € N(v) be a vertex chosen in the following
way:

1. If v is in a pair (v,t) € Sy, then we choose h to be an interval which is not included
in any other intervals and which contains ¢ (we can have h =t if ¢ is not included
in any intervals).

2. If v is not in any pair of Sy, then we choose h € N(v) such that max(h) > max(v)
and h is not included in any interval.

Observe that h is well-defined in the second case since graph G is connected and y
starts after max(v). Moreover, h is not included in any interval of V(G). Next, we
give a winning strategy for Dominator playing second from position G~v*", which
contradicts our assumption.

We partition G using h. Let Vi = {w € V(G) | max(w) < max(h)} and Vo =
{w € V(GQ) | max(w) > max(h)}. Let V{ and V3 be the sets of intervals in V; and V5
adjacent to intervals of V5 and Vi, respectively. Note that all the intervals of V{ U Vj
are dominated by h. Indeed, an interval of V4 must start before max(h) to intersect
an interval of V}. Moreover all the intervals of Vj must start after min(h) since h is
not included in any interval. Thus intervals of V; are also dominated by h.

Since Dominator is winning in G~?7¥ playing second, by Lemma 4.10, there is a
strategy S; for Dominator to dominate all the vertices of Vi \ V{ by claiming only
vertices of V1 \ {v}. Note that y € V5 is not useful for S;.

Each vertex in V5 \ V4 is pair-covered by a pair of S, with only vertices of V5.
Indeed, if z € V5 \ V4, then it cannot intersect and thus be dominated by a vertex of
V1. Let Sy be the strategy of Dominator following .S, in V5: whenever Staller claims a
vertex of a pair of S, included in V5, Dominator claims the other element of the pair.
Following this strategy, Dominator will dominate all the vertices of V5 \ Vj using only
vertices of V5.

We now apply Lemma 4.11 to merge S; and S, from position G=v1". Since h
dominates all the vertices of V{ U V3, we can conclude that Dominator has a winning
strategy playing second in G~U*" a contradiction. O

From now on, we assume that in a winning strategy of graph GG, Dominator always
plays her first move adjacent to Staller’s first move.

Let v be the vertex with the smallest starting point from which the only adjacent
vertices Dominator can continue to are on the left of v. More formally if Dominator
has a winning strategy from position G~Y** for some vertex z € N(v), then max(z) <
max(v). We choose z € N(v) with the largest ending point such that Dominator has
a winning strategy from G~U**. Observe that vertex v exists since Dominator can
only answer on the left of v’ when Staller starts by claiming it. Moreover, v is not
contained in any interval (otherwise, by Lemma 2.6, this interval would be a good
answer for Dominator and will end after v). Interval x is also not contained in any
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interval ¢ # v, otherwise it would have been better for Dominator to claim ¢ instead
of x, contradicting the maximality of max(x).
Lemma 4.13. There exists a winning strateqy for Dominator from position G~*17,

Proof. Let us assume on the contrary that Dominator does not have a winning strategy
from position G~*1. Hence, we have min(x) < min(v). Since Dominator has a winning
strategy in G playing second, by Lemma 4.12; there exists an interval f € N(z) such
that there exists a winning strategy for Dominator from position G~**/. Among these
intervals, we choose f with the largest endpoint. By the minimality of min(v), and
since min(x) < min(v), we have max(f) > max(x) and f is not included in any other
interval. Thus none of the three intervals v, x or f can be included one in another.
We have two cases to consider.

Let us first consider the case where min(z) < min(f) < min(v) < max(z) <
max(f) < max(v). We construct a contradiction by showing that there is a winning
strategy for Dominator from position G~v*/, this is against the maximality of z. We
partition G according to max(f). Let V4 = {w € V(G) | max(w) < max(f)} and
Vo = {w € V(G) | max(w) > max(f)}. As before, since f is not included in any
interval, one can check that f intersects all the intervals of V/ UV where V] and
V3 are defined as previously. Since Dominator has a winning strategy playing second
from position G~**+/ by Lemma 4.10, she has a strategy S; to dominate V; \ V{ using
intervals in V; \ {z}. Since she has a winning strategy playing second from position
G~"** by Lemma 4.10, she has a strategy Sy to dominate V5 \ V4 using intervals
in V3 \ {v}. By Lemma 4.11, using S;, Sz and since f dominates all the vertices in
V{ U VJ, Dominator has a winning strategy from position G~*/, contradicting the
maximality of z.

We now consider the case where min(z) < min(v) < min(f) < max(z) < max(v) <
max(f). We will construct the contradiction by showing that there is a winning strat-
egy for Dominator from position G~*%?. Let us partition the graph G using interval v.
Let V1 = {w € V(G) | max(w) < max(v)} and V5 = {w € V(G) | max(w) > max(v)}.
As before, since v is not included in any interval, v dominates all the intervals in
V{ U V4. Using Lemma 4.10, we define S; from position G~**/ that will dominate
V1 \ V/ using vertices of V; \ {z} and Sy from position G~?** that will dominate
V2 \ V4 using vertices of V5 \ {v}. Then using Lemma 4.11, we obtain a strategy for
Dominator from G+,

Together these cases cover all the possibilities for f and hence, there is a winning
strategy from position G~*1°. O

We continue by studying the intersection of intervals  and wv.
Lemma 4.14. The intersection of intervals x and v is not included in any other
interval.

Proof. Let us assume on the contrary that there exists an interval f such that min(f) <
min(v) and max(f) > max(z). Since v nor x are included in any other intervals and
since min(z) < min(v), we have min(z) < min(f) < min(v) < max(z) < max(f) <
max(v). Moreover, we may assume that f is not included in any interval.

We construct a contradiction by showing that there is a winning strategy for
Dominator from position G=v*7, this is against the maximality of z. As before, we
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partition the intervals using f: Let V3 = {w € V(G) | max(w) < max(f)} and
Vo = {w € V(GQ) | max(w) > max(f)}. As before, since f is not included in any inter-
val, f dominates all the intervals in ¥/ U V3. Dominator wins from positions G~V+*
and G~**Y by our assumption on v and z and by Lemma 4.13. Using Lemma 4.10,
we define §; from position G~**? that will dominate V; \ V] using vertices of V; \ {z}
and Sy from position G~?T* that will dominate V5 \ V4 using vertices of V5 \ {v}. Then
using Lemma 4.11, we obtain a strategy for Dominator from G~*f.

We finally prove that v and x are twins, i.e., they have the same closed
neighborhoods.
Lemma 4.15. We have Ng[v] = Nglz].

Proof. We first prove that no intervals start or end between max(x) and max(v). With
similar arguments we could also prove that no intervals start or end between min(x)
and min(v). Together, these prove that N[v] = N[z]. Let G’ be the graph obtained
from G by decreasing the value of max(v) until no interval starts between max(v) and
max(x). The graph G’, as a spanning subgraph of G, has no PDS. We will prove that
Dominator wins in G’, thus by minimality of G, we will have G = G’, proving no
intervals start or end between max(x) and max(v).

We partition the graph according to max(xz) but this time, x is in V;. Let V; =
{w € V(G) | max(w) < max(x)} and Vo = {w € V(G) | max(w) > max(z)}. Using
Lemma 4.10, we define strategy S; from position G=** that will dominate V; \ V/
using vertices of V1 \ {x} and strategy Sz from position G~?** that will dominate
V2 \ V5 using vertices of V5 \ {v}. Let ¢ € V{ be such that it intersects z € V5. Then
min(z) < max(z) and thus z contains max(x) and intersects both v and x. We must
also have max(t) > min(z). By Lemma 4.14, z does not contain the intersection of v
and z (if z # v). Hence, we must have min(z) > min(v) where equality holds if and
only if z = v. Together, it gives max(¢) > min(v) and thus ¢ intersects v and x. This
means that both intervals v and x are dominated by all the intervals in V] U V. We
now use Lemma 4.11 together with strategies S;, So and Dominator pairing z with
v (i.e., she claims v when Staller claims = and vice versa), to obtain a strategy for
Dominator from G. Note that in this strategy, the vertices of V5 \ V4 are dominated
by vertices in V5 \ {v}. Hence this strategy is also a winning strategy for Dominator
in G’ since the edges that have been removed are between v and vertices in V5 \ V3.

The proof that no intervals start or end between min(z) and min(v) follows with
symmetric arguments. Although there are two cases, one when min(z) < min(v) and
one when min(v) < min(x). Otherwise, the proof is symmetric to the case with max(x)
and max(v). Together these show that N[x] = NJv]. O

Using these lemmas, we are now ready to prove the main result of this subsection.
Theorem 4.6. Let G be an interval graph. The outcome of G is D if and only if G
admits a pairing dominating set.

Proof. Let G be the minimal counterexample and u, v/, v and = be as we have pre-

viously defined them. By Lemma 4.15, we have Ng[v] = Ng[x]. Recall that neither v
nor = can be included in any intervals.
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Let us first consider the case where v = ¢’ or x = u. Let us assume that z = u,
the case with v = o is similar. Recall that, due to Lemma 4.8, we have a pairing
dominating set S, in G,, = G — u. The vertex v is pair-covered by some pair (y1,y2).
Since u and v are twins, (y1,y2) is also pair-covering u, a contradiction.

Thus, we may assume that * ¢ {u,u'} and v &€ {u,u'}. Let GL be the graph
induced by the vertices w with max(w) < max(v) and Gr be the graph induced by
the vertices w with min(w) > min(z).

Then Dominator has a winning strategy in G and in G playing second. Indeed,
by symmetry, we only prove it for Gr. Using Lemma 2.5, we just need to prove that
(G, {z},{v}) has outcome D. Let V; = V(GL) and Vo = V' \ V1, i.e., Vo contains the
vertices that are finishing strictly after max(v). The vertices V{ that are in V; and
adjacent to vertices in V5 might intersect v and . We apply Lemma 4.10 with partition
(V1,Va) on (G, {z}, {v}) which has outcome D by Lemma 2.5. Then Dominator has a
strategy to dominate V; \ V{ using vertices of V;. Thus she has a strategy to dominate
all the vertices in (Gp,{z}, {v}) since z will dominate all V.

Moreover, we have |V(GL)| < |[V(G)| and |[V(GRr)| < |[V(G)| since u ¢ V(Gg)
and v’ ¢ V(GL). Thus, by minimality of G, there is a pairing dominating set S7 for
G and Sy for Gg. Let St be the pairs of S} such that both intervals end before
max(z) and Sg be the pairs of S% such that both intervals start after min(v). We
prove that S = S;, USr U {(v,2)} is a pairing dominating set of the graph G, which
leads to a contradiction. Let ¢ be a interval. If ¢t € N[z] = N[v] it is pairing dominated
by (v,z). By symmetry, we can assume that max(¢) < min(x). Interval ¢ must be
pairing dominated by a pair (w, z) in S7. Since w and z intersect ¢, they start before
min(z). Since z is not included in any interval, they must end before max(z) and thus
(w,z) € Si and is pairing dominated by S. Thus S is a pairing dominating set, a
contradiction. O

An immediate consequence of Theorem 4.6 is that it gives a polynomial certificate
for D-OUTCOME in interval graphs.
Corollary 4.16. D-OUTCOME is in NP when restricted to interval graphs.

4.4 Computing PDS in interval graphs

In this section, we discuss about the complexity of PAIRING DOMINATING SET (i.e.,
deciding if a graph has a PDS) for interval graphs (which is equivalent to the complex-
ity of D-oUTCOME for this class of graphs by Theorem 4.6). PAIRING DOMINATING
SET is NP-complete, even if the pairs are adjacent [8] over all graphs. We did not man-
age to find a polynomial-time algorithm for PAIRING DOMINATING SET in interval
graphs nor to prove that it is NP-complete. However, we present some positive algorith-
mic results for PAIRING DOMINATING SET in interval graphs. Thanks to Propositions
4.3 and 4.4, since PAIRING DOMINATING SET can be expressed using a M SO, for-
mula in interval graphs, it is FPT parameterized by the treewidth or equivalently in
interval graphs by the clique number [5].

In the following, we extend this result to a less restrictive parameter defined as
follows. A representation of an interval graph is k-nested if there are no chains of k+1
intervals included in each other. Let G be an interval graph. We denote by v(G) the
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smallest k£ such that G has a k-nested representation. This parameter seems to have
first appeared in [10] under the name depth. It was formally defined and investigated
in [20] where, in particular, it is proved that v(G) can be computed in linear time on
the number of vertices and edges. We always have v(G) < w(G) where w(G) is the
clique number of G (since nested intervals induce a clique). Value v(G) is also always
smaller than or equal to the minimum number A\(G) of different lengths of intervals
one needs for representing G. Indeed, nested intervals must have different lengths.

In [13], it is proved that checking an FO-formula for a k-nested intervals is FPT in k
and the length of the formula. However, concerning the problem PAIRING DOMINATING
SET in interval graphs, it can only be expressed using MSO-formulas thus we cannot
derive an FPT algorithm from the formula. We prove that PAIRING DOMINATING SET
is in XP parameterized by v(G).

Theorem 4.17. PAIRING DOMINATING SET can be computed in time O(n”(@)+3) in
interval graphs.

To prove this theorem, we use an important property of k-nested representations
that is that they can be partitioned into k proper interval representations [20]. Fur-
thermore, the partitioning can be done in polynomial time. Indeed, consider applying
Dilworth’s Theorem [7] on the partial order “z < y” if and only if min(z) < min(y)
and max(zr) < max(y). Indeed, an antichain in this partial order is exactly a set of
intervals contained in each other whereas the intervals in a chain form a proper interval
representation. Finding such a partition can be done in O(kn) [2].

We will use such a partition to provide a dynamic programming algorithm. Before
going into the algorithm, we need to have a special representation of G and define
some notations.

Let G be an interval graph on n vertices. Let k = v(G). Consider a k-nested
representation R of G. We choose R so that no intervals have a common extremity
and min(u) < max(u) for each interval (this is always possible by eventually extending
some intervals). Let X = {X1,..., X} } be the partition of the intervals of R such that
each part is a proper representation, i.e., no intervals inside X; are included one in
another. For each X, we order the intervals by their starting (or equivalently finishing)
date and numerate them following order: x; 1 < --- < ; »,, which we call start-order.

Let t; < -+ < to9, be the 2n extremities of all the intervals. Let dy, ..., ds, be real
numbers such that dy < t1 < d; < -+ < dop_1 < to, < do,. Note that no intervals
contain dy nor ds,.

Let S be an adjacent pairing dominating set of G. We say that u is paired after
date d if there exists an interval v such that (u,v) € S and d < min(v). Let j €
{1,...,2n—1} and i € {1,...,k}. We denote by X (S,,J) the intervals of X; that
contain d; and are paired after d;.

We say that S is a nice PDS related to X if it is an ADPS and for all i, j, either
X(S,4,7) is empty or is a set of consecutive intervals (with respect to the start-order)
that contains the last interval of X; that contains d;. In other words, if an interval
is paired after d; then all the intervals after it that contain d; are also paired after
d;. Note that the definition of being nice depends on the representation R and the
partition X of the intervals. Since the representation and the partition will not change
through the proof, we will just use the term “nice PDS”.
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Lemma 4.18. Graph G admits an APDS of minimum size d if and only if it admits
a nice PDS of minimum size d.

Proof. Recall that a nice PDS is also an APDS. Hence, the only if part follows
immediately.

Let us then consider the other direction. Take an APDS S of G with a mini-
mum number of pairs and among them, take an APDS that maximizes the quantity
Z(u,u’)ES "LL n ul|'

We prove that S is nice which will prove the lemma. Assume by contradiction that
S is not nice. It means that there exist i, j, s such that:

® z; and x; sy contain dj;
e there exists v starting after d; such that (z;,v) is a pair of S and
e there is no interval w starting after d; such that (z; s41,w) is a pair of S.

We distinguish two cases. First, assume that x; s+1 is in no pair of S. Then let S’ be
the set of pairs of S where we have replaced the pair (z; s, v) by the pair (x; 5, Z; s+1)-
The intersection of z; s and x; 541 strictly contains the intersection of x; s and v. Thus
5" is still an APDS with the same number of pairs than S but 3, ,neg [uNu'l is
larger than for S, a contradiction.

Assume next that z; ;41 appears in some pair (x; s4+1,w) of S. By assumption, w
must start before d;. Note that max(v) > max(w), otherwise one can remove the pair
(24,5, v) from S, contradicting the minimality of S. If the intersection of x; s and x; s+1
contains the intersections of the pairs (z;s,v) and (x; 41, w), then one can remove
the two pairs and add (z; s, %; s+1), a contradiction with the minimality of S. Since
the intersection of z; s and v is included in x; s N x; 541 (v starts after min(z; s11)),
we can assume that w is finishing after x; s, i.e., max(w) > max(z; ). But then the
intersection of x; ; and v is included in the intersection of z; s+1 and w and we can
remove the pair (z;s,v) from S, contradicting the minimality of S. O

We will compute whether G admits a nice pairing dominating set using a dynamic
programming method and hence, by Lemma 4.18 and Proposition 4.4, whether G
admits a pairing dominating set. For that, we go through the dates d; and register
which intervals will be paired after d; and until when the partial PDS is pair-
covering vertices. A profile is given by a (k + 2)-tuple Z = (d;, s1,..., sk, t) with
dj € {do,...,don}, s; €{1,...,n;+1} and t € {t1,...,t2,}. Intuitively, d; is the date
we are considering. The integers s; represent, for each X, the first interval of X; that
contains d; and will be paired after d;. Since we are looking for a nice PDS, it means
that all the intervals of X; containing d; that are after x;, will be paired after d;.
We put s; = n; + 1 if there is no such interval. Finally, t € {¢1,...,t2,} represents the
last date pair-covered by a pair in the partial PDS (¢ = ¢; means that there are no
pairs in the PDS).

Given a profile 7 and a date dj;, we define the set of intervals X (Z,d;) as follows:
for each i, z; , € X(Z,d;) if it contains d; and s > s,. Intuitively, the set X (Z,d;)
corresponds to the intervals containing d; that will be paired after d;.

We say that a profile is wvalid if:

(V1) for each i, either s; =n; + 1 or x; 5, contains dj;

26



(V2) there exists a set S (possibly empty) of pairs of adjacent intervals

{(u1,v1),- .., (Um, Vm)} such that:

a) all the intervals appearing in S are distinct;

b) all the intervals u; and v; start strictly before dj;

¢) no intervals u; or v; are in X (Z,d;);

d) if S is empty, then ¢t = ¢;. Otherwise, ¢ = max", (max(u; N v;)), i.e., t is the

largest end of the intersections u; N v;;

(e) for any interval x that ends before d;, there exists a pair (u;,v;) such that
intersects both w; and v; (we have a partial adjacent pairing dominating set that
pair-covers all the intervals that are finishing before d;).

Note that we can have t < d;. The only valid profile for dy is Z = (do,n1 +
1,...,nk+1,¢): there are no elements in X (Z, dy) and no (non-empty) partial pairing
dominating set.

Let j > 0. We now explain how to compute the valid profiles at date d;;; from
the profiles at date d;. Let Z = (d;,s1,...,sk,t) and Z' = (dj41,5),...,5s),t) be
two profiles at dates d; and d;i1. We define compatibility between profiles as follows.
Assume first that there is an interval v that starts between d; and d;4,. In particular,
u contains dj41. Assume that u € X, for some i and let v = z;, . Furthermore, let
v =5, € X(Z,d;) be the first interval to end in X(Z,d;). We say that profiles 7
and 7' are add-compatible if we are in one of the following cases:

(A1) t' =t, s; = s; for all i # i, i, = si, if 54, # 14, + 1 and s} = s if 55, = n;, + 1.
(Intuitively, this case corresponds to the case where u must be paired after d;1.)

(A2) Or, t' =t, s; = s; for all i and s}, = s;, = n;, + 1. (This corresponds to the case
where v will not be in a pair. In particular, no elements of X;, containing d; or
d;y1 can be paired after d; or djy1.)

(A3) Or, t = max(t, max(u Nv)), s; = n, + 1, s; = s; for each i # ip,i; and either
sy, = ng, + 1if X3, N X(Z,d;) = {v} or otherwise s; = s;, + 1. (This corresponds

to the case where u is paired with an interval in X (Z, d;), we will explain later why

it can be assumed that w is paired with v.)

Note that there are at most three profiles Z' that are add-compatible with Z.
Assume now that there is an interval u that ends between d; and d;;. Then we
say that Z and Z’ are remove-compatible if all the following conditions are true:

Note that there is at most one remove-compatible profile with Z. Next lemma
ensures that the definition of validity is consistent with that of compatibility.
Lemma 4.19. If T = (d;,s1,...,5k,t) and Z' = (d;41, 5, ..., s}, t') are compatible
and T s valid, then T' is valid.

Proof. Consider Z = (dj, s1,..., 5k, t) and Z' = (dj41, 5, ..., 5, t'). Assume that Z is
valid.
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Assume first that an interval u = x;, . starts between d; and d;y; and that 7
and 7' are add-compatible. Let v = z;, 5, € X(Z,d;) be the first interval to end in
X(Z,d;). We prove that 7’ is valid. First note that (V1) is always satisfied. We just
have to check the condition when s; # n; + 1. When s; = s;, we know from the fact
that 7 is valid that z; s, contains d;. Since no interval finishes between d; and dj41,
24, also contains d; ;. When sgo = 8, Tj,,s = u clearly contains d;; . Finally, in the
case (A3), we might have sj = s;, + 1. But in this case, X;, N X(Z, d;) is not reduced
tov =1, s, - In particular, Tiy,s;, +1 MUSt be in the intersection which means that it
contains d; and also d;4 since it cannot end between the two dates.

Let us now consider Point (V2) of definition of validity. If we are in the two first
cases (Al) or (A2) of add-compatibility, then any partial PDS that validates Z will
validate Z'. In case (A3), let S = {(u1,v1),..., (Um,vm)} be a partial pairing domi-
nating set that validates Z. Then one can check that S" = S U {(u,v)} validates Z'.
Indeed, v does not appear in S by condition (V2.c), thus all the intervals of S” are dis-
tinct and start strictly before d;;1. Hence, conditions (V2.a) and (V2.b) are satisfied.
Since neither u nor v is paired after d;;1, vertices u nor v are not in X(Z’,d;1) and
condition (V2.c) is satisfied. The value ¢ = max(t,u Nv) satisfies (V2.d) and finally,
the set of intervals finishing before dj;y; is the same as the set of intervals finishing
before d;. Since S pair-covers them, so does S’ satisfying (V2.e).

Assume next that an interval u = z;, s ends between d; and d; ;. First of all, Point
(V1) of validity is still satisfied. Indeed, consider first each i # ig. By Point (R2), we
have s, = s;. Thus, either s; = n; +1 or s; < n; + 1 and Tis, = Tjs, contains d;.
Since i # i, z; s also contains dj1. Consider then i = iy. By Point (R1) of remove-
compatibility, we have u ¢ X (Z,d;). Thus, s;, > s and hence, either s;, = n;, + 1 or
Tis) = Tisiy and the claim follows as in the previous case.

Consider next Point (V2). Then, any partial pairing dominating set S that val-
idates Z will validate Z’. Indeed, Conditions (V2.a) to (V2.d) are clearly still true.
Furthermore, vertex u has also to be pair-covered by S. Note that u starts before ¢
(Condition (R4)) and ends after d;. Let (u;,v;) € S such that max(u; Nv;) = ¢ (it
exists since ¢t > min(u) > t1). Either ¢ < d; and then clearly ¢ € u. Or ¢t > d; but then
d; is contained in u;, v; and u. In both cases, u intersects both u; and v; and thus is

pair-covered by S. O

The idea of our algorithm is to compute valid profiles starting by the unique valid
profile at dy and then computing all the compatible profiles from it. To prove that it is
correct, we must prove that if there is a PDS in G, then there must be a valid profile
at ds, obtained this way.

Consider a graph G together with a nice APDS S of minimum size. We define
profile Ijs = (d;,s1,...,5k,t) as follows. Let S; C S be the pairs of S for which
both intervals start before d;. Let ¢ € {1,...,k}. As in the definition of a nice PDS,
let X (S,4,7) be the intervals of X; that contain d; and that are paired after d;. If
X(S,1,7) is non-empty, then we let s; be the smallest s such that z; , € X(S,1,j).
Otherwise, let s; = n; + 1. Finally, let * = max(, .)eg, {max(u N v)}. Note that we
have exactly X(Ijs,dj) =U; X(S,4,7).
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Lemma 4.20. Let G be an interval graph with a nice APDS S of minimum size.
Profiles I]S and Iﬁ_1 are compatible and valid for each j € {0,...,2n —1}.

Proof. Let j € {0,...,2n}. Consider I]-S = (d;, s1,. .., Sk, t) as they are defined above.
Observe that Zy is valid (since Z5 = (do,n1 + 1,...,ny + 1,t1)). Hence, if each pair
(IJS, I]SH) is compatible, then all profiles are valid by Lemma 4.19.

We next prove that Ijs and IJ-SH are compatible for any 0 < j < 2n. Assume first
that an interval u = x;, s starts between dates d; and d;41.

1. Assume first that u is in a pair (u,v) of S with v that starts after dj+1. Then u €
X (S, 40,7 +1). Since S is a nice PDS, the intervals in X (.S, 49, j) and X (S,ig,j+ 1)
must be consecutive. Moreover, we have X (S,i0,7 + 1) = X (5, 40,4) U {u}. This
means that either s; = s;, (if X (S, 49, ) is non-empty) or s;, = n;, +1 and s{ =s
(if X(S,140,7) is empty). For the other s, nothing has changed and thus s; = s;.

2. Assume now that u is not in a pair of S. Then Z¢ and Z7,, are defined similarly.
Note that since S is a nice PDS and since u ¢ X (S,ig,7 + 1), set X (S, 40,5 + 1)
must be empty. This implies that X (5, 4o, j) is also empty. In particular s;, = s; =
Ni, + 1.

3. Assume now that u is in a pair (w,v) in S with v that starts before d;. Since u
and v must intersect, v contains d;. We must have v € X (5,11,7) C X(IJ-S, d;) for
some i1. Assume v is not the interval of X(IJS, d;) finishing first. Instead, let v’ be
that interval. It must be in a pair (v/,u’) with «’ # u starting after d; 1. If v’ ends
before u ends, then v N C vNwu and S is not minimal. If v ends after u, then
v N v’ contains v Nu and v Nu'. Again S is not minimal, a contradiction. Thus v
is defined as in the definition of add-compatibility, and the values of s; and s are
defined in the same way.

In all the cases, IJS and IJSH are add-compatible.

Assume now that an interval v is finishing between d; and d;41. It must be covered
by a pair (v/,v") of S. Then min(u) < max(u’ N ') and min(v’ Nv') < max(u) <
dj+1. In particular, v’ and v’ are starting before dj;, and thus d; and are in S; =
Sj41. Thus t = ¢/ > max(u’ Nv') and min(u) < ¢. It proves that Z7 and I?,, are
remove-compatible.

Theorem 4.17. PAIRING DOMINATING SET can be computed in time O(n”(©)+3) in
interval graphs.

Proof. The algorithm starts with the unique valid profile at do: Zy = (dg,n1 +
1,...,nk + 1,t1). Then for each date d;, starting with d;, we compute all the profiles
that are compatible with the profiles at date d;_,. By Lemma 4.19, all these profiles
will be valid. If the algorithm finds a valid profile Z,,, at date ds,, then the set S that
validates Zy,, must be a PDS since all the intervals finish before da,,.

For the other direction, if G has a PDS, then by Proposition 4.4 and Lemma 4.18,
graph G has an APDS S of minimal size that is nice. By Lemma 4.20, the algorithm
must find all the profiles IJS defined before Lemma 4.20. In particular, it must find
75, and return that G has a PDS.
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About the complexity, finding the value of kK = v(G) a k-nested representation can
be done in time O(n + m) [20]. From this representation, finding the partition into k
disjoint proper representations can be done (with the help of Dilworth’s theorem, as
we have mentioned) in time O(kn) [2]. Then, there are at most n**! valid profiles at
some date. Computing all the profiles that are compatible between two consecutive
dates, takes linear time in n. Since we consider profiles at 2n + 1 different dates, the
algorithm runs in total in O(n? + kn + nF*3) = O(n*+3) time. O

Since computing if interval graph G admits a PDS or has outcome D is equivalent
by Theorem 4.6, we obtain the following corollary:
Corollary 4.21. D-OUTCOME can be computed in time O(n”(S)*3) in interval graphs.
As a conclusion to this section, recall that the general (non-parameterized)
complexity of PAIRING DOMINATING SET in interval graphs remains open:
Open Question 4.22. What is the complexity of PAIRING DOMINATING SET in
interval graphs?

5 Conclusion and perspectives

Although a significant step has been made in this paper about the resolution of the
domination game on interval graphs, the complexity of the problem for general interval
graphs remains a relevant open problem. In particular, we have shown that, in inter-
val graphs, PAIRING DOMINATING SET is in NP instead of being PSPACE-complete,
leading to the structural Open problem 4.22 about the complexity of PAIRING DOMI-
NATING SET in interval graphs. Moreover, the equivalence between D-OUTCOME and
finding perfect [1,2]-factors for outerplanar graphs opens the door for the study of
related classes of graphs such as graphs of treewidth 2.

In addition, the surprisingly simple resolution of regular graphs would naturally
lead to the case of particular subgraphs of them. More precisely, the case of subcubic
graphs seems to be the first step to consider towards this direction. As shown by
Figure 5, their characterisation will be more tricky with the two possible outcomes
that may arise. In correlation with this examination of the degrees of the graph, as all
known hardness reductions require graphs with high maximum degree, one can wonder
whether there could be positive results when this maximum degree is bounded.

Finally, because of the structural motivations of the current work, only the outcome
D was considered here. One can wonder if, for some families of graphs, a refinement
can be done to have a full characterisation of the two other cases (i.e., § and N). In
particular, for the outcome A/, if a graph can be partitioned with a single star and a
perfect [1,2]-factor, or with a star and a K ,-factor, then Dominator can win playing
first. This is true since a star is itself an N -graph. In particular if, in addition, the
graph does not have outcome D, then it has outcome N. As for the D-OUTCOME
problem, one can investigate the other direction: if a graph has outcome N, does it
admit such a partition? As we already know from [8] that if a tree is AV, then it can
be decomposed with a star and a perfect matching, this work could be extended to
some of the classes of graphs considered in the current paper.
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