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Abstract. A system of equations is called independent if it is not equiv-
alent to any of its proper subsystems. We consider the following decades-
old question: If we fix the number of variables, then what is the maximal
size of an independent system of constant-free word equations? This can
be easily answered in the trivial cases of one and two variables, but all
other cases remain open, even the three-variable case, where the con-
jectured answer is as small as three. We survey some historical as well
as more recent results related to this question, starting with the one
known as Ehrenfeucht’s compactness property: Every infinite system is
equivalent to a finite subsystem, and consequently an independent sys-
tem cannot be infinite. We also discuss several variations and related
questions on word equations. Finally, we pay special attention to the fol-
lowing result from 2018: The maximal size of an independent system of
three-variable equations is at most 18. This is the first such finite upper
bound, but hopefully it will not be the last.
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1 Introduction

The following two questions are among the most important open problems in
combinatorics on words: Is the satisfiability problem of word equations (that
is, the problem of deciding whether a given word equation has a solution) NP-
complete? What is the maximal size of an independent system of constant-free
n-variable word equations? The satisfiability problem is known to be NP-hard, it
was proved to be decidable by Makanin [20] and in PSPACE by Plandowski [25],
and a simpler PSPACE algorithm was given by Jeż [16]. The question about the
maximal sizes of independent systems, on the other hand, is the topic of this
article.

We start in Section 2 by giving formal definitions and simple examples of
word equations and independent systems. We continue in Section 3 by describ-
ing Ehrenfeucht’s conjecture and the idea of its proof. In Sections 4 and 5, we
introduce the main open questions and survey some results related to them.
Rather than just presenting the current state-of-the-art, we try to give a rough
picture of how the research has progressed from 1983 to 2018. We conclude in
Section 6 by describing some variations of the main questions.



2 Aleksi Saarela

2 Preliminaries

Let Ξ be an alphabet of n variables and Σ an alphabet of constants. An n-
variable word equation is a pair (u, v) ∈ (Ξ ∪ Σ)∗ × (Ξ ∪ Σ)∗. The equation
(u, v) is constant-free if u, v ∈ Ξ∗, and it is trivial if u = v. The length of (u, v)
is |uv| and it is denoted by |(u, v)|.

A constant-preserving morphism h : (Ξ ∪ Σ)∗ → Σ∗ is a solution of an
equation (u, v) if h(u) = h(v). The set of all solutions of (u, v) is denoted by
Sol((u, v)). The morphism h is periodic if h(Ξ) ⊆ w∗ for some w ∈ Σ∗.

Example 1. First, let Ξ = {x} and Σ = {a, b}. The equation (xaxbab, abaxbx)
has two solutions f and g defined by f(x) = ε and g(x) = ab:

f(xaxbab) = ε · a · ε · bab = abab = aba · ε · b · ε = f(abaxbx),

g(xaxbab) = ab · a · ab · bab = abaabbab = aba · ab · b · ab = g(abaxbx).

Then, let Ξ = {x, y, z} and Σ = {a, b}. The constant-free equation (xyz, zyx)
has infinitely many solutions. For example, for all p, q ∈ Σ∗ and i, j, k ≥ 0, the
morphism h defined by h(x) = (pq)ip, h(y) = (qp)jq, h(z) = (pq)kp is a solution
of this equation because

h(xyz) = (pq)ip · (qp)jq · (pq)kp = (pq)kp · (qp)jq · (pq)ip = h(zyx).

A system of equations is a set of equations. A morphism is a solution of a
system if it is a solution of every equation in the system. The set of solutions of
a system S is denoted by Sol(S), so Sol(S) =

⋂
E∈S Sol(E). Two equations or

systems are equivalent if they have the same set of solutions. A subset (proper
subset) of a system S is called a subsystem (proper subsystem, respectively) of S.
A system is independent if it is not equivalent to any of its proper subsystems.
Clearly, a system S is independent if and only if for every E ∈ S, there exists a
morphism h such that h /∈ Sol(E) but h ∈ Sol(E′) for all E′ ∈ S r {E}.

Example 2. Let Ξ = {x, y, z} and Σ = {a, b}. The system of equations S =
{(xyz , zyx ), (xyyz, zyyx)} is independent and has a nonperiodic solution h de-
fined by h(x) = a, h(y) = b, h(z) = a. To see independence, note that S is not
equivalent to (xyz, zyx) because the morphism h defined by h(x) = a, h(y) = b,
h(z) = aba is a solution of (xyz, zyx) but not of S, and S is not equivalent to
(xyyz, zyyx) because the morphism h defined by h(x) = a, h(y) = b, h(z) = abba
is a solution of (xyyz, zyyx) but not of S.

3 Ehrenfeucht’s conjecture

A subset K of a language L is a test set of L if there does not exist morphisms
f, g such that f(w) = g(w) for all w ∈ K but f(w) 6= g(w) for some w ∈ L.
Ehrenfeucht conjectured at the beginning of the 1970s that every language has a
finite test set. In 1983, Culik and Karhumäki [3] proved that this conjecture can
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be equivalently formulated as follows: Every system of word equations is equiv-
alent to a finite subsystem. The conjecture was proved in 1985 by Albert and
Lawrence [1] (an independent proof was given by Guba [9]), giving the following
theorem, still known as Ehrenfeucht’s conjecture or Ehrenfeucht’s compactness
property.

Theorem 1. Every system of word equations is equivalent to a finite subsystem.

The idea of the proof can be described as follows: Words can be turned
into numbers by interpreting them as representations of integers in a suitable
k-ary number system. A word equation can then be turned into a multivariate
polynomial that has roots corresponding to all solutions of the word equation. A
system of word equations then corresponds to a polynomial ideal. If an infinite
system of word equations is not equivalent to any of its finite subsystems, then we
get an infinite chain I1 ( I2 ( I3 ( · · · of polynomial ideals, which contradicts
a result from commutative algebra called Hilbert’s basis theorem.

4 Size of independent systems

In 1983, Culik and Karhumäki [3] asked the following question, which is still
open.

Question 1. Is it true that every independent system of three constant-free three-
variable equations has only periodic solutions?

The following even more difficult question is also well-known.

Question 2. Let IS(n) be the maximal size of an independent system of constant-
free n-variable word equations (or IS(n) =∞ if there is no maximum). How large
is IS(n)?

It is easy to prove that IS(1) = 1, IS(2) = 2, and IS(n) ≥ n for all n. A
positive answer to Question 1 would imply IS(3) = 3. It follows from Theorem 1
that an independent system of word equations cannot be infinite. However, this
does not prove even IS(n) < ∞, because in principle it might be possible that
there are arbitrarily large finite independent systems.

Some lower bounds better than the trivial IS(n) ≥ n are known. In 1994,
Karhumäki and Plandowski [17] gave examples of independent systems show-
ing that IS(n) = Ω(n4). The hidden constant was improved by Karhumäki and
Saarela [18], but no examples larger than Θ(n4) have been found. The construc-
tions can be said to be based on the fact that (ababa)k = (ab)ka(ba)k for all
k ≤ 2 but not for any k ≥ 3. Plandowski [24] pointed out that if we could find
words u0, . . . , um such that uk0 = uk1 . . . u

k
m for all k ≤ 3 but not for any k ≥ 4,

then it would follow that IS(n) = Ω(n5). However, these kinds of equalities had
been studied before, for example in [10] and [13], and it was suspected that such
words u0, . . . , um do not exist. This was proved later, as will be discussed in
Section 5.
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In the three-variable case, some results restricting the form of equations in
an independent system have been proved. For example, an equation (u, v) is
called balanced if every variable occurs in u as many times as in v, and Harju
and Nowotka [12] proved that if a system of two constant-free three-variable
equations is independent and has a nonperiodic solution, then both equations
are balanced. For more results, see [5] and [6].

We can try to find upper bounds that depend on the length of the equations
in the system. If E1, . . . , Ek is an independent system, then trivially k is at most
exponential with respect to max{|E1|, . . . , |Ek|}, simply because the number
of equations of a certain length is exponential. The first nontrivial bound of
a similar type was proved by Saarela [26]: In the case of constant-free three-
variable equations, k is at most quadratic with respect to min{|E1|, . . . , |Ek|}.
This bound was improved to a linear one by Holub and Žemlička [14]. These two
results were proved with the help of polynomials and linear algebra, so there are
some similarities to the proof of Theorem 1, but the way in which polynomials
were used is very different. The linear bound has been improved since then, as
we shall see in Section 5, but the articles [26] and [14] contain also some results
about n-variable equations that are still the best ones known.

5 Recent results

In 2016, Nowotka and Saarela [21] found a new way to apply an old character-
ization of three-generator subsemigroups of a free semigroup by Budkina and
Markov [2] (or alternatively a similar result by Spehner [29,30]) to analyze inde-
pendent systems. Specifically, they found that an upper bound for the number
of solutions a one-variable word equation with only finitely many solutions can
have implies a (worse) upper bound for IS(3).

The question about the maximal finite number of solutions of one-variable
equations had been considered before [8,7,19], but the above connnection made
it even more important. It had been proved that the number of solutions is at
most logarithmic with respect to the number of occurrences of the variable in the
equation [19]. From this it now followed that the size of an independent system
of constant-free three-variable equations is at most logarithmic with respect to
the length of the shortest equation in the system, thus improving the previous
linear bound.

It had been conjectured that a one-variable equation with only finitely many
solutions has at most two solutions. In view of [21], this conjecture would have
implied that IS(3) ≤ 18. In 2016, however, the attempts to prove the conjecture
led to the discovery of the counterexample equation (first published in [22])

(xaxbxaabbabaxbabaabbab, abaabbabaxbabaabbxaxbx)

with exactly three solutions h(x) = ε, h(x) = ab and h(x) = abaabbab, and to
a weaker version of the conjecture: A one-variable equation with only finitely
many solutions has at most three solutions. This weaker conjecture would have
implied that IS(3) ≤ 23. In the journal version [22] of the conference article [21],
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the conditional result was improved so that even the weaker conjecture would
imply IS(3) ≤ 18.

In 2017, Saarela [27] proved that there does not exist words u0, . . . , um such
that uk0 = uk1 . . . u

k
m for all k ≤ 3 but not for any k ≥ 4 (a stronger result was

proved later in the journal version [28]). This meant that one particular approach
for improving the lower bound IS(n) = Ω(n4) was impossible, as was mentioned
in Section 4. However, the more significant consequence of [27] was that Nowotka
and Saarela found a way to apply a method similar to the one used in [27] to
study one-variable equations. In 2018, the weaker conjecture about one-variable
equations was finally proved, thus proving that IS(3) ≤ 18 [23].

Theorem 2. A one-variable word equation has either infinitely many solutions
or at most three.

Theorem 3. 3 ≤ IS(3) ≤ 18.

The rough idea behind the proof of Theorem 2 is that given an equation (u, v)
on the variable x, we can assume that the equation is in a certain kind of normal
form, and then we find a morphism σ : Σ∗ → Z that satisfies certain properties,
for example σ(h(x)) = 0 for all h ∈ Sol((u, v)). Then we study the images of
prefixes of h(u) and h(v) under σ, how they match and how they change when
the solution h changes. This eventually leads to a proof of Theorem 2.

Theorem 3 follows from Theorem 2 and the result in [22]. The idea behind
the proof of the result in [22] is that if E1, . . . , Ek is an independent system of
constant-free three-variable equations and h1, . . . , hk are morphisms such that
hi ∈ Sol(Ej) for all i 6= j but not for i = j, then the morphisms hi can be classi-
fied into a small number of families by the results in [2], and, given Theorem 2,
not too many of them can be in the same family. Improving the result in [22]
seems like a potential path towards a smaller upper bound than 18.

6 Variations

If we consider equations in a free semigroup instead of a free monoid, that is, we
require that a solution h cannot map a variable to the empty word, then how large
can an independent system of constant-free n-variable equations be? The largest
known examples have size Θ(n3) [17]. Independent systems can be studied also
in other semigroups, see the survey of Harju, Karhumäki and Plandowski [11].

A finite sequence of nontrivial equations E1, . . . , En is a decreasing chain if

Sol(E1) ) Sol(E1, E2) ) · · · ) Sol(E1, . . . , En).

and an increasing chain if

Sol(E1, . . . , En) ( Sol(E2, . . . , En) ( · · · ( Sol(En).

Similar definition can be given for infinite chains. Chains have been studied by
Honkala [15] and Czeizler [4], for example. If the number of variables is fixed,
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then how long can chains be? Clearly, E1, . . . , En is a decreasing chain if and only
if En, . . . , E1 is an increasing chain, so if there exists a finite maximal length,
then it is the same for both types of chains. However, if there are arbitrarily
long chains, then the situation is more complicated: Ehrenfeucht’s conjecture
is equivalent to the fact that decreasing chains cannot be infinite, but no such
result is known for increasing chains. In the case of constant-free three-variable
equations, there are chains of length 7 [18], and the results in [22] and [23] imply
an upper bound of 24.

Finally, independent systems can be considered also in the case of equations
with constants. Independent systems can be larger in this case, but Ehrenfeucht’s
conjecture still holds. Moreover, an independent n-variable system of equations
with constants cannot be larger than an independent (n + 2)-variable system
of constant-free equations. This is because we can assume that the alphabet of
constants is binary, and then replace the constant letters with new variables,
and this preserves independence. Thus the question of the maximal size of inde-
pendent systems does not become fundamentally different if we allow constants.
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