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Abstract

Most of the current research in preference learning has concentrated on learning transitive relations.
However, there are many interesting problems that are non-transitive. Such a learning task is, for
example, the prediction of the probable winner given the strategies of two competitors. In this paper,
we investigate whether there is a need to learn non-transitive preferences, and whether they can be
learned efficiently. In particular, we consider cyclic preferences such as those observed in the game of
rock paper and scissors.

1 Introduction

The learning of preferences (see e.g. Fürnkranz and
Hüllermeier (2005)) has recently gained significant
attention in the machine learning community. Prefer-
ence learning can be considered as a task in which the
aim is to learn a function capable of evaluating, given
pair of data points, whether the first point is preferred
over the second one. For example, given two compet-
itive strategies, the aim might be to predict the prob-
able winner. We assume that we are given a training
set of pairwise preferences that are used to train a su-
pervised learning algorithm for the prediction of the
preference relations among unseen data points.

1.1 Non-Transitive Preferences

The typical setting for preference learning deals with
transitive preferences. By a transitive preference, we
mean thatA > B andB > C imply A > C, where
> denotes the preference relation, andA, B andC
are objects of interest. In the commonly used scoring
setting, where each object is associated with a good-
ness score, all preference relations that can be derived
from the scores are transitive.

In this paper, we consider the learning of non-
transitive preference relations. A typical example
of such a relation occurs in the game rock-paper-
scissors. In the game, rock defeats scissors and scis-
sors defeat paper, but rock loses to paper.

Is there a reason to aim to learn such relations?
In the context of decision theory there has been dis-
cussion about whether non-transitivity of preferences
arises simply from irrationality or errors in measure-
ments or whether reasonable preferences can actually
exhibit non-transitivity (see e.g. Fishburn (1991)).
Next, we present some examples that can be consid-
ered as real-world non-transitive preference learning
tasks.

Some motivation for considering non-transitive
preferences can be found, for example, in recent bi-
ological findings. Kerr et al. (2002); Kirkup and
Riley (2004) report that this type of phenomenon
appears between bacterial populations ofEschericia
coli: bacteria that produce a certain type of antibiotic
kill bacteria that are sensitive to it, but are outcom-
peted by bacteria resistant to it, while sensitive bac-
teria outcompete resistant ones. Therefore, it makes
sense to aim to predict, for two new types of bacte-
ria, which outcompetes which. A new bacteria could
be, for example, of a type that produces just a small
amount of antibiotic but with a lower competitive
cost.

These types of relations occur not only on the bac-
terial level but, for example, also in the mating strate-
gies of certain lizard species (Sinervo and Lively,
1996). Aggressive orange males outcompete their
less aggressive blue peers, but are outsmarted by
males with yellow markings. Yet the yellow males
lose to the more perceptive blue males.



Similar examples of non-transitive preferences can
also be found in military settings. For example,
weapon systems like bombers, long-range artillery,
and anti-aircraft batteries again form a preference cy-
cle. In general, when a set of competing strategies
are used against each other, the interplay of the weak-
nesses and strengths of these strategies can result in
nonlinear preference relations.

Finally, non-transitive preferences are often con-
fronted in the domain of computer games. In
Crawford (1984), building nontransitive relationships
into computer games was termed as “triangularity”.
Nowadays, triangularity is one of the most well-
known design patterns in computer game develop-
ment (see e.g. Björk et al. (2003)). Preference learn-
ing methods that are able to learn this type of rela-
tionships, for example, from statistics collected in a
computer game may prove to be advantageous tools
in adjusting the balance of the game rules and me-
chanics.

1.2 Related Work

Preference learning has so far concentrated on learn-
ing a scoring function either from a scored data (see
e.g. Herbrich et al. (1999); Pahikkala et al. (2007);
Cortes et al. (2007)) or from a given set of pairwise
preferences (see e.g. Joachims (2002)). The quality
of the learned scoring function is measured according
to how well it performs with respect to a given rank-
ing measure. This is sometimes called the scoring
based setting.

There have also been studies about learning and us-
ing a preference function that, when given two ob-
jects, outputs a direction or magnitude of preference
between them (see e.g. Cohen et al. (1999); Ailon
and Mohri (2008)). However, even though such a
function can be used to represent non-transitive pref-
erences, the aim in these studies has been to obtain a
total order of the objects.

Both of the aforementioned approaches are unsuit-
able for learning tasks in which the aim is to preserve
the non-transitivities instead of turning the problem
into a linear ranking task. For example, it makes no
sense to consider tasks such as the learning the prefer-
ences between the rock, paper, and scissors strategies
in the ranking framework.

In this paper, we adopt a third approach in which
we aim to construct learners that preserve the non-
transitivities. We achieve this via training nonlinear
classifiers and regressors with pairs of individual ob-
jects and the corresponding directions or magnitudes
of preferences between them.

Kernel-based learning algorithms (Schölkopf and
Smola, 2002; Shawe-Taylor and Cristianini, 2004)
have been shown to be successful in solving non-
linear tasks, and hence they make a good candidate
for learning non-transitive preferences. However, the
computational complexity of those algorithms may
be high, because the number of labeled object pairs
often grows quadratically with respect to the number
of objects. Fortunately, there exist efficient approxi-
mation methods which output sparse representations
of the learned function, such as the regularized least-
squares regression (RLS) together with the subset of
regressors approach (see e.g. Rifkin et al. (2003)).

2 Learning the Preferences

We formulate the preference learning task in Sec-
tion 2.1. In Section 2.2, we describe the synthetic data
used to simulate a non-transitive preference learning
task and in Section 2.3 the learning algorithm. Exper-
imental results are presented in Section 2.4.

2.1 Problem Formulations

Let V denote the set of possible inputs. Moreover,
let X = (x1, . . . , xl)T ∈ (V × V)l be a sequence
of l observed preferences between the inputs and let
Y = (y1, . . . , yl) ∈ Rl be their corresponding magni-
tudes. That is, for eachxi = (v, v′), wherev, v′ ∈ V,
yi ∈ R indicates the direction and the magnitude of
preference betweenv andv′. Clearly,X can be con-
sidered as a preference graph in which the inputs are
the vertices andxi are the edges. The nontransitivity
implies that the preference graph can contain cycles.

2.2 Synthetic Data

To test the performance of the learning algorithm
in a nonlinear preference learning task, we gener-
ated the following synthetic data. First, we gener-
ate100 preference graph vertices for training and100
for testing. The preference graph vertices are three-
dimensional vectors representing players of the rock-
paper-scissors game. The three attributes of the play-
ers are the probabilities that the player will choose
rock, paper, or scissors, respectively. The probability
P (r | v) of the playerv choosing rock is determined
by P (r | v) = exp(wu)/z, whereu is a random
number drawn from the uniform distribution between
0 and1, w is a steepness parameter, andz is a nor-
malization constant ensuring that the three probabil-
ities sum up to one. By using the exponent function



with the parameterw it can be ensured that most of
the players tend to favor one of the three choices.

We generate1000 edges for training by randomly
selecting the start and end vertices from the training
vertices. Each edge represents a game of rock-paper-
scissors. For both players we randomly choose either
rock, paper, or scissors according to their personal
probabilities. The outcome of a game is−1, 0, or 1
depending on whether the first player loses the game,
the game is a tie, or the first player wins the game,
respectively. We use the game outcomes as the labels
of the training edges.

Similarly, we generate1000 edges for testing from
the test vertices. However, instead of using the out-
come of a single simulated game as a label, we as-
sign for each test edge the average outcome of a game
played between the first and the second player, that is,

y = P (p | v)P (r | v′)− P (s | v)P (r | v′)
−P (r | v)P (p | v′) + P (s | v)P (p | v′)
+P (r | v)P (s | v′)− P (p | v)P (s | v′).

The task is to learn to predict the average outcomes
of the test edges from the training data.

2.3 Learning Method

RLS is a state of the art kernel-based machine learn-
ing method which has been shown to have compara-
ble performance to support vector machines (Rifkin
et al., 2003; Poggio and Smale, 2003). We choose the
sparse version of the algorithm, also known as subset
of regressors, as it allows us to scale the method up to
very large training set sizes.

Let us denoteRX = {f : X → R}, and let
H ⊆ RX be the hypothesis space. In order to con-
struct an algorithm that selects a hypothesisf from
H, we have to define an appropriate cost function
that measures how well the hypotheses fit to the train-
ing data. Further, we should avoid too complex hy-
potheses that overfit at training phase and are not able
to generalize to unseen data. Following Schölkopf
et al. (2001), we consider the framework of regular-
ized kernel methods in whichH is the reproducing
kernel Hilbert space (RKHS) defined by a positive
definite kernel functionk. The kernel functions are
defined as follows. LetF denote the feature vector
space. For any mapping

Φ : X → F ,

the inner product

k(x, x′) = 〈Φ(x),Φ(x′)〉

of the mapped data points is called a kernel function.
Using RKHS as our hypothesis space, we define the
learning algorithm as

A(S) = argmin
f∈H

J(f),

where
J(f) = c(f(X), Y ) + λ‖f‖2k, (1)

f(X) = (f(x1), . . . , f(xm))T, c is a real valued cost
function, andλ ∈ R+ is a regularization parame-
ter controlling the tradeoff between the cost on the
training set and the complexity of the hypothesis. By
the generalized representer theorem (Schölkopf et al.,
2001), the minimizer of (1) has the following form:

f(x) =
m∑

i=1

aik(x, xi), (2)

whereai ∈ R.
We now briefly present the basic sparse RLS algo-

rithm. LetM = {1, . . . ,m} be an index set in which
the indices refer to the examples in the training set.
Instead of allowing functions that can be expressed
as a linear combination over the whole training set as
with the basic RLS regression, we only allow func-
tions of the following restricted type:

f(x) =
∑
i∈B

aik(x, xi), (3)

wherek is the kernel function,ai ∈ R are weights,
and the set indexing the basis vectorsB ⊆ M is se-
lected in advance. The coefficientsai that determine
(3) are obtained by minimizing

m∑
i=1

(yi −
∑
j∈B

ajk(xi, xj))2 + λ
∑

i,j∈B

aiajk(xi, xj)

where the first term is the squared loss function, the
second term is the regularizer, andλ ∈ R+ is a reg-
ularization parameter. The minimizer is obtained by
solving the corresponding system of linear equations,
which can be performed inO(l|B|2) time.

We set the maximum number of basis vectors to
100 in all experiments in this study, and select the
subset randomly when the training set size exceeds
this number, since in Rifkin et al. (2003) it was shown
that randomly relecting the basis vectors works as
well as heuristic-based methods.

As the kernel function, we use the Gaussian kernel
over the feature vectors of the edges, which are con-
structed by catenating the feature vectors of its start



w = 1 w = 10 w=100
I 0.002 0.004 0.001
II 5e-06 0.029 0.509
III 0.666 0.912 0.938

Table 1: I: The mean squared errors made by the re-
gression algorithm. II: The mean squared errors made
by always predicting0. III: The proportions of cor-
rectly predicted directions of preference by the re-
gression algorithm.

and end vertices. Formally, the Gaussian kernel is de-
fined as follows:

k(x, x′) = e−γ(x−x′)2 ,

whereγ > 0 is a bandwidth parameter.
In our experiments, we set the parametersλ andγ

with grid search and cross-validation. For in depth
discussion of the behavior of kernel-based learning
algorithms with different combinations of these pa-
rameter values, we refer to Lippert and Rifkin (2006).

2.4 Results

We conduct experiments with three data sets gener-
ated using the values1, 10, and100 for thew pa-
rameter. The valuew = 1 corresponds to the situa-
tion where all probabilities of the players are close to
the uniform distribution. When usingw = 100 the
players tend to always play their favourite item, and
w = 10 corresponds to a setting between these two
extremes.

The results are presented in Table 1. We report the
mean square-error made by the regression algorithm
when predicting the average outcome and compare it
to the approach of always predicting zero. We also re-
port the proportions of correctly predicted directions
of preference for each edge. As expected, learning
the average outcomes when the probabilities of the
players are close to the uniform distribution is more
difficult than in case the players tend to always play
their favourite item. Nevertheless, the sparse RLS re-
gressor with Gaussian kernel is capable of capturing
the nonlinear concept to be learned.

3 Conclusion

In this paper, we investigate the problem of learning
non-transitive preference relations. We discuss where
this type of problems appear and how they can be
solved. In particular, a case study about the game
of rock-paper-scissors is presented. In the study, we

create synthetic data for which we apply sparse RLS
with Gaussian kernel which proves to be a feasible
approach for the task.

In the future, we will consider other variations
of nonlinear preferences occurring in the real world
learning tasks and how to efficiently solve them. For
example, tasks consisting of a mixture of trainsi-
tive and non-transitive preference relations may pro-
vide interesting research directions. Further, modern
computer games have often a large set of compet-
ing strategies and players with different strengths and
weaknesses from which non-transitive preference re-
lations might emerge.
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