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Abstract
Westudy non-vanishing ofDirichlet L-functions at the central point under the unlikely
assumption that there exists an exceptional Dirichlet character. In particular we prove
that if ψ is a real primitive character modulo D ∈ N with L(1, ψ) � (log D)−25−ε,
then, for any prime q ∈ [D300, DO(1)], one has L(1/2, χ) �= 0 for almost all Dirichlet
characters χ (mod q).

Mathematics Subject Classification 11M20

1 Introduction

Acentral problem in analytic number theory is the study of vanishing or non-vanishing
of L-functions at the central point. Some arithmetic consequences arise for example
due to the Birch and Swinnerton-Dyer conjecture, which links the order of the central
zero of an elliptic curve L-function with its rank (see for example [13]). Another
application was provided by Iwaniec and Sarnak [7], who proved that at least 50%
of L-functions in certain families of cusp forms do not vanish at the central point,
and showed that any improvement on this proportion would rule out the existence of
Landau-Siegel zeros.

A conjecture attributed to Chowla states that L(1/2, χ) �= 0 for all Dirichlet char-
acters χ (see [3] for the conjecture in the case of real Dirichlet characters). In this
paper we study the non-vanishing of Dirichlet L-functions at the central point under
the unlikely assumption that there exists an exceptional Dirichlet character.
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M. Čech, K. Matomäki

Unconditionally, Balasubramanian and Murty [1] were the first to show that for
any sufficiently large prime q, one has that L(1/2, χ) �= 0 for a positive proportion of
Dirichlet characters χ (modq). This result was significantly improved by Iwaniec and
Sarnak [5], who obtained the non-vanishing proportion 1/3 − ε (also for non-prime
q). The best known result for prime moduli is 5/13 − ε due to Khan, Milićević, and
Ngo [8].

The works of Murty [11] and Bui et al. [2] prove the non-vanishing proportion
1/2 − o(1) conditionally—Murty under the generalized Riemann hypothsesis, and
Bui, Pratt, and Zaharescu under the existence of an exceptional character withmodulus
of suitable size.

In this paper we improve on the result of Bui, Pratt, and Zaharescu. In particular
we obtain the following corollary, improving their proportion 1/2− o(1) to 1− o(1).

Corollary 1 Let ε > 0 be fixed. Let D > 1 be a squarefree fundamental discriminant
and let ψ be the associated primitive quadratic character modulo D. Assume that

L(1, ψ) � 1

(log D)25+ε
. (1)

Then, for any fixed C > 300 and any prime q such that

D300 ≤ q ≤ DC ,

we have
|{χ (mod q) : L(1/2, χ) �= 0}| = (1 + o(1))ϕ(q),

where the rate of convergence of o(1) depends only on ε,C and the implied constant
in (1).

Remark 1 It is feasible that it is possible to loosen the condition (1) to the condition
that L(1, ψ) = o(1/ log D). This would require reworking the arguments in [2] with
a more optimally chosen mollifier than (5) below, and being very careful about not
losing any logarithmic factors. It might be possible to carry this out by adapting the
arguments from [4]. In [4] Conrey and Iwaniec considered a related problem, showing
that if L(1, ψ) = o(1/ log D), then, for any Dirichlet L-function, almost all zeros,
whose imaginary part is on a suitable range, are simple and lie on the critical line.

As in [2], we actually get a more quantitative result — the following holds uncon-
ditionally, but is non-trivial only in case an exceptional character exists.

Theorem 2 Let ε > 0 be fixed. Let D > 1 be a squarefree fundamental discriminant
and let ψ be the associated primitive quadratic character modulo D. Let C > 300 be
fixed and let q be a prime such that

D300 ≤ q ≤ DC . (2)
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Then, for any δ > 0,

1

ϕ(q)

∑

χ (mod q)

1|L(1/2,χ)|≥ δ3/2

(log q)9/2
= 1 + O

(
δ−2L(1, ψ)(log q)25+ε + δ−2

(log q)1−ε
+ δ

)
.

(3)

Corollary 1 immediately follows from applying Theorem 2 with δ = (log q)−ε/4

and ε/3 in place of ε. In Theorem 2 and other statements, the implied constants are
allowed to depend on ε and C (which are said to be fixed), but not on D or q.

Remark 3 We have not tried to optimize the lower bound we get for |L(1/2, χ)| in
Theorem 2. By estimating the left hand side of (14) below more carefully, it would
probably be possible to improve the power of log q in the lower bound. Furthermore,
similarly to Remark 1, it might be possible to improve on the error term.

As in many works, we consider only the even primitive characters, the case of odd
primitive characters being handled similarly (since q is prime, there is only one non-

primitive character χ0 so its contribution is negligible). We write
∑+

for a sum over

primitive even characters modulo q, and ϕ+(q) for the number of such characters.
Our proof is based on the work of Bui, Pratt and Zaharescu [2] and the equidistri-

bution of the product ε(χ)ε(ψχ) of root numbers. Here and later, ε(χ) denotes the
sign of the functional equation of L(s, χ), which can also be written as a normalized
Gauss sum

ε(χ) := τ(χ)

q1/2
= 1

q1/2
∑

a (mod q)
(a,q)=1

χ(a)e

(
a

q

)
. (4)

The following proposition which we will prove in Sect. 4 shows that ε(χ)ε(ψχ) is
equidistributed on the unit circle when χ runs over even primitive characters modulo
q.

Proposition 4 Let D > 1 be a squarefree fundamental discriminant and let ψ be the
associated primitive quadratic character modulo D. Let q be a prime such that q � D.

For each character χ (mod q), let θχ ∈ (0, 2π ] be such that ε(χ)ε(χψ) = e(θχ ).
Then, for any interval (α, β] ⊆ (0, 2π ], we have

1

ϕ+(q)

∑+

χ (mod q)

1θχ∈(α,β] = β − α + O(q−1/4),

where the implied constant is absolute.
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2 The work of Bui, Pratt and Zaharescu

Let ε, D, ψ,C, and q be as in Theorem 2. Following [2], for any character χ (mod q),
we write

Lχ (s) := L(s, χ)L(s, χψ) =
∑

n≥1

(1 ∗ ψ)(n)χ(n)

ns
.

Note that Theorem 2 is non-trivial only when ψ is an exceptional character modulo
D (in the sense that (1) holds for some ε > 0), and in this case we expect 1 ∗ ψ(n) to
vanish often once n > D2, say (see for example [2, formula (2.2)]).

Bui, Pratt and Zaharescu [2] consider the mollified L-functions Lχ (1/2)M(χ),
where the mollifier is taken as

M(χ) :=
∑

n≤X ,
D�n

(μ ∗ μψ)(n)χ(n)√
n

(5)

with X := D20. In the classical setting, it is crucial to take the mollifier as long as
possible to make many of the coefficients of the mollified L-function vanish; in the
exceptional case, the coefficients (1 ∗ ψ)(n) of Lχ (1/2) are lacunary once n is larger
than a small power of D, so taking X = qκ for a small κ > 0 is sufficient. This
explains why we can obtain better non-vanishing results assuming the existence of
exceptional characters.

For convenience, we make the same choice of parameters as [2], so that X = D20

and (2) holds.
Write Q = q

√
D/π . Then [2, formula (4.1)] yields

Lχ (1/2)M(χ) = V1

(
1

Q

)
+ ε(χ)ε(χψ)V2

(
1

Q

)
+ O (|B1(χ)| + |B2(χ)|) , (6)

where, for j = 1, 2, Vj (x) is a smooth weight as in [2, Section 3] and

Bj (χ) :=
∑

a≤X ,
D�a,
an>1

(μ ∗ μψ)(a)(1 ∗ ψ)(n)χ(an)√
an

Vj

(
n

Q

)
.

The formula (6) is obtained in [2] using the approximate functional equation (see [2,
Lemma 3.2]) and isolating the first summand in each term. By [2, Lemma 3.4] we
have Vj (1/Q) = 1 + O(Q−1/2+ε) for j = 1, 2 and hence (6) implies that, for some
absolute constant C0 ≥ 1,

∣∣Lχ (1/2)M(χ) − (1 + ε(χ)ε(χψ))
∣∣ ≤ C0

(
|B1(χ)| + |B2(χ)| + Q−1/2+ε

)
. (7)
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Furthemore, [2, Proposition 4.1] gives that, for j = 1, 2, any ε > 0, and any prime
q in the range (2),

∑+

χ (mod q)

∣∣Bj (χ)
∣∣2 � L(1, ψ)q(log q)25+ε + q

(log q)1−ε
. (8)

The strategy of Bui, Pratt and Zaharescu [2] is to proceed with the usual method of
applying the Cauchy-Schwarz inequality to obtain that

∑+

χ (mod q)
L(1/2,χ) �=0

1 ≥
∑+

χ (mod q)
Lχ (1/2)M(χ) �=0

1 ≥
∣∣∣
∑+

χ (mod q)
Lχ (1/2)M(χ)

∣∣∣
2

∑+
χ (mod q)

∣∣Lχ (1/2)M(χ)
∣∣2

. (9)

Bui, Pratt and Zaharescu then use (6) and (8) to compute the first and second moments
of Lχ (1/2)M(χ)—this gives that (assuming thatψ is an exceptional character), on the
right hand side of (9), the numerator equals (1+o(1))ϕ+(q)2 whereas the denominator
equals (2 + o(1))ϕ+(q). This yields the non-vanishing proportion 1/2 + o(1).

Note that the application of the Cauchy-Schwarz inequality in (9) is costly, because
by (7) the mollified L-functions still oscillate— our strategy is to dispose of the use of
the Cauchy-Schwarz inequality and instead exploit the fact that (7) holds for individual
L-functions. Actually, from (7), the equidistribution of the signs ε(χ)ε(χψ) (Proposi-
tion 4) and (8), one can see that Lχ (1/2)M(χ) for even χ (mod q) are equidistributed
in the circle |z − 1| = 1, which directly implies the non-vanishing of Lχ (1/2)M(χ)

for almost all characters χ (mod q).
The variation of the root number has been utilized also in earlier (unconditional)

results that involved a two-piece mollifier (see e.g. [9] and [8]) — in these works one
used the Cauchy-Schwarz inequality, but optimized its application.

3 Proof of Theorem 2 assuming Proposition 4

In this section we prove Theorem 2 assuming Proposition 4. Let ε, D, ψ,C, q, and δ

be as in Theorem 2 and let C0 be as in (7). Now (8) implies that

∑+

χ (mod q)

1|Bj (χ)|≥δ/(4C0)
� δ−2

(
L(1, ψ)q(log q)25+ε/2 + q

(log q)1−ε/2

)
.

Furthermore, by Proposition 4 we know that |1 + ε(χ)ε(χψ)| ≥ 2δ for all χ (mod q)

apart from an exceptional set consisting of � δϕ(q) + q3/4 characters.
Combining (7) with the triangle inequality and these observations we obtain that,

apart from an exceptional set of size

� δ−2L(1, ψ)q(log q)25+ε + δ−2 q

(log q)1−ε
+ δϕ(q), (10)
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we have

∣∣Lχ (1/2)M(χ)
∣∣ ≥ 2δ − C0

(
δ

4C0
+ δ

4C0
+ Q−1/2+ε

)
> δ. (11)

This already yields (3) with 1|L(1/2,χ)|≥δ3/2/(log q)9/2 replaced by 1|L(1/2,χ)|�=0 and is
thus sufficient for obtaining Corollary 1. We next proceed to showing a lower bound
for |L(1/2, χ)| outside an acceptable exceptional set.

Recall that

Lχ (1/2)M(χ) = L(1/2, χ)L(1/2, χψ)M(χ).

Since (11) holds apart from an exceptional set of size (10), Theorem 2 follows if
we can establish that there are at most O(δϕ(q)) characters χ (mod q) for which
|L(1/2, χψ)M(χ)| ≥ δ−1/2(log q)9/2. This follows if

∑

χ (mod q)
χ �=χ0

|L(1/2, χψ)M(χ)|2 � ϕ(q)(log q)9, (12)

and so it suffices to establish (12).
By the approximate functional equation we have for any primitive character χ (see

e.g. [5, formula (2.2)])

L(1/2, χψ) =
∞∑

n=1

χ(n)ψ(n) + ε(χψ)χ(n)ψ(n)√
n

W
(
n
√

π/(qD)
)

, (13)

where W (denoted by V in [5]) is such that W (y) = 1 + O(y10) and W (y) � y−10.
Using these bounds we see that

L(1/2, χψ) =
∑

n≤(qD)
3
4

χ(n)ψ(n) + ε(χψ)χ(n)ψ(n)√
n

W
(
n
√

π/(qD)
)

+ O

(
1

qD

)
.

Using also the definition of M(χ) (see (5)) and the orthogonality of characters (adding
back χ = χ0), noting that X(qD)3/4 ≤ q, we obtain

∑

χ (mod q)
χ �=χ0

|L(1/2, χψ)M(χ)|2

�
∑

χ (mod q)

|M(χ)|2
∣∣∣∣∣∣∣

∑

n≤(qD)
3
4

χ(n)ψ(n) + ε(χψ)χ(n)ψ(n)√
n

W
(
n
√

π/(qD)
)
∣∣∣∣∣∣∣

2

+ 1

q2D2

∑

χ (mod q)

|M(χ)|2
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� ϕ(q)
∑ ∑

k1,k2≤(qD)3/4


1,
2≤X
k1
1=k2
2

|(μ ∗ μψ)(
1)| |(μ ∗ μψ)(
2)|√
k1
1k2
2

+ ϕ(q)

q2D2

∑

n≤X
D�n

|(μ ∗ μψ)(n)|2
n

� ϕ(q)
∑

n≤X(qD)3/4

d3(n)2

n
+ Xε

qD2 � ϕ(q)
∏

p≤X(qD)3/4

(
1 + 32

p

)
. (14)

Now (12) follows fromMertens’ theorem, and so the proof of Theorem 2 is completed.
The remaining task is to prove Proposition 4 which will be done in the following

section.

4 Proof of Proposition 4

In this section we prove Proposition 4. By the Erdős-Turán inequality (see e.g. [10,
Corollary 1.1] with K = �q1/4�),

∣∣∣∣
1

ϕ+(q)

∑+

χ (mod q)

1θχ∈(α,β] − (β − α)

∣∣∣∣ ≤ 1

q1/4
+ 3

ϕ+(q)

∑

1≤k≤q1/4

1

k

∣∣∣∣∣∣

∑+

χ (mod q)

e(kθχ )

∣∣∣∣∣∣
.

Since e(kθχ ) = (ε(χ)ε(χψ))k , Proposition 4 follows immediately from the following
lemma.

Lemma 5 Let k ∈ N. Let D > 1 be a square-free fundamental discriminant and let
ψ be the associated primitive quadratic character modulo D. Let q be a prime with
q � D. Then

∣∣∣∣∣∣

∑+

χ (mod q)

(ε(χ)ε(χψ))k

∣∣∣∣∣∣
≤ 1

qk
+ 2k · ϕ(q)

q1/2
.

Proof Our argument generalizes an argument in [2, Section 4] where the special case
k = 1 was established (see [2, formula (4.6)]). Since (q, D) = 1, one gets (as pointed
out in [2, page 603]) from (4) and the Chinese remainder theorem

ε(χψ) = 1

(Dq)1/2

∑

a (mod Dq)
(a,Dq)=1

χ(a)ψ(a)e

(
a

Dq

)

= 1

(Dq)1/2

∑

b (mod D)
(b,D)=1

∑

c (mod q)
(c,q)=1

χ(bq + cD)ψ(bq + cD)e

(
bq + cD

Dq

)

= χ(D)ψ(q)ε(ψ)ε(χ).
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Hence

ε(χ)ε(χψ) = χ(D)ψ(q)ε(ψ)ε(χ)2

and, using also (4),

∑+

χ (mod q)

(ε(χ)ε(χψ))k

= ψ(q)kε(ψ)k

qk
∑

a1,...,a2k (mod q)
(a j ,q)=1

e

(
a1 + · · · + a2k

q

) ∑+

χ (mod q)

χ(Dka1 · · · a2k).
(15)

By orthogonality of characters we have, for any prime q and integers m, n such that
(mn, q) = 1,

∑+

χ (mod q)

χ(m)χ(n) = 1

2

∑∗

χ (mod q)

(1 + χ(−1))χ(m)χ(n)

= 1

2

∑

χ (mod q)

(1 + χ(−1))χ(m)χ(n) − 1 = 1q|(m±n)

ϕ(q)

2
− 1.

Applying this to (15), we obtain

∑+

χ (mod q)

(ε(χ)ε(χψ))k = ψ(q)kε(ψ)k

2qk
ϕ(q)

∑

a1,...,a2k (mod q)

Dka1···a2k≡±1 (mod q)

e

(
a1 + · · · + a2k

q

)

− ψ(q)kε(ψ)k

qk
∑

a1,...,a2k (mod q)
(a j ,q)=1

e

(
a1 + · · · + a2k

q

)
.

(16)

The second term on the right hand side of (16) equals

−ψ(q)kε(ψ)k

qk

⎛

⎝
q−1∑

a=1

e

(
a

q

)⎞

⎠
2k

= −ψ(q)kε(ψ)k

qk
,

and thus has absolute value at most 1/qk .
On the other hand, the first term on the right hand side of (16) equals

ψ(q)kε(ψ)k

2qk
ϕ(q)

1∑


=0

∑

a1,...,a2k−1 (mod q)
(a j ,q)=1

e

(
a1 + · · · + a2k−1 + (−1)
Dka1 · · · a2k−1

q

)
. (17)
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Here we have a 2k − 1-dimensional Kloosterman sum and by a bound of Smith [12,
Theorem 6], the absolute value of (17) is

≤ ϕ(q)

2qk
· 2 · q(2k−1)/2d2k(q) = ϕ(q)

q1/2
d2k(q).

Now the claim follows since q is a prime, so d2k(q) = 2k. ��
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