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Abstract— The mathematical modeling of the dynamics of
a quadcopter using the Newton-Euler method is presented in
this study. Kinematics and kinetics were developed using Euler’s
angles as parameters to describe the rotations of the rigid body,
and all the referential changes referring to rotations were made
using Coordinate Transformation Matrices. Two test benches
are proposed. First a 3 degree of freedom test bench that frees
the aircraft rotation while retaining the translation. The second
is a one degree of freedom test bench which complements the
first one. At last the test benches are used in order to identify
the actuators parameters and the inertia moments.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAV) are still in a constant
development in the military market. Some consider them as
a technology that completely changed the military field [7].
Also, academic projects with military applications goals are
more and more common ([4], [1]). On the other hand, due to
cost-cutting, new civilian applications for this technology are
created each day. A recent study [6] shows applications in
forests and agriculture, autonomous monitoring, traffic and
monitoring control, inspection systems, 3D mapping among
others. These crafts can go to places of difficult access and
that may be risky to humans, like the use in the Antarctic
[3].

Considering the current conjuncture, this article has the
following goals: establish a mathematical model of the
dynamics of a quadcopter, propose two test benches which
are affordable, useful and easy to build and use them to
identify the model parameters of a real quadcopter.

The developed model uses the same approach as [8] and
[9]. In the sense that it uses Euler’s angles not quaternions
[10], and uses the Newton-Euler method described in [5].
However it is a less complex model, as the motor and
propeller dynamics are not being considered. Nevertheless, it
is a more complete model than [11], because the assumption
of small angles was not made.

The system parameters can be identified in three ways.
It can be calculated using first principles models as in [12]
where well stablished equations are used to find the para-
meters values. Also [10] uses a CAD system to generate the
inertia tensor. It can be measured and updated in real time, as
in [13] using adaptive control. Or it can be found through off
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line data analysis. This can be done by various methods, e.g.
Principle of Maximum Likelihood [14], Unscented Kalman
Filter [15], Prediction Error Method [16], Genetic Algorithm
[17]. The approach used in this work is the third one,
the parameters will be measured using the off line data.
The method applied is Least Squares (LS), as in [10], the
difference is that, apart from a scale, the only experimental
apparatus needed are the test benches.

II. KINEMATIC ANALYSIS OF A QUADCOPTER

At this analysis 5 points are important, the center of mass
of the system (G) and the four edges of the quadcopter (A,
B, C and D) where the motors and propellers are located.
Fig. 1 shows the 5 points. Initially the following position
vectors are known:

I~rOG =
[
x y z

]T (1a)

B4~rGA =
[
0 R 0

]T
B4~rGC =

[
0 −R 0

]T (1b)

B4~rGB =
[
R 0 0

]T
B4~rGD =

[
−R 0 0

]T (1c)

where x, y and z are the components of the position vector
of G relative to the origin and R is the measure of half of the
quadcopter wingspan. It can be noticed by the notation of
the vectors, that the first vector was expressed in the inertial
frame, while the others were expressed in the frame B4,
which is the fourth moving frame. Fig. 1 also illustrates this
two frames of reference. In the inertial frame, the Z axis
has the same direction but opposite sense of the gravitational
acceleration vector, the X and Y axes can be chosen arbitrary.
At the last rotational frame (B4) the frame origin is at point
G, the Y axis is aligned and pointing towards point A, the
X axis is also aligned and pointing towards point B.

Euler angles were used for the modeling of the quadcopter
rotations, more precisely the Aeroespacial Sequence [2],
which consists of a first rotation (γ) around the Z axis, a
second rotation (β) around the new Y axis and a last rotation
(α) around the newer X axis. These rotations are known
respectively as yaw, roll and pitch.

A. Moving Frames of Reference

Four moving frames were used:
• Frame B1: represents a translational movement relative

to the inertial frame, then it retains the same axes
orientation. The rotation matrix is the identity matrix,
B1~r =I ~r ;

• Frame B2: holds a rotation around the Z axis of frame
B1, the rotation matrix is shown below.



Fig. 1. Schematic model of the quadcopter showing the inertial and the
B4 frames of reference.

B2~r = Tz · B1~r; Tz =

 cos(γ) sen(γ) 0
−sen(γ) cos(γ) 0

0 0 1

 (2)

• Frame B3: holds a rotation around the Y axis of frame
B2, the rotation matrix is shown below.

B3~r = Ty · B2~r; Ty =

cos(β) 0 −sen(β)
0 1 0

sen(β) 0 cos(β)

 (3)

• Frame B4: holds a rotation around the X axis of frame
B3, the rotation matrix is shown below.

B4~r = Tx · B3~r; Tx =

1 0 0
0 cos(α) sen(α)
0 −sen(α) cos(α)

 (4)

As the matrices Tx, Ty and Tz are orthogonal, the equality
T−1
x = TT

x is true.

B. Rotation Vectors

1) Angular velocity vectors for individual rotations: these
vectors stand for each single rotation the quadcopter does,
i.e., yaw, roll and pitch.

I γ̇ =B1 γ̇ =

0
0
γ̇

 , B2β̇ =

0

β̇
0

 e B3α̇ =

α̇0
0

 (5)

2) Body’s angular velocity and angular acceleration vec-
tors: these represent all of the body individual rotations
combined.

I~ω =I γ̇ + TT
z B2β̇ + TT

z TT
y B3α̇ B4~ω = Tx Ty Tz I~ω (6a)

I ~̇ω =
d

dt
(I~ω) B4~̇ω = Tx Ty Tz I ~̇ω (6b)

C. Kinematics of the center of mass (G)

The center of mass does not carry any rotational effect,
this point describes all the translational kinematics of the
quadcopter.

I~rOG =

xy
z

 , I~vG =

ẋẏ
ż

 e I~aG =

ẍÿ
z̈

 (7)

D. Kinematics of the points A, B, C and D

The position vector only is expanded. The velocity and
acceleration vectors are shown in them literal form.

• Point A:

I~rOA =I ~rOG +I ~rGA =I ~rOG + TT
z T

T
y T

T
x B4~rGA (8a)

I~rOA =

(cos (γ) sin (α) sin (β) − sin (γ) cos (α))R+ x
(sin (γ) sin (α) sin (β) + cos (γ) cos (α))R+ y

sin (α) cos (β)R+ z

 (8b)

I~vA =I ~vG +I ~ω ×I ~rGA (8c)

I~aA =I ~aG +I ~̇w ×I ~rGA +I ~w × (I ~w ×I ~rGA) (8d)

The kinematics of points B, C and D can be found
analogously.

III. KINETIC ANALYSIS OF A QUADCOPTER

A. Inertia Tensor

Under the assumption that the system is symmetrical in
all three axes, the inertia tensor will only have non-zero
components in the main diagonal, as shown bellow.

B4
¯̄IG =

Ixx 0 0
0 Iyy 0
0 0 Izz

 (9)

where Ixx, Iyy and Izz are the main components of the
inertia tensor for the X, Y and Z axes.

B. External forces and Newton’s Second Law

The thrust produced by the propellers appear in the model
as forces acting always in the direction of the motors axes
and pointing from the motor to the propellers. The forces
always points to the +Z axis of the frame B4. Besides the
propellers thrusts, the other acting force will be the system’s
weight. Thus the forces are:

B4
~FA =

[
0 0 FA

]T
B4

~FB =
[
0 0 FB

]T (10a)

B4
~FC =

[
0 0 FC

]T
B4

~FD =
[
0 0 FD

]T (10b)

I
~P =

[
0 0 −mg

]T (10c)

where FA is the thrust force produced by the propeller
located at point A. FB , FC and FD are analogous. The
quadcopter mass is m, g is the gravitational acceleration and
~P is the weight vector.

Then, adding all forces in the inercial frame and applying
Newton’s Second Law:

∑
I
~F = m · I~aG (11)



C. External Moments

1) Produced by the propellers thrust: the moments will
be calculated relative to the center of mass (G). Each thrust
force produces a moment which can be given by the cross
product between the position vector of the force’s point of
application relative to the point G, and the force’s vector.

B4
~MA,G =

R · FA

0
0

 B4
~MB,G =

 0
−R · FB

0

 (12a)

B4
~MC,G =

−R · FC

0
0

 B4
~MD,G =

 0
R · FD

0

 (12b)

2) Produced by the motor torque: this moment can be
described as being proportional to the thrust force generated
by the propeller. The proportionality constant, RH , will be
explained later in Section VII.

In a quadcopter is usual to have two motors turning
clockwise (CW) and the other two turning counterclockwise
(CCW). As the Z axis points up, CCW means a positive
rotation and CW means a negative rotation. It shall be
considered that the motors A and C will turn CW and the
motors B and D will turn CCW. As the chassis reacts in
the opposite direction of the motors, A and C will produce
a positive moment and B and D will produce a negative
moment. Therefore:

B4
~MH,A =

 0
0

RH · FA

 B4
~MH,B =

 0
0

−RH · FB

 (13a)

B4
~MH,C =

 0
0

RH · FC

 B4
~MH,D =

 0
0

−RH · FD

 (13b)

D. Newton’s Second Law Applied to Rotation

We sum the moments, in the B4 frame of reference, then
apply Newton’s Second Law:∑

B4
~MG =B4

¯̄IG
d

dt
(B4 ~w) +B4 ~w ×B4

¯̄IG B4 ~w (14)

IV. MOTION EQUATIONS

After the kinematic and kinect analyses, 6 non-linear
ODE’s are obtained. These equations describes the system
complete dynamics, both translational and rotational which
allows for the simulation of the system behavior. Using c as
an abbreviation of cos and s as an abbreviation of sin, the
first three equations below derive from (11):

(c (γ) c (α) s (β) + s (γ) s (α)) (FA + FB + FC + FD) = m · ẍ
(15a)

(s(γ) c(α) s(β) − c(γ) s(α)) (FA + FB + FC + FD) = m · ÿ (15b)

c (α) c (β) (FA + FB + FC + FD) −mg = m · z̈ (15c)

The next three equations derive from (14):

R · (FA − FC) = (Iyy − Izz) c(α) s(α) β̇2+

Ixx (−γ̇ c(β) β̇ − γ̈ s(β) + α̈) + ((2 Iyy − 2 Izz) γ̇ s(α)2

+(Izz − Iyy) γ̇) c(β) β̇ + (Izz − Iyy) γ̇2 c(α) s(α) c(β)2
(16a)

R · (FD − FB) = Iyy (c(α) β̈ − γ̇ s(α) s(β) β̇ − s(α) α̇ β̇+
γ̇ c(α) α̇ c(β) + γ̈ s(α) c(β)) + ((Ixx− Izz) γ̇ s(α) s(β)+

(Izz − Ixx) s(α) α̇) β̇ + (Izz − Ixx) γ̇2 c(α) c(β) s(β)+
(Ixx− Izz) γ̇ c(α) α̇ c(β)

(16b)

RH · (FA + FC − FB − FD) = Izz (−s(α) β̈−
γ̇ c(α) s(β) β̇ − c(α) α̇ β̇ − γ̇ s(α) α̇ c(β) + γ̈ c(α) c(β))+

((Ixx− Iyy) γ̇ c(α) s(β) + (Iyy − Ixx) c(α) α̇) β̇+
(Ixx− Iyy) γ̇2 s(α) c(β) s(β) + (Iyy − Ixx) γ̇ s(α) α̇ c(β)

(16c)

V. QUADCOPTER

The quadcopter (Fig. 2) used in this study is not a
commercial model as it was built using the following parts:

• Intel Edison and its arduino breakout board as the flight
controller;

• The GY-87 sensor board, which has a 3 axes accelero-
meter, a 3 axes gyroscope, a 3 axes magnetometer and
a barometer;

• Four HobbyKing BlueSeries 30 A electronic speed
controllers;

• Four Turnigy D2830-11 1000 kv brushless motors;
• Four 10 inch diameter 4.5 inch pitch propellers (2 CW

and 2 CCW);
• ZIPPY Flightmax 5000 mAh 3S1P 20C battery;
• Hobbyking SK450 45 cm fiber glass frame.

Fig. 2. Quadcopter used in this study.

The system has 1.20 kg of mass and a wingspan of 0.45m.

VI. TEST BENCHES

The model developed in the previous sections can be used
for simulations of the system behavior and control design.
However, some model parameters must be estimated in order
to make it reproduce the system behavior as close as possible.
A test bench ensure all the tests can be made in a secure
and controlled way. Besides that, it can be a very useful
instrument to help in the identification of the parameters, as
will be shown in Section VII.

A. First test bench

The first test bench was built in such a way that it allows
the quadcopter to change its orientation in three degrees
of freedom, but keeping its position fixed. The craft is
completely free to rotate but cannot translate.

The bench consists of a support and a rotation joint. The
support is shaped as a pedestal with a housing and bearing
to receive a vertical axis in its top.



The rotation joint that was chosen is based on a cardan
joint (also known as universal joint), Fig. 3, commonly
used to transmit power between angled axes. The joint itself
allows the two pieces it connects to move, one relative to
the other, around two distinct rotation axes (perpendicular to
the longitudinal axis of the joint itself). The support will be
located on one side of the joint and the quadcopter on the
other side.

Fig. 3. Cardan Joint (wikipedia.com)

Once the cardan joint is connected to the housing and
bearing in the support, this coupling allows the joint to rotate
freely in its longitudinal axis. At last, the quadcopter will be
able to rotate, relative to the support, in three perpendicular
axes, two of them due to the cardan joint and one due to the
coupling between the joint and the support.

The coupling between the joint and the quadcopter is rigid.
A thin plate can be welded to the joint and the plate itself
screwed to the quadcopter, for example.

Fig. 4. First test bench mounted.

The test bench enforces the system to rotate around the
cardan axes. When those axes do not match the quadcopter
center of mass, the system own weight exercise a moment
that adds up to a pendular behavior. For this reason, the
bench shall be mounted in a way that minimizes the distance
between the cardan joint center of rotation and the system
center of mass.

It is easy to align the x and y components of the cardan
rotation center with the quadcopter center of mass. But it is
not always possible to align the z component, as generally
there is not much space left in the center of the quadcopter
due to the electronics, cables and battery.

This z component difference can result in a considerable
increase of the measured inertia moments Ixx and Iyy . The
inertia moment Izz remains unchanged. To circumvent this
problem, a second test bench was created.

B. Second test bench
As it is not always possible to align the cardan rotation

center to the system rotation center, this second test bench
was developed and, although simpler, complements the pre-
vious one.

The test bench consists of two supports, each acting as
a bearing to a shaft. If one drills the quadcopter’s landing
feet to match the shafts diameter, it is possible to mount two
opposite feet to the supports. This allows the system to rotate
around one axis at a time, the pitch or the roll axis. Fig. 5
shows in detail the supports, the shafts, and the drilled feet.

Fig. 5. Second test bench. Detail of the supports, shafts and quadcopter’s
drilled feet.

By making several holes in the feet at different heights it
is possible to find the approximate height which matches the
quadcopter center of rotation.

This bench allows a greater precision in the identification
of the inertia moments Ixx and Iyy . It can also be used to
test and design the controller around the α and β angles.
Fig. 6 shows the system mounted on the test bench.

Fig. 6. System mounted in the second test bench.

VII. IDENTIFYING THE MODEL PARAMETERS
A. Parameters of the actuators

1) Thrust parameters (kHa, kHb): the thrust a propeller
generates can be modeled as ([10], [18]):



F = kT ω
2
H (17)

where kT is the propeller thrust constant and ωH is the
propeller angular velocity.

Generally, the motor speed is controlled by a PWM
signal, measured by its pulse width (Tpw) in microseconds.
According to [8], the propeller thrust is also approximately
linearly proportional to the PWM signal. Therefore,

F = kHa Tpw + kHb (18)

where kHa and kHb are the parameters of the straight line
equation.

By using one of the test benches it is possible to control
one motor and place the opposite edge over a scale, so one
can measure the thrust generated by the controlled motor.
The obtained data from all the motors are depicted in Fig.
7, from which its possible to find, through LS, the values
kHa = 0.0099 N/µs and kHb = −10.8766 N .
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Fig. 7. Pulse width in µs versus propeller thrust in N .

2) Torque parameter (RH ): the equation below shows
how to calculate the torque produced by the motor (τM )
([10], [18])

τM ≈ kD ω2
H (19)

where kD is the drag coefficient.
Next, combining (17) and (19),

τM ≈
kD

kT
F = RH F (20)

where RH is the proportionality constant between the pro-
peller thrust and the motor torque.

To find experimentally the torque produced by the motor
and hence the parameter RH , one can use the first test bench
and control two opposite motors. By maintaining the two
motors with the same angular velocity and controlling this
velocity, the resultant moment in the test bench will act
only in the Z axis. So it is possible to connect one of the
quadcopter edges to a dynamometer (or use again a scale)
and measure the produced force. This force can be multiplied
by the half wingspan R to find the moment. The moment
value should be divided by two, so that only one motor
contribution is accounted. After that it is possible to trace

a curve of torque by thrust and use LS to find RH . Fig. 8
shows the obtained torque versus thrust data, for all motors,
resulting in RH = 0.0185 m.
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B. Inertia Tensor

In order to calculate the moments of inertia in each axis
X, Y and Z a known and constant force is needed. The force
can be caused by the system itself (motor actuation) if the
parameters were already computed, or a known mass can
be used to generate a moment. The actuation on the axes
is done one at a time, that is, in order to find Ixx, we set
β = β̇ = β̈ = 0 and γ = γ̇ = γ̈ = 0 and the angle is
actuated only in α. This way, the movement equation (16a)
reduces to:

Ixx =
R · (FA − FC)

α̈
or Ixx =

Mext

α̈
(21)

where Mext would be an external moment applied to the
system. Analogously, for Iyy and Izz:

Iyy =
R · (FD − FB)

β̈
or Iyy =

Mext

β̈
(22)

Izz =
RH · (FA + FC − FB − FD)

γ̈
or Izz =

Mext

γ̈
(23)

After applying the force, the data recorded by the sensors
of the quadcopter can be used to graph α by time. With a
constant force, the generated acceleration is constant too. A
constant acceleration generates a parabola as a graph and its
quadratic coefficient is α̈/2. Finding α̈, gives Ixx. It is also
possible to graph α̇ versus time and look for a section of
the graph in which the curve behaves like a straight line,
meaning that the acceleration is constant in the section. The
line coefficient of the straight line is α̈. The same applies for
β and γ.

the second test bench was used to find Ixx and Iyy. An
external moment was applied by using a known mass object
at a known distance of the rotation center. The resulting
moment was Mext = 0.125 N · m. Fig. 9 and Fig. 10
shows the behavior of α and β. The computed values were
Ixx = 0.015 kg ·m2 and Iyy = 0.015 kg ·m2.

The first test bench was used to find Izz and the torque was
generated by applying a 1300 pulse width signal to each one
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of two opposite motors. The resulting torque was 0.055N ·m.
Fig. 11 shows the behavior of γ. The computed value was
Izz = 0.031 kg ·m2.

VIII. CONCLUSION

For a satisfactory control performance, especially in model
based control, one needs a reliable model which reproduces
as close as possible the behavior of the real system to be
controlled. This work aimed in providing the base for a
subsequent control of a quadcopter by developing a model,
proposing the test benches and using them to identify the
model parameters.

The test benches were useful to find all the needed model
parameters but they can also be used to test the control
strategy (for attitude) in a secure way for both the designer
and the system itself.
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